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 Introduction-Concept



Thin chapter is devoted to the shuty of the m s s e s occurring in mm?g of the elements conlm'ned in this excawlor, such as hvo-fome members, axles, bolls, and



*.



of Stress



 1.l. INTRODUCTION The main objective of the study of the mechanics of materials is to provide the future engineer with the means of analyzing and designing various machines and load-bearing structures. Both the analysis and the design of a given structure involve the determination of stresses and deformations. This first chapter is devoted to the concept of stress. Section 1.2 is devoted to a short review of the basic methods of statics and to their application to the determination of the forces in the members of a simple structure consisting of pin-connected members. Section 1.3 will introduce you to the concept of stress in a member of a structure, and you will be shown how that stress can be determined from the force in the member. ARer a short discussion of engineering analysis and design (Sec. 1.4). you will consider successively the normal stresses in a member under axial loading (Sec. 1.3, the shearing stresses caused by the application of equal and opposite transverse forces (Sec. 1.6). and the bearing stresses created by bolts and pins in the members they connect (Sec. 1.7). These various concepts will be applied in Sec. 1.8 to the determination of the stresses in the membm of the simple structure considered earlier in Sec. 1.2. The first pan of the chapter ends with a description of the method you should use in the solution of an assigned problem (Sec. 1.9) and with a discussion of the numerical accuracy appropriate in engineering calculations (Sec. 1.10). In Sec. 1.1 1, where a two-force member under axial loading is considered again, it will be observed that the slresses on an oblique plane include both normal and shearing stresses, while in Sec. 1.12 you will note that six components are required to describe the state of stress at a point in a body under the most general loading conditions. Finally. Sec. 1.13 will be devoted to the determination from test specimens of the ultimate strength of a given material and to the use of a factor of safety in the computation of the allowable load for a structural component made of that material.



1.2. A SHORT REVIEW OF THE METHODS O F STATICS In this section you will review the basic methods of statics while determining the forces in the members of a simple structure. Consider the structure shown in Fig. 1.1, which was designed to support a 30-kN load. It consists of a boom AB with a 30 X 50-mm rectangular cross section and of a rod BC with a 20-mm-diameter circular cross section. The boom and the rod are connected by a pin at B and are supported by pins and brackets at A and C respectively. Our first step should be to draw a free-body diagmm of the structure by detaching it fmm its supports at A and C, and showing the reactions that these supports exert on the suucture (Fig. 1.2). Note that the sketch of the structure has been simplified by omitting all unnecessary details. Many of you may have recognized at this point that AB and BCare hvoforce members. For those of you who have not, we will pursue our analysis, ignoring that fact and assuming that the directions of the reactions at A and Care unknown. Each of these reactions, therefore, will
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be represented by two components, A, and A, at A, and C, and C , at C. We write the following three equilibrium equations:



+?2 Mc



A,(0.6 m) - (30 kN)(0.8 m) = 0 A, = +40 kN l 1 %2.~,=0: A, C, = 0 C, = -A, C, = -40 kN (1.2) +?xF,=o: A,+C,-30kN=O A, + C , = +30kN (1.3) B We have found two of the four unknowns, but cannot determine the 1 ' * l o e r n other two from these equations, and no additional independent equation can be obtained from the free-body diagram of the structure. We must 30 k~ now dismember the stmcture. Considering the free-body diagram of the Flg. 1.2 boom AB (Fig. 1.3). we write the following equilibrium equation: +TXMB=O: -A,(0.8 m) = 0 A, = 0 (1.4) Substituting for A, from (1.4) into (1.3). we obtain C, = +30 kN. Expressing the results obtained for the reactions at A and C in vector form, we have A = ~ o ~ N + c C , = 4 0 ~ + , c =, 3 0 m t We note that the reaction at A is directed along the axis of the boom AB and causes compression in that member. Observing that the com30 k~ ponents C, and C, of the reaction at Care respectively proportional to the horizontal and vertical components of the distance from B to C, we flg. l a conclude that the reaction at C is equal to 50 kN, is directed along the axis of the rod BC, and causes tension in that member. = 0:
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30 kN (0)



F I ~1.4 .



These results could have been anticipated by recognizing that AB and BC are two-force members. i.e., members that are subjected to forces at only two points, these points being A and B for member AB, and B and C for member BC. Indeed, for a two-force member the lines of action of the resultants of the forces acting at each of the two points axe equal and opposite and pass through both points. Using this pmpefly, we could have obtained a simpler solution by considering the freebody diagram of pin B. The forces on pin B are the forces FA, and FBC exerted, respectively, by members AB and BC, and the 30-kN load (Fig. 1 . 4 ~ ) We . can express that pin B is in equilibrium by drawing the corresponding force triangle (Fig. 1.4b). Since the force FBc is directed along member BC, its slope is the same as that of BC, namely, 3/4. We can, therefore, write the proportion



-



fmm which we obtain



FAB= 40 kN



FBC= 50 kN



The forces Fi, and Fbc exerted by pin B respectively on boom AB and rod BC are equal and opposite to FA, and FBc (Rg. 1.5).



Knowing the forces at the ends of each of the members, we can now determine the internal forces in these members. Passing a section at some arbitrary point D of rod BC, we obtain two portions BD and CD (Fig. 1.6). Since 50-kN forces must be applied at D lo both portions of the rod to keep them in equilibrium, we conclude that an internal force of 50 kN is produced in rod BC when a 30-kN load is applied at B. We further check from the directions of the forces F, and Fbc in Fig. 1.6 that the rod is in tension. A similar procedure would enable us to determine that the internal force in boom AB is 40 kN and that the boom is in compression. d
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1.3. STRESSES IN THE MEMBERS OF A STRUCTURE



While the results obtained in the preceding section represent a first and necessary step in the analysis of the given structure, they do not tell us whether the given load can be safely supported. Whether rod BC, for example, will break or not under this loading depends not only upon the value found for the internal force FBC,but also upon the cross-sectional area of the rod and the material of which the rod is made. Indeed, the internal force FBCactually represents the resultant of elementary forces distributed over the entire area A of the cross section (Fig. 1.7) and the average intensity of these distributed forces is equal to the force per unit area, FBc/A,in the section. Whether or not the rod will break under the given loading clearly depends upon the ability of the material to withstand the corresponding value FBc/A of the intensity of the distributed internal forces. It thus depends upon the force FBC,the cross-sectional area A, and the material of the md. The force per unit area, or intensity of the forces distributed over a given section, is called the stress on that section and is denoted by the Greek letter u (sigma). The stress in a member of cmss-sectional area A subjected to an axial load P (Fig. 1.8) is therefore obtained by dividing the magnitude P of the load by the area A: :
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A positive sign will be used to indicate a tensile stress (member in tension) and a negative sign to indicate a compressive stress (member in compression). Since SI metric units are used in this discussion, with P expressed in newtons (N)and A in square meters (m2), the stress u will be expressed in N/mz. This unit is called a pascal (Pa). However, one finds that the pascal is an exceedingly small quantity and that, in practice, multiples of this unit must be used, namely, the kilopascal (kPa), the megapascal (MPa), and the gigapascal (GPa). We have



1 MPa



1.3. Stresw8 h the Manb.rs oi a Sbudure



lo6 Pa = lo6 N/m2



1 GPa = lo9 Pa = lo9 N/m2 When U.S. customary units are used, the force P is usually expressed in pounds (Ib) or kilopounds (kip), and the cross-sectional area A in square inches (inz). The stress u will then be expressed in pounds per square inch (psi) or kilopounds per square inch (hi).? tile principal SI and U.S. customary units used in mshanics nre listed in tables inside the fml cwcr of this book. hum h e lable on lhe right-hand side. we note that I p i is ap proximakly equal to 7 kPa, and I ksi approximately qua1 lo 7 MPa.



(0)



~ l g1.8 .



(b)



 1.4. ANALYSIS AND DESIGN Considering again the structure of Fig. I. 1, let us assume that rod BC is made of a steel with a maximum allowable stress u,,, = 165 m a . Can rod BC safely support the load to which it will be subjected? The magnitude of the force FK in the rod was found earlier to be 50 kN. Recalling that the diameter of the rod is 20 mm, we use Eq. (1.5) to determine the sstress created in the md by the given loading. We have



-



Since the value obtained for u is smaller than the value uallof the allowable stress in the steel used, we conclude that rod BC can safely support the load to which it will be subjected. To be wmplac, our analysis of the given structure should also include the determination of the compressive stress in boom AB, as well as an investigation of the stresses pmduced in the pins and their bearings. This will be discussed later in this chapter. We should also determine whether the deformations produced by the given loading are acceptable. The study of deformations under axial loads will be the subject of Chap. 2. An additional consideration, required for members in compression involves the stability of the member, i.e., its ability to support a given load without experiencing a sudden change in configuration. This will be discussed in Chap. 10. The engineer's mle is not limited to the analysis of existing strucaves and machines subjected to given loading conditions. Of even greater importance to the engineer is the design of new smctures and machines, that is, the selection of appropriate components to perform a given task. As an example of design, let us ENm to the structure of Fig. 1.1, and assume that aluminum with an allowable stress uall= 100 MPa is to be used. Since the force in md BC will still be P = F,, = 50 kN unde~the given loading, we must have, from Eq. (1.5),



and, since A = wr2,



We conclude that an aluminum rod 26 mm or more in diameter will be adequate.



u



 1.5. AXIAL LOADING; NORMAL STRESS As we have already indicated, rod BC of the example considered in the preceding section is a two-force member and, therefore, the forces F,, and Fk acting on its ends B and C (Fig. 1.5) are directed along the axis of the rod. We say that the rod is under axial loading. An actual example of structural members under axial loading is provided by the members of the bridge truss shown in Fig. 1.9.



+ Fig. 1.9



I nt8 onage truss cons181801 tmr-tom memDers tnat may oe



In tenslm



or in compression.



Returning to rod BCof Fig. 1.5, we recall that tbe section we passed through the rod to determine the internal force in the rod and the corresponding stress was perpendicular to the axis of the d,the internal force was therefore normal to the olane of the section (Fie. . - 1.7),and the corresponding stress is described as a normal stress. Thus, formula (1.5) gives us the henormal stress in a member under axial loading:



P o=A



(1.5)



We should also note that, in formula (1.5), o is obtained by divid. . & t h e m a ~ n i W - d I m W d M over the c m s section by the area A of the cross-section; it represents, therefore. the averane value of the stress over the cross section. rather than the stress at a specific point of the cross section. To define the stress at a given point Q of the cross section, we. should consider a small area M (Fig. 1.10). Dividing the magnitude of AF by AA, we obtain the average value of the smss over AA. Letting M approach zero, we obtain the sat point Q:
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Fig. 1.10
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In general, the value obtained for the stress a at a given point Q of the section is different from the value of the average stress given by formula (1.5). and a is found to vary across the section. In a slender rod subjected to equal and opposite concentrated loads P and P' (Fig. 1.1 la), this variation is small in a section away from the points of application of the concentrated loads (Fig 1.11~).but it is quite noticeable in the neighborhood of these points (Fig. 1.I l b and d). It follows from Eq.(1.6) that the magnitude of the resultant of the distributed internal forces is



u



But the conditions of equilibrium of each of the portions of rod shown in Rg. 1.11 require that this magnitude be equal to the magnitude P of the concentrated loads. We have, therefore,



which means that the volume under each of the stress surfaces in Fig. 1.11 must be equal to the magnitude P of the loads. This, however, is the only information that we can derive from ow knowledge of statics, regarding the distribution of normal stresses in the various sections of the rod. The actual distribution of stresses in any given section is statically indeteninate. To learn more about this distnbution, it is necessary to consider the deformations resulting from the particular mode of application of the loads at the ends of the rod. This will be discussed further in Chap. 2. In practice, it will be assumed that thedistribution of normal stresses in an axially loaded member is uniform, except in the immediate vicinity of the points of application of the loads. The value a of the stress is then equal to a,, and can be obtained from formula (1.5). However, we should realize that, when we assume a uniform distribution of stresses in the section, i.e., when we assume that the internal forces are uniformly distributed across the section, it follows from elementary statics? that the resultant P of the internal forces must be applied at the centroid C of the section ( F I ~ .1.12). This means that a uniform distribution of stress is possible only ifthe line of action ofthe concentrated I& P and P' passes through the centroid of the section considered (Fig. 1.13). This type of loading is called centric loading and will be assumed to take place in all straight two-force members found in trusses and pin-connected structures, such as the one considered in Fig. 1.1.



-



tSee F c r d i i P. Beer and E Ruasell Johnston. Jr.. Mechanicsfor Engineen 4th cd.. McOraw-Hill, New Y n k 1987, or Wetor Mcchnics for Engineers, 6th ed.. McOraw-Hill. New York, 19%. aecs. 5.2 and 5.3. V
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However, if a two-force member is loaded axially, but eccentrically as shown in Fig. 1.14a, we find from the woditions of equilibrium of the portion of member shown in Rg. 1.14b that the internal forces in a given section must be equivalent to a force P applied at the centroid of the section and a couple M of moment M = Pd. The distribution of forces-and, thus, the corresponding distribution of stresses-cannot be uniform. Nor can the distribution of stresses be symmettic as shown in Fig. 1.11. This point will be discussed in detail in Chap. 4. 1.6. SHEARING STRESS



The internal forces and the corresponding stresses discussed in Secs. 1.2 and 1.3 were normal to the section considered. A very different type of stress is obtained when transverse forces P and P' are applied to a member AB (Fig. 1.15). Passing a section at C between the points of application of the two forces (Fig. l.lda), we obtain the diagram of portion AC shown in Fig. 1.166.We conclude that intemal forces must exist in the plane of the section, and that their msultant is equal to P. These elementary internal forces are called shearing forces, and the magnitude P of their resultant is the shear in the section. Dividing the shear



(0)



Wg. 1.14



 P by the area A of the cross section, we obtain the average shearing stress in the section. Denoting the shearing stress by the Greek letter T (tau), we write



V



It should be emphasized that the value obtained is an average value of the shearing stress over the entire section. Contrary to what we said earlier for normal stresses, the distribution of shearing stresses across the section cannor be assumed uniform. As you will see in Chap. 6, the actual value T of the shearing stress varies fmm zero at the surface of the member to a maximum value T- that may be much larger than the average value T,.



Fig. 1.17 Cutaway view of a conneotion with a boll in shear.



Shearing stresses are commonly found in bolts, pins, and rivets used to connect various structural members and machine components (Fig. 1.17). Consider the two plates A and B, which are connected by a bolt CD (Fig. 1.18). If the plates are subjected to tension forces of magnitude F, stresses will develop in the section of bolt corresponding to the plane EE'. Drawing the diagrams of the bolt and of the portion located above the plane EE' (Fig. 1.19). we conclude that the shear P in the section is equal to F. The average shearing stress in the section is obtained, according to formula (1.8), by dividing the shear P = F by the area A of the cross section:



(a)



Fig. 1.19



-



 (0 )



Flg. 1.21



flg. 120



The bolt we have just considered is said to be in single shear. Different loading situations may arise, however. For example, if splice plates C and D are used to connect plates A and B (Fig. 1.20), shear will take place in bolt HJ in each of the two planes KK' and U'(and similarly in bolt EG). The bolts are said to be in double shear. To determine the average shearing stress in each plane, we draw free-body diagrams of bolt HJ and of the portion of bolt located between the two planes (Fig. 1.21). Obsewing that the shear P in each of the sections is P'= F/2, we conclude that the average shearing stress is



1.7. BEARING STRESS IN CONNECTIONS



Bolts, pins, and rivets create stresses in the members they connect, along the bearing surface, or surface of contact. For example, consider again the two plates A and B connected by a bolt CD that we have discussed in the preceding section (Fig. 1.18). The bolt exerts on plate A a force P equal and opposite to the force F exerted by the plate on the bolt (Fig. 1.22). The force P represents the resultant of elementary forces distributed on the inside surface of a half-cylinder of diameter d and of length t equal to the thickness of the plate. S i c e the distribution of these forces-and of the corresponding stresses-is quite complicated. one uses in practice an average nominal value wb of the stress. called the bearing stress, obtained by dividing the load P by the area of the rectangle representing the projection of the bolt on the plate section (Fig. 1.23). Since this area is equal to fd, where t is the plate thickness and d the diameter of the bolt, we have /
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".p ;:p



,.,*



,;$',&;g:



(1.11) flg. 123



 1.a. APPLICATION TO THE ANALYSIS AND DESIGN OF SIMPLE STRUCTURES



We are now in a position to determine the stresses in the members and connections of various simple two-dimensional structures and, thus, to design such structures. As an exampk, let us return to the structure of Fig. 1.1 that we have already considered in Sec. 1.2 and let us specify the suppolls and connections at A, B, and C. As shown in Fig. 1.24, the 20-mm-diameter rod BChas flat ends of 20 X 40-mm rectangular cross section, while boom AB has a 30 X 50-mm rectangular cross section and is fitted with a clevis at end B. Both members are connected at B by a pin from which the 30-kN load is suspended by means of a U-shaped bracket. Bwm AB is supported at A by a pin fitted into a double bracket, while rod BC is connected at C to a single bracket. All pins are 25 mm in diameter.



'KIP VIEW OF ROD BC



PRONTVIEW



B



.



END VIEW



TOP VIEW OF BOOM AB



a. Determination of the Normal Stress In Boom AB and Rod BC. As we found in Secs. 1.2 and 1.4. the force in rod BC is F,, = 50 1cN (tension) and the area of its circular cross section is A = 314 X m2; the comqmnding average nonnal smss is a~, = 159 MPa. However, the flat parts of the rod are also under



+



d



 tension and at the narrowest section, where a hole is located, we have A = (20 mm)(40 m m



- 25 mm) = 300 X



1.8. A m W 4



mZ



The corresponding average value of the stress, therefore, is



Note that this is an average value: close to the hole, the stress will actually reach a much larger value, as you will see in Sec. 2.18. It is clear that, under an increasing load, the rod will fail near one of the holes rather than in its cylindrical portion; its design, therefore, could be impmved by increasing the width or the thickness of the flat ends of the rod. Turning now our attention to boom AB, we reolll from Sec. 1.2 that the force in the boom is Fm = 40kN (compression). Since the area of the boom's rectangular cross section is A = 30mm X 50 mm = 1.5 X lo-' m2,the average value of the normal stress in the main part of the rod, between pins A and B, is UM



-



=



1dN = -26.7 - 1.540XX 10-3m2



X



106Pa = -26.7 MPa



Note that the sections of minimum area at A and Bare not under stress, since the boom is in compression, and, therefore, pushes on the pins (instead of pulling on the pins as rod BC does). b. Determination of the Shearing Stress



In Various Connec-



tlons. To determine the shearing stress in a connection such as a bolt, pin, or rivet, we first clearly show the forces exerted by the various members it connects. Thus, in the case of pin C of our example (Fig. 1.25~).we draw Fig. 1.25b, showing the 50-kN force exerted by member BC on the pin, and the equal and opposite force exerted by the bracket. Drawing now the diagram of the portion of the pin located below the plane DD' when shearing stresses occur (Fig. 1.25~).we conclude that the shear in that plane is P = 50 kN. Since the crosssectional area of the pin is



(4)



we find that the average value of the shearing stress in the pin at C is 7.w



P J O X I ~ N =-= A 491 X 10- m = 102 MPa



,,



Considering now the pin at A (Fig. 1.26), we note that it is in double shear. Drawing the I k A o d y diagrams of the pin and of the portion of pin located between the planes DD' and EE' where skating F, stresses occur, we wnclude that P = 20 kN and that



d-2Smm



d 8hp* Snmuns



 Considering the pin at B v ~ g 1.27a). . we note that the pin may be divided into five pottions which ate. acted upon by forces exerted by the boom, rod, and bracket. Considering successively the portions DE (Fig. 1.27b) and DG (Fig. 1.27c), we conclude that the shear in section E is P, = 15 kN, while the shear in section G is PG = 25 kN. Since that the maximum that the largest shearPin B



25W



c. Determlnstlon ot the Bearlng Stresses. To determine the nominal bearing stress at A in member AB, we use formula (1.1 1) of Sec. 1.7. From Fig. 1.24, we have t = 30 mm and d = 25 mm. Recalling that P = FA, = 40 W, we have



P r b = - =



td



40kN



(30 mm)(25 mm) = 53.3 m



To obtain the bearing stress in the bracket at A, we use t = 2(25 mm) =50mm a n d d = 2 5 m m :



ub



=



P = (50 mm)(25 mm)



= 32.0MPa 4



(c)



The beating stresses at B in member AB, at B and C in member BC, and in the bracket at Care found in a similar way.



flg. 1.27



1.9. METHOD OF PROBLEM SOLUTION



You should approach a problem in mechanics of materials as you would approach an actual engineering situation. By drawing on your own experience and intuition, you will find it easier to understand and fomulate the problem. Once the problem has been clearly stated, however, there is no place in its solution for your particular fancy. Your solution must be based on the fundamental principles of statics and on the principles you will l e m in this course. Every step you take must be justified on that basis, leaving no room for your "intuition." After an answer has been obtained, it should be checked. Here again, you may call upon your common sense and personal experience. If not completely satisiicd with the result obtained, you should carefully check your formulation of the pmblem, the validity of the methods used in its solution, and the accuracy of your computations. The statement of the problem should be clear and precise. It should contain the given data and indicate what information is required. A simplified drawing showing all essential quantities involved should be included. The solution of most of the problems you will encounter will necessitate that you tint determine the reactions at suppons and inferJ



 -



nu1 forces and couples. This will q u i r e the drawing of one or several free-body diagmmr, as was done in Sec. 1.2, from which you will write equilibrium equarrons. These equations can be solved for the unknown forces, from which the required stresses and deformations will be computed. After the answer has been obtained, it should be carefully checked. Mistakes in reasoning can often be detected by carrying the units though your computations and checking the units obtained for the answer. For example, in the design of the mi discussed in Sec. 1.4, we found, after carrying the units through our computations, that the required diameter of the rod was expressed in millimeters, which is the correct unit for a dimension; if another unit had been found, we would have known that some mistake had been made. Errors in computation will usually be found by substituting the numerical values obtained into an equation which has not yet been used and verifying that the equation is satisfied. The importance of correct computations in e n g i n e e ~ gcannot be overemphasized.



1.10. NUMERICAL ACCURACY



The accuracy of the solution of a problem depends upon two items: (1) the accuracy of the given data and (2) the accuracy of the computations perfomed. The solution cannot be more accurate than the less accurate of these two items. For example, if the loading of a beam is known to be 75,000 Ib with a possible error of 100 Ib either way. the relative e m which w measures the degree of accuracy of the data is



In computing the reaction at one of the beam suppo*,



it would then



be meaoingless to record it as 14.322 lb. The accuracy of the solution cannot be greater than 0.13%. no matter how accurate the computations are, and the possible error in the answer may be as large as (0.13/100)(14,322 lb) = 20 lb. The answer should be properly recorded as 14,320 -C 20 Ib. In engineering problems, the data are seldom known with an accuracy greater than 0.2%. It is therefore seldom justified to write the answers to such problems with an accuracy greater than 0.2 percent A practical rule is to use 4 figures to record numbers beginning with a "1" and 3 figures in all other cases. Unless otherwise indicated, the data given in a problem should be assumed known with a comparable deg n e of accuracy. A force of 40 lb, for example, should be read 40.0 lb, and a force of 15 lb should be read 15.00 lb. Pocket calculators and computers are widely used by practicing engineers and engineering students. The speed and accuracy of these devices facilitate the numerical computations in the solution of many problems. However, students should not record more significant figures than can be justified merely because they are easily obtained. As noted above, accuracy greater than 0.2% is seldom necessary w meaningful in the - an solution of practical engineering problems. 'v
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SAMPLE PROBLEM 1.2 The steel tie bar shown is to be designed to carry a tension force of magnitude P = 120 kNwhen bolted between double brackets at A and B. The bar will be fabricated from 20-mm-thick olate stock. For the made of steel to be used the maximum allowable stresses are: u = 175 MPa, T = 100 MPa, ub= 350 MPa. Design the tie bar by determining the nquired values of (a) the diameter d of the bolt. (b) the dimension b at each end of the bar, (c) the dimension h of the bar.
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SOLUTION a. Diameter of the Bolt. Since the bolt is in double shear, FI =



1~ = 60kN.



We will use d = 28 mm 4 ,



,' At this point we check the bearing stress between the 2@-mm-thick the 28-oundiameter bolt.



plate and



b. h e d m b at Escb End of the Bar. We consider one of the end portions of the bar. Recalling that the thickness of the steel plate is r = '20 mm and that the average tensile swss must not exceed 175 MPa, we write



Q



tp ta



=-



175 MPa =



b =d



mkN (0.02 m)a
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b = 62.3 tiun 4



c. D i m d o n h of the Bar. R d n g that the thickness of the steel plate is r = 20 mm, we have



120 kN (0.020 m)h



,



a = 17.14 mm



+ 20 = 28 mm + 2(17.14 mm)



175 MPa =



.,.,



h = 34.3 mm We will use h = 35 mm 4



:?:.&
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 1.1 l b o solid cylindrical rods AB and BC an welded together at B and loaded as shown. Knowing that dl = 30 mm and d2 = 50 mm, Iind the averd stress in t k midsection of (a)rod AB. (b)md BC. age n



Fig. Pl.1 utd P I 2



1 3 'I\vo solid cylindrical rods AB aad BC an welded together at B and loaded as shown. Knowiig that the avcrage normal stress must not exceed 150 MPa in either rod, determine the smallest ailowable values of the diameters d , 1.3 W o solid cylindrical rods AB and BC are welded togelher at B and loaded as shown. Knowing that d, = 1.25 in. and d, = 0.75 in..find the normal stress at the midpoint of (a) rod AB, (6)rod BC.



Fb.Pl.3 and P1A



1.4 'Rvo solid cylindrical mds AB and BC are welded together at B and loaded as shown. Knowing that the normal stress must not exceed 25 ksi in eit h u rod, dctcrmine the s m a l h t allowable values of the diamebm dl and d p 1.5 A snain gage located st Con the surface of bone AB indicates that the average normal stress in the bone is 3.80 MPa when the bone is subjected lo two 1200-Nforces as shown. Assuming the cross section of the bone at C to be annular and knowing that i(s outer didiameler is 25 mm, detumine the inner dimem of the bone's cross section at C.



C



1.6 ksteel plates an to be held together by means of f-m.diameter hgh-strength steel bolu fining snugly inside cylindrical brass spacm. Knowd stress must not ex& 30 hi in the bolb and ing that the average n 18 Lsi in the spacers, detcnnine the wter diameter of the spacers &at yields the most economical and safe design.



-



 1.7 Link BD consists of a single ber 30 mm wide and 12 mm thick. Knowing that each pin has a 10-mm diameter, determine the maximum value of the average normal stnss in link ED if (a) 0 = 0, (b) 0 = 90'. 1.8 Each of the four vertical links has an 8 X 36-mm uniform rectaneular cross section and each of the four oins has a lCmm diameter. Determine ;he maximum value of the average norkal stress in the Links connecting ( a ) Fig. P1.B points B and D. (b) points C and E. 1.8 n o horizontal 5-kip forces are applied to pin B of the assembly shown. Knowing that a pin of 0.8-in. diameter is used at each connection. delennine the maximum value of the average normal stress (a) in link AB, (b) in link BC.



1.I0 The frame shown consists of four wooden members. ABC, DEE BE. and CF. Knowing that each member has a 2 X 4-in.recmgular cross section and that each pin has a f-in. diameter. determine the maximum value of the average normal stress (a) in member BE, (b) in member CF.



r



40 in.



0.5 in,



 1.11 For the Pratt bridge truss and loading shown, determine the average n o m l stress in member BE, knowing that the cross-sectional a m of that member is 5.87 in2.



1.12 Knowing that the average normal stnss in membcr CE of the Prstt bridge tnrss shown must not exceed 21 ksi for the given loading, determine the cross-sectional area of that member which will yield the most exnomica1 and safe design. Assume that both ends of the member will be adequately reinforced.



.



1.13 A couple M of magnitude 1500 N m is applied to the crank of an engtne. Por the position shown, detennine (a) the force, P r e q u i d to hold the engine system in equilibrium, (b) the average normal stress in the wnneaing md BC, which has a 450mm2uniform cross Metion.



150mrn Flg P1.14



XQrnrn



1.14 n o hydraulic cylinders an used to control thc position of the robotic arm M C . Knowing that the conml rods attached at A and D each have a 20-mm diameter and happen to be parallel in the position shown, delemine the average normal smss in (a) member AE. (b) mmber DG. 1.15 The wooden m e m h A and B we to be joined by plywood splice plates which will be fully glued on the surfaces in wnlact. As par1 of the design of the joint and knowing that the clcsraoce between the ends of the m m ben is to be 8 mm, detrrmiae the smallest allowable kngth L if the avexage shearing stress in the glue is not to excetd 800 kPa.



..



 -



1.16 Detamine the diameter of the largeat circular hole that can be punched into a sheet of polystyrene 6 mm thick, lmowing that the f a a exsrtsd by the punch is 45 kN and that a 55-MPa average shearing saM is m quired to cause the material lo fail.



1.17 l k o wooden ptanks, each f in. thick iind6 in. wide, *joined by



the glued m d s e joint phoam. Knowing that the joint will fail wbcn the average-&amg & in the glue reaches120psi, detanine tbc smallest allowable length d of (he cuts if (he joint is to wimslaod an axial load of nugnibde P = 1200 Ih.



.



1.18 A load Pis applicdtoasadrodsuppor(edplshownby analuminum plate into which s 0.6-in.4hok has been drilled. Knowing that the shearing strcsr must not exceed 18 ksi in rhc steel rod end 10 ksi hi the aluminum platc. de(amine tho largcsL load P that may be applied to the rod. ,



V



1.15 Tbe axial f a a in the m l u m smmtim (he ti* bearn shown is P = 75 kN.DeImnine the smallest allowabie len& L of tbc bwring place if(hebearing~inchelimbaisnotto~3.0MR



1.20 An axial load P is supported by a short W250 X 67column of cross-sectional area A = 8580 mm2and is distributed to a concrete foundation by a square plate as shown. Knowing that the average normal s a s s in the column must not exceed 150 MPa and that the bearinn stress on the concrete foundation must not exceed 12.5 MPa, dttermim the-side a of the date that will provide the most economical and safe &sign. V



kish1 0.4 in.



0.6 fn



tP ~1.18



flg. ~



i m



 1.21 Three wooden planks are fastened together by a series of bolts to form a column. The diameter of each bolt is in. and the inner diameter of each washer is f in., which is slightly larger than the diamekr of the holes in the planks. Decwmine the smallest allowable outer diameter d of the washus, knowing that the average normal stress in the bolts is 5 ksi and that the bearing svess between the washers and the planks must not exceed 1.2 ksi.



4



1.22 Link AB, of width b = 2 in. and thickness t = in., is used lo support the end of a horizontal beam. Knowing that the average normal stress in the link is -20 ksiand that the average shearing stnss in each of the two pins is I2 h i . determine (a) the diameterd of the pins, (b) the average bearing stress in the link.



Fig. PI21



1.23 For the assembly and loading of Rob. 1.8, determine (a) the average shearing smss in the pin at B, (b) the average bearing stress at B in link BD, (c) the average bearing stress at B in member ABC. knowing that this member has a 10 X 50-mm uniform rectangular cross section. 1.24 For the assembly and loading of Prob. 1.8, determine (a) the average shearing stress in the pin at C, (b) the average bearing stress at C in link CE. (c) the average bearing svess at C in member ABC. knowing that this member has a LO X 50-mm uniform rectangular cross section. 1.25 For the assembly and loading of Frob. 1.9, determine (a) the avwage shearing stress in the pin at A. (b) the average bearing s h e s at A in member AB.



Fig. Pl.22



1.26 For the assembly and loading of Pmb.1.9, determine (a) the average shearing stress in the pin at C,(b) the average bearing stress at C in member BC, (c) the average bearing smss at B in member BC. 1.27 Knowing that B = 40° and P = 9 kN, determine (a) the smallest allowable diameter of the pin at B if the average shearing stnss in the pin is not to exceed 120 MPa, (b) the wmsponding average bearing smss in member AB at B, (c) the compondiig average bearing slress in each of the s u p pori brackets at B.



1.28 Delemine the largest load P that may be applied at A when B = 60'. knowing that the average shearing stress in the 10-mm-diameter pin at B must not ex& IU) MPa and that the average bearing stress in member



AB and in the bracket at B must nol ex&



90 MPa



-



 1.11. STRESS ON AN OBLIQUE PLANE UNDER



AXIAL LOADING In the preceding sections, axial forces exerted on a two-force member (Fig. 1.28a) were found to cause normal stresses in that member (Fig. 1.286), while transverse forces exerted on bolts and pins (Fig 1.29a) were found to cause shearing svesses in those connections (Fig. 1.296). The reason such a relation was observed between axial forces and normal stresses on one hand, and transverse forces and sheuing stresses on the other, was because stresses were being determined only on planes perpendicular to the axis of tbe member or connection. As you will see in this section, axial forces cause both normal and shearing stresses on planes which are not perpendicular to the axis of the member. Similarly, transverse forces exerted on a bolt or a pin cause both normal and shearing stresses on planes which are not perpendicular to the axis of the bolt or pin.



Consider the two-force member of Fig. 1.28, which is subjected to axial forces P and P! If we pass a section forming an angle 0 with a n o d plane (Fig. 1.30a) and draw the free-body diagram of the portion of member located to the left of that section (Fig. 1.306). we find from the wuilibrium conditions of the free bodv that the distributed forces actin; on the section must be eauivalent t i the force P. ~esolv&Pinto components F ad V,respectively normal and tangentid to the section (Fig. 1.30~).we have



F =PCOS~



v = P sin 0



(0



I



P



(1.12) (b)



The force F represents the resultant of normal forces distributed over the section, and the fonx V the resultant of shearing forces (Fig.1.30d). The average values of the corresponding normal and shearing stresses are obtained by dividing, respectively, F and V by the area Ag of the section:



Substituting for F and V from (1.12) into (1.13). and observing from Rg. 1.30~that A. = A, cos 0, or Ag = &/COS 0, when & denotes the



-



P (c)



(d)



5 . 1 ~ 1



v



 area of a section perpendicular to the axis of the member, we obtain a=



-



(b)stresses for e = o



(c) S



7=



A ~ C O SB



P sin 0



~ d -0



We note from the first of Eqs. (1.14) that the normal stress a is maximum when 0 = 0, i.e., when the plane of the section is perpendicular to the axis of the member, and that it approaches zero as 8 a p proaches 90". We check that the value of u when e = 0 is



(a)M a 1 loading



r,=



P cos 89



P



=-



(1.15)



" 4



as we found earlier in Sec. 1.3. The second of Eqs. (1.14) shows that the shearing stress 7 is zero for 0 = 0 and 0 = No, and that for 0 = 45" it reaches its maximum value



em,,



lor 0 r 45*



7,



P



= -sin4S0cos45" A0



P



=-



zA,



(1.16)



The first of Eqs. (1.14) indicates that, when B = 45". the normal stress a' is also equal to P/2Ao:



P Cos2 450 = P a' = An 2An



4



(1.17)



The results obtained in Eqs. (1.15), (1.16). and (1.17) are shown graphically in Fig. 1.31. We note that the same loading may produce either a normal stress a, = P/& and no shearing stress (Fig. 1.31b), or a normal and a shearing stress of the same magnitude u' = T,,, = P/2& (Fig. 1.31 c and d), depending upon the orientation of the section
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P3



1.12. STRESS UNDER GENERAL LOADING CONDITIONS; COMPONENTS OF STRESS The examples of the previous sections were limited to members under axial loading and connections under transverse loading. Most structural members and machine components are under more involved loading conditions. Consider a body subjected to several loads P,,P2,etc. (Fig. 1.32). To understand the stress condition created by these loads at some point Q within the body, we shall fmt pass a section through Q,using a plane parallel to the yz plane. The portion of the body to the left of the section is subjected to some of the original loads, and to n o d and shearing forces distributed over the section. We shall denote by A F and AVx, respectively, the normal and the shearing forces acting on a small



 (0)



Fig. 1.33



-



area AA surrounding point Q (Fig. 1.330). Note that the superscript x is used to indicate that the forces AFx and AVx act on a surface perpendicular to the x axis. While the normal force A F has a well-defined direction, the shearing force AVxmay have any d i i t i o n in the plane of the section. We therefore resolve AVx into two component forces, AV; and AV:, in directions parallel to the y and z axes, respectively (Fig. 1.33 b). Dividing now the magnitude of each force by the area AA, and letting M approach zero, we define the three stress components shown in Fig. 1.34: AF' M-rO



u, = lim T,



A V; = lim M+O &



T,



A V: = lim M + O 'i.4



(1.18)



We note that the fmt subscript in 0, T, and T, is used to ~ndicatethat the stresses under cons~derationare exerted on a surface perprndicular to the x axis. The second subscript in T, and T, identifies the direction of the COmQotU?N. The normal stress uxis positive if the corresponding arrow points in the positive x dmchon, i.e., if the body is in tension, and negative otherwise. Sinularly, the shearing stress components 7, and 7, are pos~tiveif the corresponding arrows point, respectively, in the positive y and z directions. The above analysis may also be canied out by considering the portion of body located to the right of the veaical plane through Q (Eg. 1.35). The same magnitudes, but opposite directions, are. obtained for the normal and shearing forces AFX,AV;, and AV;.Therefore, the same values are also obtained for the corresponding stress components, but since the section in Fig. 1.35 now faces the negative x axis, a positive sign for uXwill indicate that the corresponding amnv points in the negative x diwction. Similarly, positive signs for T, and T, will indicate that the corresponding arrows point, respectively, in the negative y and z directions, as shown in Fig. 1.35.
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Fig. 1.37



Passing a section through Q parallel to the zr plane, we define in the same manner the stress components, a,,ryF and 7,. Finally, a section through Q parallel to the xy plane yields the components u, 7, and TO. To facilitate the visualization of the stress condition at point Q, we shall consider a small cube of side a centered at Q and the stresses exerted on each of the six faces of the cube (Fig. 1.36). The stress components shown in the figure are u, uj,and u,,which represent the normal stress on f a a s respectively perpendicular to the x, y, and z axes, and the six shearing stress components T,, 7,. etc. We recall that, according to the definition of the shearing stress components, 7, represents they component of the shearing stress exerted on the face perpendicular to the x axis, while T, represents the x component of the shearing stress exerted on the face perpendicular to they axis. Note that only three faces of the cube are actually visible in Fig. 1.36, and that equal and opposite stress components act on the hidden faces. While the stresses acting on the faces of the cube differ slightly from the stresses at Q, the error involved is small and vanishes as side a of the cube approaches zero. Important relations among the shearing stress components will now be derived. Let us consider the free-body diagram of the small cube centered at point Q (Fig. 1.37). The normal and shearing forces acting on the various faces of the cube are obtained by multiplying the corresponding stress components by the area AA of each face. We first write the following three equilibrium equations:



Since forces equal and opposite to the forces actually shown in Fig. 1.37 are acting on the hidden faces of the cube, it is clear that Eqs. (1.19) are satisfied. Considering now the moments of the forces about axes Qx: Qy', and Qz' drawn from Q in directions respectively parallel to the x, y, and z axes, we write the three additional equations



Using a projection on the x'y' plane (Fig. 1.38). we note that the only forces with moments about the z axis different from zem are the shearing forces. These forces form two couples, one of counterclockwise (positive) moment (7, M ) a , the other of clockwise (negative) moment - ( T ~&)a. ~ The last of the three Eqs. (1.20) yields, therefore, +TZM,=O:



(7- &)a



- (rYxAA)a = 0



from which we conclude that



The relation obtained shows that they component of the shearing stress exerted on a face perpendicular to the x axis is equal to the x compo-
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 nent of the shearing stress exerted on a face perpendicular to they axis. From the remaining two equations (1.20). we derive in a similar manner the relations r



7s. = I-



ra = ?=



(1.22)



'1- -



*P



r



-



We conclude from Eqs. (1.21) and (1.22) that only six stress components are required to define the condition of stress at a given point (a) Q, instead of nine as originally assumed. These six components are UQ. 13s a,,u,,uz, 7-, ryr,and 7,. We also note that, at a given point, shear cannot take place in one plane only; an equal shearing stress must be exerted on another plane perpendicular to the h t one. For example, considering again the bolt of Fig. 1.29 and a small cube at the center Q of the bolt (Fig. 1.39a), we find that shearing stresses of equal magnitude must be exerted on the two horizontal faces of the cube and on the two faces which are perpendicular to the forces P and P' (Fig. 1.396). Befm concluding our discussion of stress components, let us consider again the case of a member under axial loading. If we consider a small cube with faces respectively parallel to the faces of the member and recall the results obtained in Sec. 1.11, we find that the conditions of stress in the member may be described as shown in Fig. 1 . e . the only stnsses are normal stresses u, exerted on the faces of tk cube which are perpendicular to the x axis. However, if the small cube is rotated by 45' about the z axis so that its new orientation matches the orientation of the sections considered in Fig. 1 . 3 1 and ~ a,' we conclude that normal and shearing stresses of equal magnitude are exerted on four faces of the cube (Fig. 1.406). We thus observe that the same loading condition may lead to different interpretations of the stress situation at a given point, depending upon the orientation of the element considered. More will be said about this in Chap 7. Ag. 1.40 1.13. DESIGN CONSIDERATIONS



In the preceding sections you learned to determine the stresses in rods, bolts, and pins under simple loading conditions. In later chapters you will learn to determine stresses in more complex situations. In engineering applications, however, the determination of stresses is seldom an end in itself. Rather, the knowledge of stresses is used by engineers to assist in their most important task, namely, the design of structures and machines that will safely and economically perform a specified function. a. Determination of the Ultimate Strength of a Material. An important element to be considered by a designer is how the material that has been selected will behave under a load. For a given material this is determined by performing specific tests on prepared samples of the material. For example, a test specimen of steel may be prepared and placed in a laboratory testing machine to be subjected to a known centric axial tensile force, as described io Sec. 2.3. As the magnitude of the force is increased, various changes in the specimen are measured, for example, changes in its length and its diameter. Eventually the largest



(b)



(b)



 force which may be applied to the specimen is reached, and the specimen either breaks or begins to carry less load. This largest force is called the ultimate load for the test specimen and is denoted by P, Since the applied load is centric, we may divide the ultimate load by the original cross-sectional area of the rod to obtain the ullimate normal stress of the material used. This stress, also known as the ultimate strength in tension of the material, is 0-



pu -A



(1.23)
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Several test procedures are available to determine the ultimate shearing stress, or ultimate strength in shear; of a material. The one most commonly used involves the twisting of a circular tube (Sec.3.5). A more direct if less accurate, procedure consists in clamping - - a rectangular or round bar in a s h e s tool (Fig. 1.41) and applying an increasing load P until the ultimate load P,, for single shear is obtained. If the free end of the specimen rests on both of the hardened dies (Fi. 1.42), the ultimate load for double shear is obtained. In either case, the ultimate shearing stress r, is obtained by dividing the ultimate load by the total area over which shear has taken place. We recall thal in the case of single shear, this area is the cross-sectional area A of the specimen, while in double shear it is equal to twice the cmss-sectional area. b. Allowable Load and Allowable Strwa; Factor ofSafety. The maximum load that a smctural member or a machine component will be allowed to carry under normal conditions of utilization is considerably smaller than the ultimate load. This smaller load is refetred to as the allowable iwd and, sometimes, as the working load or design load. Thus, only a fraction of the ultimate-load capacity of the member is utilized when the allowable load is applied. The remaining portion of the loadcanying capacity of the member is kept in resetve to assure its safe performance. The ratio of the ultimate load lo the allowable load is used to define the factor of safe0.t We have Factor of safety = F.S. =



ultimate load allowable load



(1.24)



An alternative definitim of the factor of safety is based on the use of stresses:



Factor of safety = F.S. =



ultimate stress allowable stress



(1.25)



The two expressions given for the factor of safety in Eqs. (1.24) and (1.25) are identical when a linear relationship exists between the load and the stress. In most engineering applications, however, this relationship ceases to be linear as the load approaches its ultimate value, and the factor of safety obtained from Eq. (1.25) does not provide a tin some @Ida of e@UahS, n d y .eronauuePI cnghuiog, tbc inorgin ofqfety is used in p l r c d tbc factor of d c ¶ y 'Ibc m@n of safety is delimd sr thc frtor of safely minus one; lhst is, margin efrsfsly = FS. - 1.00.
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m e assessment of the safety of a given deslgn. Nevertheless, the allowable-stress method of design, based on the use of Eq. (1.25). is widely used. c. Selection of an Appropriate Factor of Safety. The selection of the factor of safety to be used for various applications is one of the most important engineering tasks. On the one hand, if a factor of safety is chosen too small, the possibility of failure becomes unacceptably large; on the other hand, if a factor of safety is chosen unnecessarily large, the result is an uneconomical or nonfunctional design. The choice of the factor of safety that is appropriate for a given design application requires engineering judgment based on many considerations, such as the following: 1. Variations that may occur in the pmpenies of the member under consideration. The composition, strength, and dimensions of the member are all subject to small variations during manufacture. In addition, material properties may be altered and residual stresses introduced through heating or deformation that may occur during manufacture, storage, transportation, or construction. 2. The number of loadings that may be expected during the lge of the structure or machine. F Q ~most materials the ultimate stress decreases as the number of load applications is increased. This phenomenon is known asfatigue and, if ignored, may result in sudden failure (see Sec. 2.7). 3. The type of loadings that are planned for in the design, or that may occur in thefiuure. Very few loadings are known with complete accuracy-most design loadings are enginewing estimates. In addition, f u t w alterations or changes in usage may introduce changes in the actual loading. Larger factors of safety are also required for dynamic, cyclic, or impulsive loadings. 4. The type of failure that may occur. Brittle materials fail suddenly, usually with no prior indication that collapse is imminent. On the other hand. ductile materials, such as structural steel, normally undergo a substantial deformation called yielding before failing, thus providing a warning that overloading exists. However, most buckling or stability failures are sudden, whether the material is brittle or not. When the possibility of sudden failure exists, a larger factor of safety should be used than when failure is preceded by obvious warning signs. 5. Uncertainty due to methods ofanalysis. All design methods are h a s e d d ~ ~ ~ s s u m p h n ~ i n c a l ~ culated stresses being approximations of actual stresses. 6. Deterioration that naay occur in the future because of poor maintenance or because of unpreventabk natural causes. A larger factor of safety is necessary in locations where conditions such as corrosion and decay are difficult to control or even to discover. 7 . The importance of a given member to the integrity of the whole aructure. Bracing and secondary members may in many cases be designed with a factor of safety lower than that used for primary members.



 In addition to the above considerations, there is the additional consideration concerning the risk to life and propetty that a failure would produce. Where a failure would produce no risk to life and only minima1 risk to pmperty, the use of a smaller factor of safety can be considered. Finally, there is the practical consideration that, unless a careful design with a nonexcessive factor of safety is used, a structure or machine might not perform its design function. For example, high factors of safety may have an unacceptable effect on the weight of an aircraft. For the majority of structural and machine applications, factors of safety are specified by design specifications or building codes written by committees of experienced engineers working with pmfessional societies, with industries, or with federal, state, or city agencies. Examples of such design specifications and building codes are 1. Steel: American Institute of Steel Construction, Specifications for Stluctural Steel Buildings 2. Concrete: American Concrete Instihlte, Building Code Requirement for Structural Concrete 3. nnber; American Forest and Paper Association, National Design Specification for Wood Construction 4. Highway bridges: American Association of State Highway Officials, Standard Specifications for Highway Bridges Load and Resistance Factor Design, As we saw above, the allowable-stress method requires that all the uncertainties associated with the design of a structure or machine element be grouped into a single factor of safety. An alternative method of design, which is gaining acceptance chiefly among structural engineers, makes it possible through the use of three different factors to distinguish between the uncertainties associated with the structure itself and those associated with the load it is designed to support. This method, referred to as Load and Resistance Factor Design (LRFD), further allows the designer to distinguish between uncertainties associated with the live lo& PL,that is, with the load to be supported by the structure, and the dead load, P, that is, with the weight of the portion of structure contributing to the total load. When this method of design is used, the u l f i ~ tload, e PU,of the structure, that is, the load at which the structure ceases to be useful, should fust be determined. The proposed design is then acceptable if the following inequality is satisfied: 'd.



The coefficient 6 is referred to as the resistance facfor; it accounts for the uncertainties associated with the structure itself and will normally be less than 1. The coeficients y, and y, are refemd to as the load factors; they account for the unceaainties associated, respectively, with the dead and live load and will normally be greater than 1, with y, generally larger than . , y While a few examples or assigned problems using LRFD are included in this chapter and in Chaps. 5 and 10, the allowable-stress method of design will be used in this text.



V



 -SAMPLE PROBLEM 1.4 The rigid beam BCD is attached by bolts to a control rod at B, to a hydraulic cylinder at C, and to a fixed s u m at D. The diamekrs of the bolts used are: d, = dD = in., d , = $in. Each bolt acts in double shear and is made from steel for which the ultimate shearing stress is 7, = 40 ksi. The control rod has a diameter dA = in. and is made OF a steel for which the ultimate ten* sile stress is u, = 60 ksi. If the minimum factor of safety is to be 3.0 for tha enlire unit, delennine the largest upward force which may be applied by thb: hydraulic cylinder at C.
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SOLUTlOlJ The factor a f safety with respea'ro faitme most be 3.0 or more itleach three bolts and in the control rod. These four independent criteria will be con-. sidered separately.



Free Body: Beam BCD. We first &ermine the force at the force at B and in t e r n of the force at D.



+ ZI M D = 0: + EM, I = 0:



B(14 in.) - C(8 in.) = 0 -D(14 in.) + C(6 in.) = 0



C in (ems



of.':



C = 1.7508 C = 2.330



Control Rod. For a factor of safety of 3.0 we have



The allowable force in the control rod is B = udI(A) = (20 ksi) ja (& in.)' = 3.01 kips Using Eq. (1) we find the largest permitted value of C C = 1.7506 = 1.750(3.01 kips)



C = 5.27 kips 4



B = 2F1 = 2(rdlA) = 2(13.33 ksi)(f a)(; in.)' = 2.94 kips From Eq. (I):



C = 1.7508 = 1.750(2.94 kips)



C = 5.15 kips &



Bolt at D. Since this bolt is the same as bolt B, the allowable force is D = 8 = 2.94 kips. Fmm Eq.(2): C = 2.33D = 2.33(2.94 kips)



C = 6.85 kips d



Bolt at C. We again have r,, = 13.33 ksi and write C = 2F2 = 2(rdlA) = 2(13.33 k s i ) ( j ~ ) (in.)' i



C = 5.23kips



d



Summary. We have found separately four maximum allowable values of the force C. In order to satisfy all these criteria we must choose the small-



 PROBLEMS



1.29 The 6-kN load P is supported by two wooden members of 75 X 125-mm uniform rectangular cross section that are joined by the simple glued scarf splice shown. Determine the normal and shearing stresses in the glued splice.



1.30 Two wooden members of 75 X 125-mm uniform rectangular crws section are joined by the simple glued scarf splice shown. Knowing that the maximum allowable tensile slms in the glued splice is 500 kPa,determine (a) the largesl load P which can be safely supported, (b) the comsponding shearing stress in the splice. 1.31 l k o wooden members of 3 X 6-in. uniform rectangular m s section are joined by the simple glued scarf splice shown. Knowing that the maximum allowable shearing stress in the glued splice is 90 psi, determine (a) the largest load P which can be safely applied, (b) the comsponding (ensile stress in the splice.



Rg. P l d l and P1.32



1.32 Two wooden members of 3 X 6-in. uniform rectangular cross section are joined by the simple glued scarf splice shown. Knowing that P = 2400 lb,debermine the normal and shearing stresses in the glued splice. 1.33 A centric load P is applied to tbe granite block shown. Knowing that the resulting maximum value of the shearing stress in the block is 2.5 ksi, determine (a) the magnitude of P, (b) the orientation of the surface on which the maximum shearing stress occurs. (c) the normal stress exened on that surface, (d) the maximum value of the normal stress in the block.



1.34 A 240-kip load P is applied to the granite block shown. Determine the resulting maximum value of (a) the normal stress, (b) the shearing smess. Specify the orientation of the plane on which each of these maximum values OCCUIS.



Flg. PI^ and ~ 1 3 0



 1.m A steel pipe of 300-mm m a diameter is fabricated from hthick plate by welding along a helix which forms an angle of 25" with a plane perpendicular to the axis of the pipe. Knowing that a 2.50-kN axial force P is applied to the pipe, determine the normal and shearing stresses in directions respectively normal and tangential to the weld. 6 rnm



1.36 A steel pipe of 300-mm outer diameter is fabricated from 6-mmthick plate by welding along a helix which forms an angle of 25' with a plane perpendicular to the axis of the pipe. Knowing that the maximum allowable normal and shearing stresses in directions respectively normal and tangential to the weld are o = 50 MPa and T = 30 MPa, determine the magnitude P of the largest axial force that can be applied to ihe pipe. 1.37 Link BC is 6 mm chick, has a width w = 25 mm,and is made of a steel with a 480-MPa ultimate strength in tension. What was the safety factor used if the smcture shown was designed to support a 16-W load P? flg. P1.35 and P1.36
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flg. P1.37 m d P1.30
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Fig. P1.39 and P1.40



1.38 Link BC is 6 mn thick and is made of a steel with a 450-MPa ultimate strenath in tension. What should be its width w if the structure shown is being designed to support a 2&kN load P with a factor of safety of 3? 1.39 Member ABC, which is supponed by a pin and bracket at C and a cable BD, was designed to support the Ckip load P as shown. Knowing that the ultimate load for cable BD 1s 25 kips, determine the factor of safety with respect to cable fa~lure.



1.40 Knowing that the ultimate load for cable ED is 25 kips and that a factor of safety of 3.2 with respect to cable failure is required. detennine the magnitude of Ule largest force P which can be safely applied as shown to member ABC. 1.41 Members AB and AC of the truss shown consist of bars of square cross section made of the same alloy. It is known that a 20-mm-square bar of the same alloy was tested to failure and that an ultimate load of I20 W was recorded. If bar AB has a 15-mm-square cross section, determine (a) the factor of safety for bar AB, (b)the dimensions of the cross section of bar AC if it is to have the same factor of safety as bar AB.



Fig. P1.41 and P1.42



1.42 Members AB and AC of the truss shown consist of bars of square cross section made of the same alloy. It is known that a 20-mm-square bar of the same alloy was tested to failure and that an ultimate load of 120 kN was m d e d . If a factor of safety of 3.2 is lo be achieved for boch bars, detwmine the rcquired dimensions of the cmss section of (a) bar AB, (b) bar AC.



 -



1.43 The two wooden members shown, which suppnt a 20-kN load, are pined by plywood splices fully glued on the surfaces in contact. The ultimate shearing stress in the glue is 2.8 MPa and the clearance between the members is 8 mm.Determine the factor of safety, knowing that the length of each splice is L = 200 mm.



1.44 For the joint and loading of Prob. 1.43, determine the rcquircd length L of each splice if a factor of safety of 3.5 is to be achieved.



1.45 Thm 2-in.diameter steel bolts a n to be used to attach the steel plate shown to a wooden beam. Knowing that the plate will support a 24-kip load and that the ultimate shearing stress for the steel used is 52 h i , duermine the factor of safety for this design.



Izrkips Flg. P1.U and Pl.48



1.46 Thne stal bolts arc to be uJcd to attach the steel plate shown to a wooden beam. Knowing that the plate will suppal a 24-kip load, that the ultimate shearing stnss for the steel used is 52 Lsi, and that a Factor of s a w of 3.37 is desired, detcnnine the required dismetu of the bolts.



1.47 A load P is supported as shown by a steel pin that has been inserted in a short wooden member hanging from the ceiling. The ultimate strength of the wocd used is 60 MPa in tension and 7.5 MPa in shear, while the ultimate strength of the steel is 150 MPa in shear. Knowing t h l the diameter of the pin is d = 16 mm aod that the magnitude of the load is P = 20 kN, determine (a) the factor of safety for the pin, (b) the wquired values of b and c if the factor of safety for the wcdcn member is to be the same as that found in part a for the pin.



1.48 For the suppon of Pmb. 1.47, knowing that b = 40 mm. c = 55 mm, and d = 12 mm. determine the allowable load P if an overall Sactot of safety of 3.2 is desired.



 Top vimv



8mm



Front vim



12 rnm



Side vim



q.Pl.49 and P1.50



1.49 In the smcture shown. an 8-mm-diameter pin is used at A. and 12mmdiametcr pins are used at B and D. Knowing that the ultimate shearing stress is 100 MPa at all c o n ~ ~ t i o and n s that the ultimate normal stress is 250 MPa in each of the two links joining B and D, determine the allowable load P if an overall factor of safety of 3.0 is desired. 1.50 In an alternative design for the shnclure of Proh. 1.49. a pin of 10-mmdiametu is to be used at A. Assuming that all otha specifications remain unchanged, determine the allowable load P if an overall factor of safety of 3.0 is desired.



12 in.



Fig. P1.61 and P1.52
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1.51 Each of the steel links AB and CD is conmcted to a support and to member BCE by $-m.diameter steel pins acting in single shear. Knowing that the ultimate shearing stress is 24 ksi for the steel used in the pins and that the ultimate normal smss is 60 ksi for the steel used in the links, determine the allowable load P if an overall factor of safely of 3.2 is desired. (Note that the links arc not reinforced around the pin hdes.) 1.52 An alternative design is being considered to s u m member BCE of Rob. 1.51, in which Link CD wiU be replaced by two links, each of X I-in. cmss section, causing the pins at C and D to be in double shear. Assuming that all other specifications remain unchanged, d*ermine the allowable load P if an overall factor of safdy of 3.2 is desired.



930m m



1.53 Each of the two veaical links CF cwnecting the two horizontal membm AD and EG has a 10 X 40-mmunifm mlangular cross d o n and is made of a steel with an ultimale strength in tension of 400 MPa, while each of the pins at C and F has a Mmm diameter and is made of a steel with an ultimale strength in shear of 150 MPa. Detenninc the overall h a m of safety for the links CF and the pins connecting them to the boriwntal members. 24 kN



Flg. P1.53



1.64 Solve Rob. 1.53, assuming that the pins at C and F have been ICplaced by pins wiih a 30-mm diameter. 4



 -



1.55 A steel plate & in. thick is embedded in a horizontal concrete slab aod is used to anchor a high-stmngth wrtical cable as shown. The diameter of the hole in the plate is fin., the ultimate strength of the steel used is 36 ksi, and the ultimate bonding stress between plate and concrete is 300 psi. Knowing that a factor of safety of 3.60 is desired when P = 2.5 kips.detcrmine (a) Ule rcquired width a of the plate, (b) the minimum depth b to which a plate of that width should be embedded in the concrete slab. (Neglect the n o d seesses between the concrete and the lower end of the plate.)



1.56 Determine the factor of safety f a the cable anchor of Pmb. 1.55 when P = 3 kips. knowing that a = 2 in. and b = 7.5 in.
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'1.57 A 40-kgplatform is attached to the end B of 8.50-kg wooden befm AB, which is supported as shown by a pin at A and by a slender steel rod BC with a 12-kN ultimate load. (a) Using the Load and Resistance Factor Design method with a resistance factor ) = 0.90 and load fadon y, = 1.25 and 7' = 1.6, determine the largest load which can be safely placed on the platform. (b) What is the comsponding conventional factor of safety for rod BC?



'1.58 The Load and Resistance Factor Design method is to be used to select the two cables which will raise and lower a platform supporting two window washers. The platfm weighs 160 lb and each of the window washers is assumed to weigh 195 lb with equipment. Since these workas are frce to mow on the platform, 75 % of lhcii total weight and of the weight of their equip ment will be used as the d∈ live load of each cable. (a) Assuming a re sismce factor ) = 0.85 and load factors y, = 1.2 and y, = 1.5, determine the required minimum ultimate load of one cable. (b)What is the conventional faftor of safety for the selected cables?



Fig. P1.58
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Tfls cdncep of stress was first in!mdnced in Sec. 1.3 by con-
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a (Fig. 1.16a), shearing smsscs:&?.Tmssvrse Forces, Shearing stress



"ace creeted over.ati9 seetion ldcated between the,points of app11&::, '.tion of the two forces [Scc 1.61. Thase stresses vary greatly-acd:: the seetion and h i r distribution cannot be assumed uniform. How;:
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two s t r u c t u ~members or machine compkcnts. For example, in thi caso of bolt CD (Fig. 1.18).which is in sin~lesheac we wrote



Single and double snear



. Bolt& pins, andcrivcts dq areate sues& in the: mmbQs ' b y oonnect, dong W h r i n g ~ & @ c e , or surface of conkact [See. l,q. The bolt CD ofFq.'.lifor 18, $~mpl~CreaW messe~mthesini,.:cylindricalsurface of plate A'with which it is in e&qtaot (Fig; 1>22), Since the distributiou:o€th&stiesses is mite imdicatad. obC um in praotlce an average nomiaalvalue crj i f the a&$, died baQrtng Fig. 1.20 stress, obtaiwd by dividing the load P by the arca of the rectsogIe represeating the projection of tha bolt on the pl& sectioa Den@- Bearing stress ingby tthetbichlessofWplateandbydtbediamt~~ofthbba#.



cessively the n o d strkses gthe?wo members, pay& spedal attention to their narrowest sections, the shearing stmsse8 in the various pins, and the bearing stress at each c o d o q . The method you should use in solving a problem io m&be;iicn of materials was described in Sec. 1.9. Your solution should be& with a cl&u andprecise slatemetif oftire pmblem.You will then d r a ' one or several free-body d i a g w that you will use to libriwn equntidns. These equations will be solved fo forces, fmm which the required stresses and deformations computed. .**d.. '4 ,
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Method of solution



 Stresses on an oblique sectlon



Stress under general loading



s k e at a point Q in B body ub ndition [Sec. 1.121. Considaing a 36); we denoted by uxthe normal be perpendicular to the x axis, and t comwnents of the shearion c . . , \@es e x d - o n &e same-face ck the cube. ~ e p e a t i nthis ~ ,:-Ti@: thc other two faces of the cube and observina mat i%,"% T,?, = 7, and 7, = 7, we concluded that sh sh& comi.,: & t b t s are mjumd to define the smte of stress at a given point Q, i .'., '. ,. :iii&@ly, u* viuh r7,7, and 7, i+!.&GScctim 1.13 was devoted to a discussion of& various conceots . . . ~.. :,. ,nssd, & des"&'&,6gifleRriag1s*~e&~BI&&s;& $&i,: _I
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Load and Resistance Factor Design
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Pactor of safety = FS.=
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ultimate load allowable load



(12 6 )



The determination of rhe factor of safety which should be used in the design of a given ~~ depends upon a number of considerations, some of which were limd in this section. Section 1.13 ended with the discussion of at^ a~tcxnativeappmch to design, known as Lwd Md Resistante Factor Design, which allows the engineer to distinguish between the oncertaintie8associated with the smture uhd those associated with the load.



 REVIEW PROBLEM



1.59 For the truss and loading shown, determine the average normal stress in member DF, knowing that the cross-sectional area of that member is 2500 mm2. 1.60 Link AC has a uniform rectangular cross section in. Ulick and I in. wide. Determine the n o d stress in the central portion of that link.



I.61 When the force P reached 8 kN,the wooden specimen show failed in shear along the surfsce indicated by the dashed line. Determine the avcrage shearing svess along that surface at the time of failure. 1.62 Two wooden planks, each 12 mm thick and 225 mm wide, are joioed by the dry mortise joint shown. Knowing that the wood used shears off along its grain when the average shearing stress reaches 8 MPa, detennine the magnitude P of the axial load which will cause the joint to fail.



16 mm



Flg. P1.62



1.63 The hydraulic cylinderCF, which



att ti ally controls the wsition of



rod DE, has beeniocked in-the position show". ~ e ~ bED e ris f in: thick and is connected to the vertical rod by a ∈.diameter bolt. Determine (a) the average shearing stress in the bolt, (b) the bearing stress at C in member BD.
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 1.84 A 4-in.-diameter steel rod AB is fitted to a mund hole near end C of the woodm member CD. For the loading shown, determine (a) the maxtmum average normal shess in the wood, (b) the distance b for which the average shearing stress is 90 psi on the surfam iadicstcd by the dashed lines, (c) thc average beating stress on the wood. 5 rnrn



Fig, P1.65 5.5 in.



Fig. PI.=



1.65 TWOplates, each 3 mm thick, are used to splice a plastic strip as shown. Knowing that the ultimate shearing stress of the bonding bethe surfaces is 900 kPa, ddcrminc the factor of safety with respect to shear when P = 1500 N. 1.66 ' b o w d n members of 3.5 X 5.5-in. uniform restangular cross section are joined by the simple glued scarf splice shown. Knowing that the maximum allowable shearing stress in the glwd splice is 75 psi, determine the largest axial load P that can be safely applied. 7.67 A steel loop ABCD of length 1.2 m and of lOmm diameter is placed as shown around a 24-mmdiameter aluminum md AC. Cables BE and DF.each of 12-mm diBmetex, ate used to apply the load Q. Knowing that the ultimate strength of lhe aluminum used for the rod is 260 hWa and that the ultimate strength of the steel used for the loop and the cables is 480 MPa, determine the largest load Q that can be applied if an ovaall factor of safety of 3 is & i .



flg. P1.87
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1.88 Link AC has a uniform X $in. rectangular cross section and is made of a steel with a 60-ksi ultimate normal stress. It is connected to a support at A and to member BCD at C by $-in.-diameter pins, while member BCD is connected to a suppm at B by a A-in.diameter pin. All of the pins are in single shear and are made of a steel with a 25-ksi ultimate shearing stress. Knowing that an overall factor of safety of 3.25 is desired, determine the largest load P that can be safely applied at D. Note that link AC is not reinforced around the pin holes. 1.89 The two poaions of member M are glued togetiw along a plane forming an angle 0 with the horizontal. Knowing that the ultimate svess for the glued joint is 17 MW in tension and 9 MPa in shear, determine the range of values of 8 for whim the factor of safety of the member is at least 3.0.



1.70 The two portions of member AB are glued together along a plane forming an angle 0 with the horizontal. Knowing that the ultimate stress for the glued joint is 17 MPa in tension and 9 MPa in shesr, determine (a) the value of 0 for which the factor of safety of the member is maximum, (b) the corresponding value of the factor of safety. (Hint: Equate the expressions obtained for the factom of safety with respect to u d s a s s and shear.)



ICOMPUTER PROBLEMS The PoUowing problems are designed to be solved with a computer. 1.C1 A solid steel rod consisting of n cylindrical elements welded together is subjected to the loading shown. The diameter of element i is denoted by dl and the load applied to its lower end by P,,with the magnitude P,of this load being assumed positive if PI is directed downward as shown and negative otherwise. (a) Write a computer program which can be used with either SI or U.S. customary units to determine the average stress in each element of the md. (b) Use this program w solve Probs. 1.1 and 1.3.



Element 1 P1
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1.C2 A 20-kN force is applied as shown to the horizontal member ABC. Member ABC has a LO X 50-mm uniform rectangular cross section and is s u p ported by four vertical links, each of 8 X 36-mm uniform rectangular cmss section. Each of the four pins at A, B, C, and D has the same diameter d and is in double shear. (a) Write a computer program to calculate for values of d from 10 to 30 mm,using I-nun increments, (I) the maximum value of the average normal stress in the links connecting pins Band D, (2) the average normal stress in the links connecting pins C and E, (3) the average sharing stress in pin B, (4) the average shearing stms in pin C. (5) the average bearing stress at B in member ABC, (6) the average bearing stress at C in member ABC. (b) Check your program by comparing the values obtained ford = 16 mm with the answers given for Probs. 1.8. 1.23, and 1.24. (c) Use this program to find the permissible values of the diameter d of the pins, knowing that the allowable values of the normal, shearing, and bearing suesses for the steel used are, respectively, 150 MPa, 90 MPa, and 230 MPa (d) Solve pan c, assuming that the thickness of member ABC has been reduced from LO to 8 nun. 1.C3 Two horizontal 5-kip forces are applied to pin B of the assembly shown. Each of the three pins at A, B, and C has the same diameter d and is in double shear. (a) Write a computer program to calculate for values of d horn 0.50 to 1.50 in., using 0.05-in. increments. (I) the maximum value of the average normal stress in member AB. (2) the average normal stress in member BC, (3) the average shearing stress in pin A, (4) the average shearing stress in pin C. (5) the average bearing stress at A in member AB, (6) the average bearing s u s s at C in member BC, (7) the average bearing stress at B in member BC. (b) Check your program by comparing the values obtained ford = 0.8 in. with the answers given for Probs. 1.9, 1.25, and 1.26. (c) Use this program to find the permissible values of the diameter d of the pins, knowing that the allowable values of the normal. shearing, and bearing strcsses for the steel used are, respectively, 22 ksi, 13 ksi, and 36 ksi. (d)Solve pan c, assuming that a new design is being investigated, in which the thickness and width of the two members are changed, respectively, from 0.5 to 0.3 in. and from 1.8 in to 2.4 in.



Flg. P1.W 1.C4 A 4-kip force P forming an angle a with the vertical is applied as shown to member ABC, which is supported by a pin and bracket at C and by a cable BD forming an angle j3 with the horizontal. (a) Knowing that the ultimate load of the cable is 25 kips, write a computer pmgram to construct a table of the values of the factor of safety of the cable for values of a and j3 fmm 0 to 45". using increments in a and /3 comsponding to 0.1 increments in tan a and tan p. ( b ) Check that for any given value of a the maximum value of the factor of safety is obtained for 3 , = 38.66' and explain why. (c) Determine the smallest possible value of the factor of safety for3!, = 38.66O.a~well as the corresponding value of a, and explain the result obtained.



-



.



 -



1.CS A load P i s s u p p o d as shown by cuo wooden members of uniform Fenangular aws sccti& which arc joined by a simple glued scsrf splice. Ia) . . Deooliaz bv a,,and T,,, ". reswcrivelv,. the ultimate smnnth of the ioint in tension and in shear, write a computer program which, for given values of a. b. P, u,.and 7 , expressed in either SI or U.S. customary units, and for values of a fmm 5 to 85' at 5' intervals, can be used to calculate (1) the normal stress in the joint, (2) the shearing stress in the joint, (3) the factor of safety relative to failure in tension, (4) the factor of safety relative to failure in shear, (5) the overall factor of safety for the glued joint. (b) Apply this program, using the dimensions and loading of the members of Robs. 1.29 and 1.32, knowing that uu = 1.26 MPa and rU= 1.50 M P a f a the glue nsed in Prob. 1.29, and that uu = 150 psi and 7, = 2 14 psi for the glue used in Prob. 1.32. (c) Verify in each of these two cases that the shearing smss is maximum for a = 45".
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1.C6 Member ABC is supported by a pin and bracket at A and by two links. which are pin-conneaed to the member at B and to a fied suppoft at D. (a)Write a computer program to calculate the allowable load P d l f a any given values of (I) the diameter d l of the pin at A, (2) the common diameter d2 of the pins at B and D, (3) the ultimate normal s a s s uuin each of the two links, (4) the ultimate shearing stress 7~ in each of the three pins, (5) the desired overall factor of safety ES. Your program should also indicate which of the following three stnsses is critical: the nonnal mess in the links, the shearing stress in the pin at A, or the shesring stress in the pins at B and D. (b and c) Check by using the d& of Probs. 1.49 and 1.50, pespectively, and corn- Flg. P1.m your oarine the answers obtained for P.,,with those eiven in the text. (dl Use vour program to detcrminc the allowable load P . ~ ~ , &well as which of the s&sa is critical, when dl = d, = 15 mm. uu = 110 MPa for aluminum Links, T" = 100 MPafor steel pins, and F.S. = 3.2.
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 Stress and Strain-Axial



This chapter is devoted to the shuly of deformations occurring in shuchiml contponenIs subjected to aria1 loading. The change in Icngth of the d i a g o ~stays l was carefully accounted for in the design of this cable-stqed bridge that crosses the Columbia River in Eastern Washington.
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2.1. INTRODUCTION



In Chap. 1 we analyzed the stresses created in various members and connections by the loads applied to a structure or machine. We also learned to design simple members and connections so that they would not fail under specified loading conditions. Another important aspect of the analysis and design of structures relates to the deformations caused by the loads applied to a structure. Clearly, it is important to avoid deformations so large that they may prevent the structure from fulfilling the purpose for which it was intended. But the analysis of deformations may also help us in the determination of stresses. Indeed, it is not always possible to determine the forces in the members of a structure by applying only the principles of statics. This is because statics is based on the assumption of undefonnable, rigid structures. By considering engineering structures as deformable and analyzing the deformations in their various members, it will be possible for us to compute forces which are statically indeterminate, i.e., indeterminate within the framework of statics. Also, as we indicated in Sec. 1.5, the distribution of stresses in a given member is statically indeterminate., even when the force in that member is known. To determine the actual distribution of stresses within a member, it is thus necessary to analyze the deformations which take place in that member. In this chapter, you will consider the defonnations of a structural member such as a md, bar, or plate under aria1 loading. First, the normal stress r in a member will be defined as the deformation of the memberper unit length. Plotting the stress u versus the strain e as the load applied to the member is increased will yield a stress-strain diagmm for the material used. Fmm such a diagram we can determine some important properties of the material, such as its modulus of elastieily, and whether the material is ductile or brittle (Secs. 2.2 to 2.5). You will also see in Sec. 2.5 that, while the behavior of most materials is independent of the diction in which the load is applied, the response of fiber-reinforced composite materials depends upon the direction of the load. From the stress-strain diagram, we can also determine whether the strains in the specimen will disappear after the load has been removedin which case the material is said to behave elastically-or whether a permanent set or plastic deformation will result (Sec. 2.6). Section 2.7 is devoted to the phenomenon of fatigue, which causes shuctural or machine components to fail after a very large number of repeated loadings, even though the stresses remain in the elastic range. The fyst part of the chapter ends with Sec. 2.8, which is devoted to the determination of the deformation of various types of members under various conditions of axial loading. In Secs. 2.9 and 2.10, statically indetermi~teproblems will be constdered, i.e., problems in which the reactions and the internal forces cannot be determined from statics alone. The equilibrium equations derived fmm the free-body diagram of the member under consideration must be complemented by relations involving deformations; these relations will be obtained from the geometry of the problem. In Secs. 2.11 to 2.15, additional constants associated with isotropic materials-i.e., materials with mechanical characteristics independent of direction-will be introduced. They include Poisson's mtio, which relates



 lateral and axial strain, the bulk modulus, which characterizes the change in volume of a material under hydrostatic pressure, and the modulus of rigidiry, which relates the components of the shearing stress and shearing strain. Stress-strain relationships for an isotropic material under a multiaxial loading will also be derived. In Sec. 2.16, stress-strm relationships involving several distmct values of the modulus of elasticity, Poisson's ratio, and the modulus of rigidity, will be developed for fiber-reinforced composite materials undes a multiaxial loading. While these materials are not isotropic. they usually display special properties, known as onhotmpic properties, which facilitate their study. In the text material described so far, stress- are assumed uniformly ditnbuted in any given cross section; they are also assumed to remain within the elastic range. The validity of the first assumplion is discussed in Sec. 2.17, while stress concenrmtionr near circular holes and fillets in flat bars are considered in Sec. 2 18. Sections 2.19 and 2.20 are dcvotcd to the discussion of strases and deformations in members made of a ductile material when the yield point of the material is exceeded. As you will see,permanent plastic deformations and residual slresses result from such loading conditions.



1 2.2. NORMAL STRAIN UNDER AXIAL LOADING B , Let us consider a rod BC, of length L and uniform cross-sectional area A, which is suspended from B (Fig. 2 . 1 ~ )If . we apply a load P to end C, the rod elongates (Fig. 2.lb). Plotting the magnitude P of the load 1 against the deformation 6 (GreekIetter delta), we obtain a certain Loaddeformation diagram (Fig. 2.2). While this diagram contains informal tion useful to the mlysis of the rod under consideration, it cannot be
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used d m t l y to predict the deformation of a rod of the same material but of different dimensions. Indeed, we observe that, if a deformation 6 is produced in rod BC by a load P, a load 2P is required to cause the same deformation in a rod B'C' of the same length L, but of crosssectional area 2.4 (Fig. 2.3). We note that, in both cases, the value of the stress is the same: u = PIA. On the other hand, a load P applied



-



 to a rod B"Cf: of the same cross-sectional area A, but of length 2L, causes a deformation 26 in that rod (Fig. 2.4). i.e., a deformation twice as large as the deformation 6 it produces in rod BC. But in both cases the ratio of the deformation over the length of the rod is the same; it is equal to 6/L. This observation brings us to introduce the concept of sfmin:We define the n o m l stmin in a rod under axial loading as the dejormafion per writ length of that rod. Denoting the normal strain by E (Greekletter epsilon), we write



Plotting the stress u = P/A against the strain 6 = S/L,we obtain a curve that is characteristic of the propenies of the material and does not depend upon the dimensions of the particular specimen used. This and will be discussed in detail curve is called a strers-strain dia~mm in Sec. 2.3. Since the rod B C c o n s i d d in the preceding discussion had a uniform cmss section of area A, the normal stress u could be assumed to have a constant value P/A throughout the rod. Thus, it was appropriate to define the strain E as the ratio of the total deformation S over the total length L of the rod. In the case of a member of variable crosssectional area A, however, the normal stress u = P/A varies along the member, and it is necessary to define the strain at a given point Q by considering a small element of undeformed length Az (Fig. 2.5). Denoting by AS the deformation of the element under the given loading, we define the nonnal stmin at point Q as
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 Since deformation and length are expressed in the same units, the normal strain E obtained by dividing 6 by L (or d6 by dr) is a dimensionless quantify. Thus, the same numerical value is obtained for the normal strain in a given member, whether SI metric units or U.S. customary units are used. Consider, for instance, a bar of length L = 0 . W m and uniform cross section, which undergoes a deformation 6 = 150 X m. The corresponding strain is



Note that the deformation could have been expressed in micrometers: 6 = 150pm. We would then have written



and read the answer as "250 micros." If U.S.customary units are used, the length and deformation of the same bar are, respectively, L = 23.6 in. and 6 = 5.91 X in. The corresponding strain is



in. = 250 c = -6= 5.91 x L 23.6 in.



10-6in,,in.



which is the same value that we found using SI units. It is customary, however, when lengths and deformations are expressed in inches or microinches (pin.), to keep the original units in the expression obtained for the strain. Thus, in our example, the strain would be recorded as E = 250 X 10-6in.lin, or, alternatively, as E = 250 pin./in.



2.3. STRESSSTRAIN DIAGRAM



Flg. 2.6 Typlcal tensile-lest specimen.



We saw in Sec. 2.2 that the diagram representing the relation between stress and strain in a given material is an important characteristic.of the material. To obtain the stress-strain diagram of a material, one usually conducts a tensile test on a specimen of the material. One type of specimen commonly used is shown in Fig. 2.6. The cross-sectional area of the cylindrical central portion of the specimen has been accurately determined and two gage marks have been inscribed on that portion at a distance Lofrom each other. The distance Lois known as the gage length of the specimen.
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 Flg. 2.7 This machine is used to test tensile test specimens, such as those shown in this chapter.
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Flg. 2.8 Test specimen w~lhtensile load.



The test specimen is then placed in a testing machine (Fig. 2.7). which is used to apply a centric load P. As the load P increases, the distance L between the two gage marks also increases (Fig. 2.8). The distance L is measured with a dial gage, and the elongation 6 = L - Lo is recorded for each value of P. A second dial gage is often used simultaneously to measure and record the change in diameter of the specimen. From each pair of readings P and 6, the stress a is computed by dividing P by the original cross-sectional area A, of the specimen, and the strain E by dividing the elongation 6 by the original distance 4 between the two gage marks. The stress-strain diagram may then be obtained by plotting E as an abscissa and a as an ordinate. Stress-strain diagrams of various materials vary widely, and different tensile tests conducted on the same material may yield different results, depending upon the temperature of the specimen and the speed of loading. It is possible, however, to distinguish some common characteristics among the stress-strain diagrams of various groups of materials and to divide materials into two broad categories on the basis of these characteristics, namely, the ductile materials and the brinle materials. Ductile materials, which comprise structural steel, as well as many alloys of other metals, are characterized by their ability to yield at normal temperatures. As the specimen is subjected to an increasing load, its length first increases linearly with the load and at a very slow rate. Thus, the initial portion of the stress-strain diagram is a straight line



 Flg. 2.9 Stress-strain diagrams of typical ducfile materials.
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Fig. 2.10 Tested spectmen of a ductile material.
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with a steep slope (Fig. 2.9). However, after a critical value a, of the stress has been reached, the specimen undergoes a large deformation with a relatively small increase in the applied load. This deformation is caused by slippage of the material along oblique surfaces and is due, therefore, primarily to shearing suesses. As we can note from the stressstrain diagrams of two typical ductile materials (Fig. 2.9), the elongation of the specimen after it has started to yield can be 200 times as large as its deformation before yield. After a certain maximum value of the load has been reached, the diameter of a portion of the specimen begins to decrease, because of local instability (Fig. 2.104 This phenomenon is known as necking. After necking has begun, somewhat lower loads are sufficient to keep the specimen elongating further, until it finally ruptures (Fig. 2.10b). We note that rupture occurs along a cone-shaped surface which forms an angle of approximately 45" with the original surface of the specimen. This indicates that shear is primarily responsible for the failure of ductile materials, and wnfinns the fact that, under an axial load, shearing stresses are largest on surfaces forming an angle of 45" with the load (cf. Sec. 1.1 1). The stress a, at which yield is initiated is called the yield strength of the material, the stress a,,corresponding to the maximum load applied to the specimen is known as the ultimate strength, and the stress a~corresponding to rupture is called the breaking strength. Brittle materials, which comprise cast iron, glass, and stone, are characterized by the fact that rupture occurs without any noticeable prior change in the rate of elongation (Fig. 2.1 1). Thus, for brittle materials, there is no difference between the ultimate strength and the breaking strength. Also, the strain at the time of rupture is much smaller for brittle than for ductile materials. From Fig. 2.12, we note the absence of any necking of the specimen in the case of a brittle material, and observe that rupture occurs along a surface perpendicular to the load. We conclude from this observation that normal stresses are primarily m sponsible for the failure of brittle materials.?
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~t'Iltel tensile ~ tests described in this -ion w m ssaumed to be conducted at normal temperalms. However, a material that is ductile at normal tempcrams may display the characteristics of a briltk material at very low t c m p m m s , while a normally brittle matcrial may behave in a ductile fashion I very high temperatures. At temperarurcr; Mher than normal. therefore, one should refer to a moreriol in a ductile srarc or to n marcrial in a brinle safe. rather than to s duftile or brittle mwrial.
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 Flg. 212 Tested speclmen of a brlttle material.
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The stress-strain diagrams of Fig. 2.9 show that structural steel and aluminum, while both ductile, have different yield characteristics. In the case of structural steel (Fig. 2.9a). the stress remains constant over a large range of values of the strain after the onset of yield. Later the stress must be increased to keep elongating the specimen, until the maximum value o, has been reached. This is due to a propxty of the material known as strain-hardening. The yield strength of structural steel can be determined during the tensile test by watching the load shown on the display of the testing machine. After increasing steadily, the load is observed to suddenly drop to a slightly lower value, which is maintained for a certain period while the specimen keeps elongating. In a very carefully conducted test, one may be able to distinguish between the upper yield point, which corresponds to the load reached just before yield starts, and the lower yield point, which corresponds to the load required to maintain yield. Since the upper yield point is transient, the lower yield point should be used to determine the yield strength of 0 the material. In the case of aluminum (Fig. 2.96) and of many other ductile materials, the onset of yield is not characterized by a horizontal portion of the stress-strain curve. Instead, the stress keeps increasing-although uy not linearly-until the ulhmate strength is reached. Necking then begins, leading eventually to rupture. For such materials, the yield strength thy can be defined by the offset method. The yield strength a( 0.2% offset, for example, is obtained by drawing through the point of the horizontal axis of abscissa E = 0.2% (or = 0.002). a line parallel to the initial straight-line portion of the stress-strain diagram (Rg. 2.13). The stress oycomspon- -4 02% 01% ding to the point Y obtained in this fashion is defied as the yield strength ~ 1 213 ~ . ~ at 0.2% offset. offset method.
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 A standard measure of the ductility of a material is its percent elongation which is defined as



Percent elongation = 100



w



LB - L,



L,



where Lo and LB denote, respectively, the initial length of the tensile test specimen and its final length at rupture. The specified minimum elongation for a 2-in. gage length for commonly used steels with yield strengths up to 50 ksi is 21%. We note that this means that the average strain at rupture should be at least 0.21 in.lin. Another measure of ductility which is sometimes used is the percent reduction in area, defined as Percent reduction in area = 100



Ao - AB A0



where A,, and AB denote, respectively, the initial cross-sectional area of the specimen and its minimum cross-sectional area at rupture. For structural steel, percent reductions in area of 60 to 70 percent are common. Thus far, we have discussed only tensile tests. If a specimen made of a ductile material were loaded in compression instead of tension, the stress-strain curve obtained would be essentially the same through its initial straight-line portion and through the beginning of the portion corresponding to yield and strain-hardening. Particularly noteworthy is the fact that for a given steel, the yield strength is the same in both tension and compression. For larger values of the strain, the tension and compression stress-strain curves diverge, and it should be noted that necking cannot occur in compression. For most brittle materials, one finds that the ultimate strength in compression is much larger than the ultimate strength in tension. This is due to the presence of flaws, such as micmscopic cracks or cavities, which tend to weaken the material in tension, while not appreciably affecting its resistance to compressive failure.
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Stress-strain diagram for mncrete.
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An example of brittle material with different properties in tension and compression is provided by concrete, whose stress-strain diagram is shown in Fig. 2.14. On the tension side of the diagram we first observe a linear elastic range in which the strain is proportional to the stress. After the yield point has been reached, the strain increases faster than the stress until mptwe occurs. The behavior of the material in compression is different. First, the linear elastic range is significantly larger. Second, rupture does not occur as the s m s reaches its maximum value. Instead. the stress decreases in magnitude while the strain keeps increasing until rupture occurs. Note that the modulus of elasticity, which is represented by the slope of the stress-strain curve in its linear portion, is the same in tension and compression. This is hue of most brittle materials. '2.4. TRUE STRESS AND TRUE STRAIN



We recall that the stress plotted in the diagrams of Figs. 2.9 and 2.1 I was obtained by dividing the load P by the cross-sectional area A. of the specimen measured before any deformation had taken place. Since the cmss-sectional area of the specimen decreases as P increases, the stress plotted in our diagrams daes not represent the actual stress in the specimen. The difference between the engineering stress u = P/Ao that we have computed and the true stress u,= P/A obtained by dividing P by the cmss-sectional a m A of the deformed specimen becomes apparent in ductile materials after yield has started. While the engineering stress a,which is directly proportional to the load P, deneases with P during the necking phase, the hue stress u,, which is pmpoaional to P but also inversely pmpottional to A, is observed to keep increasing until rupture of the specimen occurs. Many scientists also use a definition of strain different from that of the engineering srmin c = S / b . Instead of using the total elongation 6 and the original value L,, of the gage length, they use all the successive values of L that they have recorded. Dividing each increment AL of the distance between the gage marks, by the corresponding value of L, they obtain the elementary strain Ac = AL/L. Adding the successive values of Ae, they define the true strain c,: r, = Z A c = P(AL/L)



With the summation replaced by an integral, they can also express the m a s f - - - - - - - - - - - - - - -



The diagram obtained by plotting true stress versus true strain (Fig. 2.15) reflects more accurately the behavior of the material. As we have already noted, there is no decrease in true stress during the necking Fig. 2.16 lue mess versus true phase. Also, the results obtained from tensile and fmm compressive typical ductile material.
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tests will yield essentially the same plot when true stress and true strain are used. This is not the case for large values of the strain when the engineering suess is plotted versus the engineering strain. However, engineers, whose responsibility is to determine whether a load P will produce an acceptable stress and an acmptable deformation in a given member, will want to use a diagram based on the engineering stress u = PIA, and the engineering strain = S / L , since these expressions involve data that are available to them, namely the cmss-sectional area A. and the length b of the member in its undefonned state.
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2.5. HOOKE'S LAW; MODULUS OF ELASTICITY



Most engineering structures are designed to undergo relatively small deformations. involving only the stmight-line portion of the componding stress-strain diagram. For that initial portion of the diagram (Fig. 2.9). the stress u is directly proportional to the strain c, and we can write



u Quenched, tempered



alloy steel (A7W)



steel (ADQ2)



Fig. 21B sress-stmk, dlegamslor Ikon and different grades of steel.



This relation is known as Hmk's law, after the English mathematician Robert Hooke (1635-1703). The coefficient E is called the d l u s of elasticity of the material involved, or also Young's modulus, after the English scientist Thomas Young (1773-1829). Since the strain c is a dimensionless quantity, the modulus E is expressed in the same units as the stress u,namely in pascals or one of its mult~plesif SI units arc used, and in psi or ksi if U.S. customary units are used The largest value of the stress for which Hooke's law can he used for a given material is known as the proportional limit of that material. In the case of ductile materials possessing a well-defined yield point, as in Fig. 2.9a. the pmponional l i t almost coincides with the yield point. For other materials, the pmportional limit cannot be defined as easily, since it is difficult to determine with accuracy the value of the stress u for which the relation between u and 6 ceases to be linear. But from this very dificulty we can conclude for such materials that using Hooke's law for values of the stress slightly larger than the actual proportional limit will not result in any significant e m . Some of the physical pmperties of stn~cturalmetals, such as strength, ductility, and comsion resistance, can be greatly affected by alloying, heat treatment, and the manufacturing process used. For example, we note fmm the stress-strain diagrams of pure iron and of three different grades of steel (Pig. 2.16) that large variations in the yield strength, ultimate strength, and final strain (ducul~ty)exlst among these four metals. All of them. however. uossess the same modulus of elasticity; in other words, their "stiffnes;:' or ability to resist a deformation within the linear range, is the same.Tberefore, if a high-strength steel is substituted for a lower-strength steel in a given structure, and if all dimensions are kept the same, the struchlre will have an increased loadcarrying capacity, but its stiffness will remain unchanged.
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For each of the materials considered so far, the relation between normal shess and normal strain, u = Ec, is independent of the ditection of loading. This is because the mechanical properties of each material, including its modulus of elasticity E, are independent of the direction considered. Such materials are said to be isotropic. Materials whose properties depend upon the direction considered are said to be anisotropic. An important class of anisotropic materials consists offiberreinforced composite materials. These composite materials are obtained by embedding fibers of a strong, stiff material into a weaker, softer material, referred to as a matrix. vpical materials used as fibers are graphite, glass, and polymers, while various types of resins are used as a matrix. Flgure 2.17 shows a layer. or h i n u , of a composite material consisting of a large number of parallel fibers embedded in a matrix. An axla1 load applied to the " lamina along the x axis, that is, in a direction parallel to the fibers, will create a normal stress uxin the larmna and a col~espondingnormal strain ex which will satisfy Hooke's law as the load is increased and as Fig. 2.17 long as the elastic limit of the lamina 1s not exceeded. Similarly, an ax- MmPosne ial load applied along they axis, that is, in a direction perpendicular to the lamina, will create a normal stress uyand a normal strain cy satisfying Hoohe's law, and an axial load applied along the z axis will create a normal stress a,and a normal strain E, which again satisfy Hooke's law. However, the moduli of elasticity En E, and E, corresponding, respectively, to each of the above loadings will be differenL Because the fibers are parallel to the x axis, the lamina will offer a much stronger resistance to a loading directed along the x axis than to a loading directed along they or z axis, and E, will be much larger than either E, or E,. A flat laminote is obtained by superposing a number of layers or lammas. If the laminate is to be subjected only to an axial load causing tension, the fibers in all layers should have the same orientation as the load in order to obtain the greatest possible strength. But if the laminate may be in compression, the matrix material may not be sufficiently strong to prevent the fibers from kinking or buckling. The lateral stability of the laminate may then be increased by positioning some of the layers so that their fibers will be perpendicular to the load. Positioning some layers so that their fibers are oriented at 30°,45', or 60' to the load may also be used to increase the resistance of the laminate to inplane shear. Fiber-reinforced composite materials will be further discussed in Sec. 2.16, where their behavior under multiaxial loadings will be considered.
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2.6. ELASTIC VERSUS PLASTIC BEHAVIOR OF A MATERIAL



If the strains caused in a test specimen by the application of a given load disappear when the load is moved, the material is said to behave elastically. The largest value of the stress for which the material behaves elastically is called the elastic limit of the material. If the material has a well-defined yield point as in Fig. 2.9a. the elastic limit, the proportional limit (Sec. 2.5). and the yield point are essentially equal. In other words, the material behaves elastically and
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linearly as long as the stress is kept below the yield point. If the yield point is reached. however, yield takes place as described in Sec. 2.3 and, when the load is removed, the stress and strain decrease in a Linear fashion, along a line CD parallel to the straight-line portion AB of Rupture the loading curve (Fig. 2.18). The fact that c does not return to zero after the load has been removed indicates that a permanent set or plastic deformation of the material has taken place. For most materials, the plastic deformation depends not only upon the maximum value reached by the stress, but also upon the time elapsed before the load is removed. The stress-dependent part of the plastic deformation is referred to as slip, and the timedependent part-which is also influenced by the temperature-as creep. When a material does not possess a welldefined yield point, the elastic limit cannot be determined with precision. However, assuming the elastic limit equal to the yield saength as defined by the offset method (Sec. 2.3) results in only a small emr. Indeed, refening to Rg. 2.13, we note that the straight line used to detemune point Y also represents the. unloading curve after a maximum stress oyhas been reached. While the material Rupture does not behave truly elastically, the multing plastic strain is as small as the selected offset. If, after being loaded and unloaded (Fig. 2.19). the test specimen is loaded again, the new loading curve will closely follow the earlier unloading curve until it almost reaches point C; it will then bend to the right and connect with the curved portion of the original stress-strain diagram. We note that the straight-line portion of the new loading curve is longer than the correspondiig portion of the initial one. Thus, the proportional limit and the elastic limit have increased as a result of the strain-hardening that occ u d during the earlier loading of the specimen. However, since the point of uph hue R remains unchanged, the ductility of the specimen, which should now be measured from point D, has decreased. We have assumed in our discussion that the specimen was loaded twice in the same direction, i.e., that both loads were tensile loads. Let us now consider the case when the second load is applied in a direction opposite to that of the first one. We assume that the material is mild steel, for which the yield strength is the same in tension and in compression. The initial load is tensile and is applied until point C has been reached on the stress-strain diagram (Fig. 2.20). Afler unloading (point D), a compressive load 1s applied, causing the material to reach point H,where the stress is equal to -up We note that portion DH of the stress-strain diagram is curved and does not show any clearly detined yield point. This is referred to as the Bauschinger effect. As the compressive load is maintained, the material yields along line
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HJ. If the load is removed after point J has been reached, the stress returns to zero along l i e JK,and we note that the slope of JK is equal to the modulus of elasticity E. The resulting permanent set AK may be positive, negative, or zero, depending upon the lengths of the segments BC and HJ. If a tensile load is applied again to the test specimen, the portion of the stressstrain diagram beginning at K (dashed line) will curve up and to the right until the yield smss my has been reached.
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If the initial loading is large enough to cause strain-hardening of the material (point C'), unloading takes place along line C'D'.As the reverse load is applied, the stress becomes compressive, reaching its maximum value at H' and maintaining it as the material yields along line H'J'. We note that while the maximum value of the compressive stress is less than o,,the total change in stress between C' and H' is still equal to Zu,. If point K or K' coincides with the origin A of the diagram, the permanent set is equal to zero, and the specimen may appear to have returned to its original condition. However, internal changes will have taken place and, while the same loading sequence may be repeated, the specimen will rupture without any warning after relatively few -titions. This indicates that the excessive plastic deformations to which the specimen was subjected have caused a radical change in the characteristics of the material. Reverse loadings into the plastic range, therefore, are seldom allowed, and only under carefully controlled conditions. Such situations occur in the straightening of damaged material and in the final alignment of a structure or machine. 2.7. REPEATED LOADINGS; FATIGUE



In the preceding sections we have considered the behavior of a test specimen subjected to an axial loading. We recall that, if the maximum stress in the specimen does not exceed the elastic limit of the material, the specimen returns to its initial condition when the load is removed. You might conclude that a given loading may be repeated many times, provided that the stresses remain in the elastic range. Such a conclusion is correct for loadings repeated a few dozen or even a few hundred times. However, as you will see, it is not correct when loadings are repeated thousands or millions of times. In such cases rupture will occur at a stnss much lower than the static breaking strength, this phenomenon is known asfatigue. A fatigue failure is of a brittle nature, even for materials that are normally ductile.
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Fatigue must be considered in the design of all structural and machine components that are subjected to repeated or to fluctuating loads. The number of loading cycles that may be expected during the useful life of a component varies greatly. For example, a beam supporting an industrial crane may be loaded as many as two million times in 25 years (about 300 loadings per working day), an automobile crankshaft will be loaded about half a billion times if the automobile is driven 200,000 miles, and an individual turbine blade may be loaded several hundred billion times during its lifetime. Some loadings are of a fluctuating nature. For example, the passage of traffic over a bridge will cause stress levels that will fluctuate about the stress level due to the weight of the bridge. A more severe condition occurs when a complete reversal of the load occurs during the loading cycle. The stresses in the axle of a railroad car, for example, are completely reversed after each half-revolution of the wheel. The number of loading cycles required to cause the failure of a specimen through repeated successive loadings and reverse loadings may be determined experimentally for any given maximum stress level. If a series of tests is conducted, using different maximum stress levels, the resulting data may be plotted as a u-n curve. For each test, the maximum stress u is plotted as an ordinate and the number of cycles n as an abscissa; because of the large number of cycles required for rupture, the cycles n are plotted on a logarithmic scale. A typical a - n curve for steel is shown in Fig. 2.21. We note that, if the applied maximum stress is high, relatively few cycles are required to cause rupture. As the magnitude of the maximum stress is reduced, the number of cycles required to cause rupture increases, until a stress, known as the endurance limit, is reached. The endurance limit is the s m s for which failure does not occur, even for an indetinitely large number of loading cycles. For a lowcarbon steel, such as structural steel, the endurance limit is about one-half of the ultimate strength of the steel. For nonferrous metals, such as aluminum and copper, a typical u-n curve (Fig. 2.21) shows that the stress at failure continues to decrease as the number of loading cycles is increased. For such metals, one defines the fatigue limit as the stress corresponding to failure after a specified number of loading cycles, such as 500 million. Examination of test specimens, of shafts, of springs, and of other components that have failed in fatigue shows that the failure was initiated at a microscopic crack or at some similar imperfection. At each loading, the crack was very slightly enlarged. During successive loading cycles, the crack propagated through the matenal until the amount of undamaged material was insufficient to wry the maximum load, and an abrupt, brittle failure occurred. Because fatigue failure may be initiated at any crack or imperfection, the surface condition of a specimen has an important effect on the value of the endurance l i t obtained in testing. The endurance limit for machined and polished specimens is higher than for rolled or forged components, or for components that are corroded. In applications in or near seawater, or in other applications where corrosion is expected, a reduction of up to 50% in the endurance limit can be expected.
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 2.8. DEFORMATIONS OF MEMBERS UNDER AXIAL LOADING



Consider a homogeneous rod BC of length Land uniform cross section of area A subjected to a centric axial load P (Fig. 2.22). If the resulting axial stress a = P/A does not exceed the proportional limit of the material, we may apply Hooke's law and write



u=Er from which it follows that
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Recalling that the strain r was defined in Sec. 2.2 as r = S/L,we have S



=



rL



and. substituting for r from (2.5) into (2.6):
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Equation (2.7) may be used only if the md is homogeneous (constant E), has a uniform c m s section of area A, and is loaded at its ends. If the md is loaded at other points, or if it consists of several poltions of various cross sections and possibly of different materials, we must divide it into component parts that satisfy individually the required conditions for the application of formula (2.7). Denoting respectively by Pi, LipA,, and Ei the internal force, length, cross-sectional area. and modulus of elasticity corresponding to part i, we express the deformation of the entire rod as



We recall from Sec. 2.2 that, in the case of a rod of variable cross section (Fig. 2 3 , the strain r depends upon the position of the point Q where it is computed and is defined as r = d w . Solving for dS and substituting for from Eq. (2.5), we express the deformation of an element of length & as



The total deformation S of the rod is obtained by integrating this expression over the length L of the rod:



Formula (2.9) should be used in place of (2.7). not only wben the cmsssectional area A is a function of x, but also when the internal force P depends upon x, as is the case for a rod hanging under its own weight.
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 Determine the deformation of the steel rod shown in Fig. 2.23~ under the given loads (E = 29 X 10-~psi).
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We divide the rod into three component paas shown in Fig. 2.236 and write



To find the internal forces P,, P,, and P,, we must pass sections through each of lhe component parts, drawing each time the free-body diagram of the portion of rod located to the right of the section (Fig. 2.23~).Expressing that each of the frec bodies is in equilibrium, we obtain successively P, = M) kips = 60 X 10' lb P2 = -15 kips = -15 X lo3 lb P, = 30kips = 30 X 1031b Carrying the values obtained into Eq. (2.8). we have
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. The rod BC of Fig. 2.22, which was used to derive formula (2.7). and the rod AD of fig. 2.23, which has just been discussed m Example 2.01, both had one end attached to a fixed support. In each case, therefore, the deformation S of the rod was equal to the displacement of its free end. When both ends of a rod move, however, the defonnation of the he is measured by the relative displocemenf of one end of the rod with respect to the other. Consider, for instance, the assembly ' shown in Fig. 2.24a. which conslsts of three elastic bars of length L 1& connected by a rigid pin at A. If a load P is applied at B (Fig. 2.246). each of the three bars will deform. Since the bars AC and AC' are at~ t o f f x c a s u p p o ~ ~ e ~ ~ o ~ e ~ ~ n ured by the displacement 8, of point A. On the other hand, stnce bothends of bar AB move, the deformation of AB IS measured by the difference between the displacements aAand 68 of points A and B, %e.,by the relative displacement of B with respect to A. Denoting this relative displacement by SBAI , we write
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where A is the cross-sectional area of AB and E is its modulus of elasticity.
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SAMPLE PROBLEM 2.1
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The rigid bar BDE is supported by two links AB and CD.Link AB is mad6 of aluminum ( E = 70 GPa) and has a cross-sectional area of 500 mm2: link CD is made of s&l (E= 2 0 6 ~ and ~ )has a cross-sectional area of 600 mm?. For



theWWforceshm,armYthedeflection(a)of&(b)ofD,(c)ofE.
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SOLUTION



Free Body: Bar BDE



:2-' :


i



-(30 kN)(0.6 m) + Fcd0.2 m) = 0 F, = +90 kN FcD = 90 kN tension -(30 W)(0.4 m) - FAd0.2m) = 0 F, = -60 kN FA,= 60 kN compression



+'jXM.,=0: + T Z M D = 0:



a. Deflection of B. Since the internal force in link AB is compressive, we haveP = -60kN



(-60 x 10) ~ ~ 0m). 3 PI, 8 - Z = ' , = -514 X 10-'m AE (500 X m2)(70 X 1dJ Pa)
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The negative sign indicates a contraction of member AB, and, thus, an u p ward deflection of end B:



b. Deflection of D. Since in md CD,P = 90 kN, we write



8 - - PL = - AE



(90 X I d NX0.4 m) (600 X 10-6m2)(200X LO9 Pa)
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c. Deflection of E. We denote by B' and D' the dxsplaced positions of points B and D. Since the bar BDE is rigid points B', D', and E' lie in a straight line and we write



BB' -=DD' EE' -=DD'
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HE HD



8~ = (400 mm) + (73.7 mm) 0.300mm 73.7 mm



= 73.7
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 PROBLEMS



2.1 A steel rod is 2.2 m long and must not stntch more than 1.2 m m when a 8.5-kN load is applied to it. Knowing that E = 200 GPa, determine (a) the smallest diameter rod that should be used, (b) the oxresponding normal stress caused by the load. 2.2 A 4.8-!I-long steel wire of f-in.diameaer steel wire is subjected to a 750-lb tensile load. Knowing that E = 29 X 106 psi, determine (a) the ebngation of the win, (b)the comsponding normal stress.



2.3 W o gage marks a~ placed exactly 10 in. apart on a 4-in.-diameter aluminum rod with E = 10.1 X 1@ psi and an ultimate stnngth of 16 ksi. Knowing that the distance between the gage marks is 10.009 in. after a load is applied, determine (a) the stress in the rod, (b)tbe Factor of safety. 2.4 A control rod made of yellow brass must not stretch more than 3 mm when the tension in the wire is 4 kN. Knowing that E = 105 GPa and that llre maximum allowable normal s a s s is 180 MF'a, determine (a)the smallest diamctar that can be selected for the rod, (b) the comspond'ig maximum length of L e rod. 2.5 A 9-m length of bmm-diameter steel wire is to be used in a hanger. It is noted that che wire stretches 18 mm when a tensile force P is applied. Knowing that E = 200 GPa, determine (a) the magnitude of the force P, (b) the companding normal stress in the wire.



2.6 A 4.5-ft aluminum pipe should mt sWch more than 0.05 in. when it is subjected to a tensile load. Knowing that E = 10.1 X 106 psi and that the allowable tensile strength is 14 ksi. determine (a) the maximum allowable length of (he pipe, (b) the required arur of the pipe if the tensile load is 127.5 kips.



2.7 A nylon k a d is subjected to a 8.5-N tension force. Knowing that E = 3.3 GPa and that the length of the tluead increases by 1.1%. determine (a) Ihe diameter of the thread, (b) the s a s s in the tbrmd 2.8 A cast-iron tube is used to nrppxi a compressive load. Knowing that E = 10 X 106psi and that the maximum allowable change in length is 0.025%. determine (a) the maximum normal s a s s in the tube, (b) the minimum wall thickness fua lord of 1600 lb if the oulsidc diameter of the tube is 2.0 in.



2.9 A block of 10-in. length and 1.8 X 1.6-i. c m s section i s b s u p port a centric conpssive load P. The material to be used is a bmm for which E = 14 X 106 psi. Detenninc the largest load that can be applied, knowing that the normal s m s must not exceed 18 h i and that the deneasc in lenglh of the block should be at most 0.12% of its original length.
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2.10 A 9-kN tensile load will be applied to a 50-m length of steel wire with E = 200 GPa Determine the smallestdiamdcr wirc that can be used, knowing that the normal slress must not exceed 1% MW and that the i n c m in the length of the wire should be at most 25 mm.
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2.1 1 The Cmmdiamter cable BC is made of a steel with E = 200 GPa. Knowing chat the maximum stress in the cable must not excced 190 MPa and that the elongation of h e cable must not exceed 6 mm, find the maximum load P that can be applied as shown



L-ram4 Fig. P211



212 Rod BD is made of steel (E = 29 X 106pi) and is used to brace the axially compmsscd member ABC. The maximum force that can be developed in member BD is 0.02P.If the s m s must not exceed 18 ksi and the max- J imum change in length of BD must not exceed 0.001 times the length of ABC, dcbxmhe !he smallestdiameter rod that can be used for mcmbcr BD. 2.13 A single axial load of magnitude P = 58 kN is applied at end C of the brass rod ABC. Knowing that E = 105 GPa. determine the diameter d of ponion BC for which the deflection of point C will he 3 mm.
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2.14 Both ponions of the rod ABC are made of an aluminum for which E = 73 GPa. Knowing that the diameter of portion BC is d = 20 mm. determine the largest force P that can be applied if ud = 160 MPa and the wrrespading deflection at point C is not to exceed 4 nun. 2.15 The specimen shown is made fmm a I-in.d'ieler cylindrical steel Fig. PZ.15



rod with two 1.5-kouter-diameter sleeves bonded to the md as shown. Knowing that E = 29 X 106 psi, determine (a) the load P so that the total deformatlon is 0002 in, (b) the companding dcfomation of the central w o n BC.



 L



2.16 Both portions of (he rod ABC are made of an aluminum for which E = 70 GPa. Knowing that the magnitude of P is 4 )IN, detmnine (a)the value



of Q so that the deflection at A is zero, (b) the corresponding deilbction of B. 2.17 The rod ABC is made of an aluminum for which E = 70 GPa. Knowing thai P = 6 kN and Q = 42 kN,determine the deflection of (a) point A. (b) point B.



Steel: E = 2W GPa



BOmm diameter



Brass: E = 10J CPa



, Fig. P216 and P2.17



2.18 The 36-mmdiameter steel rod ABCand a brass rod CD of the same diameter are joined at point C to form the 7.5-m rod ABCD. For the loading shown, and neglecting the weight of the rod, &tennine the deflection of (a) point C, (b) point D. 2.19 The brass tube AB(E = I5 X 106psi) has a cross-sectional area of 0.22 in2 and is fitted with a plug at A. The tube is attached at B to a rigid plate which is itself attached at C to the bottom of an aluminum cylinder (E = 10.4 X 106psi) with a cross-sectional area of 0.40in'. The cylinder is then hung from a sup at D. In order to close the cyhndcr, the plug must move down through In. Determine the fora P that must be applied to the cylinder.
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2.20 A 1.2-m section of aluminum pipe of cross-sectional ares 1100 mm2 rests on a fixed support at A. The 15-mm-diameter steel rod BC hangs from a rigid bar that rests on the top of the pipe at B. Knowing that the modulus of elasticity is 200 GPa for steel and 72 GPa for aluminum, deterFlg. P130 mine the deflection of point C when a 60.W iacc is applial at C.



 2.21 Thc steel frame (E = 200 GPa) shown has a diagonal brace BD with ao area of 1920 mm2. Determine the largest allowable load P if the change in length of member BD is not to exceed 1.6 nun.



2.22 For the steel Lntss (E = 200 GPa) and loading shown, determine the deformations of members AB and AD, knowing that their cross-sectional areas are 2400 nun2 and 1800 mm2, respectively. 2.23 Members AB and BC are made of steel (E = 29 X 106psi) with cross-sectional sreas of 0.80in2 and 0.64 in2, respectively. For tba loading shown, determine the elongation of (a) member AB, (b) member BC. 2.24 M e m h AB and CD are I$-in.-diameter steel rods, and members BC and AD are i-in.-diameter steel rods.When Ihe turnbuckle is tightened, the diagonal member AC is put in tension. Knowing that E = 29 X 106psi and h = 4 R, determine the largest allowable tension in AC so that the defomations in members AB and CD do not exceed 0.04 in.
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2.25 Eor the struchlre in Rob 2.24. dcrermiae (a) the distance h so that the deformations in members AB, BC, CD, and AD are a l l equal to 0.04 in., (b) the comsponding tension in member AC.



 2.28 Members ABC and DEF are joined with steel links (E = 200 GPa). Each of the links is made of a pair of 25 X 35-mm platui. Determine the change in length of (a) member BE, (b)member CF. 2.27 Each of the links AB and CD is made of aluminum ( E = 75 GPa) and has a cross-sectional area of 125 mm2. Knowing that (hey suppm the rigid member BC, determine the deflection of point E.
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228 Link BD is made of brass ( E = 15 X 106psi) and has a crosssectional area of 0.40 i?. Lmk CE is made of aluminum (E = 10.4 X lbpsi) and has a cross-sectional area of 0.50 in2. Determine the maximum force P that can be applied vertically at point A if the deflection of A is not to exceed 0.014 in.
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2.29 A homogeneous cable of length Land uniform cross section is suspended from one end. (a) Denoting by p the density (massp e unit ~ volume) of the cable and by E its modulus of elasticity, determine the elongation of the cable due to its own weight. (b) Assuming now the cable to be horizontal, dctennine the force that should be applied to each end of the cable to obtain the a. same elongation as in 2.30 Determine the deflection of the apex A of a homogeneous circular cone of height h, density p, and modulus of elasticity E, due to its own weight. 2.31 The volume of a tensile specimen is essentially constant while plastic deformation occurs. If the initial diameter of the specimen is d,, show that when the diameter is d. the hue strain is 4 = 2 in (d,/d). 2.32 Denoting by E the "engineering strain" in a tensile specimen, show that the true strain is r, = In (1 + r).
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 2.9. STATICALLY INDETERMINATE PROBLEMS In the problems considered in the preceding section, we could always use free-body diagrams and equilibrium equations to determine the internal forces produced in the various portions of a member under given loading conditions. The values obtained for the internal forces were then entered into Eq. (2.8) or (2.9) to obtain the deformation of the member. There are many problems, however, in which the internal forces cannot be determined from statics alone. In fact, in most of these problems the reactions themselves-which are external forces-cannot be determined by simply drawing a free-body diagram of the member and writing the corresponding equilibrium equations. The equilibrium equations must be complemented by relations involving deformations obtained by considering the geometry of the problem. Because statics is not sufficient to determine either the reactions or the internal forces, problems of this type are said to be statically indetemtinate. The following examples will show how to handle this type of problem.



A rod of length L, cross-sectional area Al, and modulus of elas-



ticity El. has been placed inside a tube of the same length L, but of cross-sectional area A, and modulus of elasticity E2(Fig. 2.250). What is the deformation of the rod and tube when a force P is exerted on a rigid end plate as shown?



Denoting by PI and P , respectively, the axial forces in the rod and in the tube, we draw free-body diagrams of all three elements (Fig. 2.256, c, d). Only the last of the diagrams yields any significant information, namely:



Clearly, one equation is not sufficient to determine the two unknown internal forces PI and P,. The problem is statically indeterminate. However, the geometry of the problem shows that the deformations 6 , and 8, of the rod and tube must be equal. Recalling Eq. (2.7). we write



Equating the deformations 6 , and S2. we obtain:



Equations (2.1 1) and (2.13) can be solved simultaneously for P, and P,:



Either of Eqs. (2.12) can then be used to determine the common deformation of the rod and tube.
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A bar M of length L and uniform cross section is attached to rigid supports at A and B before being loaded. What are the stresses in pollions AC and BC due to the application of a load P at point C (Fig. 2.26a)?



Drawing the fne-body diagram of the bar (Fig. 2.266). we obtain the equilibrium equation R,



+ R,



=



P



(2.14)



Since this equation is not sufficient to determine the two unknown reactions RA and R,, the problem is statically indeterminate. However, the reactions may be determined if we observe from the geometry that the total elongation S of the bar must be zero. Denoting by SI and S2, respectively, the elongations of the portions AC and BC,we write



or, expressing S, and 6, in terms of the corresponding internal forces PI and P,:



But we note from the free-body diagrams shown respectively in parts b and c of Fig. 2.27 that PI = R, and P2 = -RB. Carrying these values into (2.15), we write



Equations (2.14) and (2.16) can be solved simultaneously for RA and RD; we obtain R, = PLJL and R, = PL,/L. The desired stresses u l in AC and u2 in BC are obtained by dividing. respectively, PI = R, and P2 = -Rg by the crosssectional area of the bar: Fig. 2.27
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Superposltlon Method. We observe that a structure is statically indeterminate whenever it is held by more supports than are required to maintain its equilibrium. This results in more unknown reactions than available equilibrium equations. It is often found convenient to designate one of the reactions as redundant and to eliminate the corresponding support. Since the stated conditions of the problem cannot be arbitrarily changed, the redundant reaction must be maintained in the solution. But it will be treated as an unknown load which, together with the other loads, must produce deformations that are compatible with the original constraints. The actual solution of the problem is carried out by considering separately the deformations caused by the given loads and by the redundant reaction, and by adding-or superposing-the results 0btained.t tThe general conditions under which the combined effect of several loads can be obtained in this way are discussed in Sec. 2.12.



 L~.



Determine the reactions at A and B for the steel bat and loading shown in Fig. 2.28, assuming a close fit at both suppons before the loads are applied.



Following - the same promlure as in Example 2.01. we write P,=O P2=P,=600X10'N P,=900X 1 d N A, = A2 = 400 X m2 A, = Ag = 250 X m2



Substituting these values into Eq. (2.8). we obtain We consider the reaction at B as redundant and release the bar from that support. The reaction R, is now considered as an unknown load (Fig. 2.290) and will be determined from the condition that the deformation S of the rod must be equal to zero. The solution is carried out by considering separately the deformation 8, caused by the given loads (Fig. 2.29b) and the deformation SR due to the redundant reaction RE (Fig. 2.29~).



600 X IO'N



&L =



+ S, =



1.125 X lo9 E



(2.17)



Considering now the deformation 8, due to the redundant reaction R, we divide the bar into two portions, as shown in Fig. 2.3 1, and write P I = P, = -R, A, = 400 X I O - ~ ~ ' A, = 250 X Ll = L, = 0.300 m



The deformation 8, is obtained from Eq. (2.8) aher the bat has been divided into four portions, as shown in Fig. 2.30.



m2



 Substituting these values into Eq. (2.8). we obtain



Expressing that the total deformation 6 of the bar must be zero, we write



and, substituting for 8, and SR from (2.17) and (2.18) into (2.19).



Solving for RE, we have R,=577X lO'N=577kN
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The reaction RAat the upper supprt is obtained from the hre-body diagram of the bar (Fig. 2.32). We write



Once the mctions have been delamincd, the strcssw and strains in the bar can easily be obtained. It should be noted that, while the total deformation of the bar is zero, each of its component parts does deform under the given loading and restraining conditions.



Determine the reactions at A and B for the steel bar and h d ing of Example 2.04, assuming now that a 4.50-mm clearaoce exists between the b a ~and the pound before the I d s arc s p plied (Fig. 2.33). Assume E = UX)GPa.



We follow the same procedure as in Example 2.04. Considering the reaction at B as redundant, we compute the & fonnations 6' and SR caused respectively by the given lorids and by the redundant reaction %. However. in chis case the total deformation is not zero,but 6 = 4.5 mm.We wnte therefore



Substituting for 6, and SR from (2.17) and (2.18) into (2.20). and recalling that E = 200 GPa = 200 X lo9 Pa, we have



Solving for R,, we obtain R, = 115.4 X 10' N = 115.4 kN The reaction at A is obtained from the he-body diagram of the bar (Fig. 2.32):



 2.10. PROBLEMS INVOLVING TEMPERATURE CHANGES



S h a s and Strain--Axial W n g



FLY (a) fi.



(b) Fig. 2.34



All of the members and structures that we have considered so far were assumed to remain at the same temperature while they were being loaded. We are now going to consider various situations involving changes in temperature. Let us first consider a homogeneous rod AB of uniform cross section, which rests Ereely on a smooth horizontal surface (Fig. 2.341). If the temperature of the rod is raised by AT, we observe that the rod elongates by an amount ST which is proportional to both the temperature change AT and the length L of the rod (Fig. 2.346). We have



V



where o is a constant characteristic of the material, called the coe@ cient of thermal expansion. Since ST and L are both expressed in units of length, cr represents a quantity per degree C,or per degree C depending whether the temperature change is expressed in degrees Celsius or in degrees Fahrenheit. With the deformation ST must be associated a strain E , = ST/L. Recalling Eq. (2.21). we conclude that



The strain cr is referred to as a thermal strain since it is caused by the change in temperature of the rod. In the case we are considering here, there is no stress associated with the strnin EF Let us now assume that the same rod AB of length L is placed between two fixed supports at a distance L from each other (Fig. 2.35a). Again, there is neither stress nor strain in this initial condition. If we raise the temperature by AT, the rod cannot elongate because of the restraintsimposed on its ends; the elongation ST of the rod is thus zero. Since the rod is homogeneous and of uniform cross section, the strain cr at any point is ET = aT/Land, thus, also zero.However, the supports will exert equal and opposite foxes P and P' on the rod after the temperature has been raised, to keep it from elongating (Fig. 2.35b). It thus follows that a state of stress (with no corresponding strain) is created in the rod.
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As we prepare to determine the stress u created by the temperature change AT, we observe that the problem we have to solve is statically indeterminate. Therefore, we should first compute the magnitude P of the reactions at the supports from the condition that the elongation of the rod is zero. Using the superposition method described in Sec. 2.9, we detach the md fmm its support B (Fig. 2.36~)and let it elongate freely as it undergoes the temperature change AT (Fig. 2.366). According to formula (2.21), the corresponding elongation is



2.10. R o b h lmoMnpT-m



ST = a(AT)L Applying now to end B the force P representing the redundant reaction, and recalling formula (2.7). we obtain a second deformation (Fig. 2.36~)



PL



S -- AE



Expressing that the total deformation S must be zem, we have



ng.2.3s



from which we conclude that



P = -AEa(AT) and that the smss in the rod due to the temperature change AT is



It should be kept in mind that the result we have obtained here and our earlier remark regarding the absence of any strain in the rod apply only in the case of a homogeneous md of uniform cross section. Any other problem involving a restrained structure undergoing a change in temperature must be analyzed on its own merits. However, the same general approach can be used; i.e., we can consider separately the d e formation due to the temperature change and the deformation due to the redundant reaction and superpose the solutions obtained.



Determine the values of the stress in portions AC and CB of the steel bar shown (Fig. 2.37) when the temperature of the bar is -50°F, knowing that a close tit exists at both of the rigid supporn when the temperature is +75"F. Use the values E = 29 X 10' psi and a = 6.5 X 106/'F for steel. We first determine the reactions at the suppons. Since the prob1em is statically indeterminate, we detach the bar from its support at B and let it undergo the temperature change



Ch-



 Noting that the forces in the two portions of the bar are PI = P2 = 18.85 kips, we obtain the following values of the stress in portions AC and CB of the ber.



-



PI 18.85 kips = +31.42bi A, 0.6 in2 P2 - 18.85 kips



u, = - =



u2 =



-



1.2 in2



=



+ 15.71 ksi



We cannot emphasize too strongly the fact that. while the tour1 deformation of the bar mum be zero, the deformations of the ponions AC and CB are not zem. A solution of the pobIem based on the assumption that these deformations are zem would therefore be wmng. Neither can the values of the strain



in AC or CB be assumed equal to zero. To amplify this point. let us determine tbe strain E,,~ in portion AC of the bar. The can be divided into two component pans; one is the strain rAC Unrmal strain ET produced in the unmuained bar by the temperature change AT (Fig. 2.386). Fmm Eq. (2.22) we write



AT = (6.5 X 10-6/oF)(-1250F) = -812.5 X inlin.



E~ = a



The corresponding deformation (Fig. 2.386) is 8, = a(A7)L = (6.5 X 10-6/oF)(-1250F)(24 in.) = 19.50 X lo-' in.



-



Applying now the unknown force Reat end B (Fig. 2.38c), we use Eq. (2.8) to express theconespondingdeformation 6,. Substituting



The o h component of E, is associated with the stress o, due to the force R, applied to the bar (Fig. 2.38~). F r m Hwke's law, we express this component of the strain as



w



Adding the two components of the svnin in AC, we obtain



L, = L, = 12 in. A , = 0.6in2 A2 = 1.2 in2 E = 29 X lO6psi PI = P2 = RE



into Eq. (2.8). we write



= +27l X loM6inlin.



A similar computation yields the shain in portion CB of the



bar:



= -271 X



Expressing thal the total deformation of the bar must be zem as a result of the imposed constraints, we write S=Sr+8,=O = -19.50 X 10-'in.



+ (1.0345 X



10-6inJlb)R, = 0



from which we obtain RE = 18.85 X l d l b = 18.85 kips The reaction at A is qua1 and opposite.



inlin.



The defamations SACand 8, of the two portions of the bar are expressed respedvely as 8,, = E ~ ~ A = C (+271 ) X 1O4)(I2 in.) = +3.25 X 10-'in. 8, = E ~ C B=) (-271 X 10-6)(12 in.) = -3.25 X 10-'in.



+



We *us check that, while the sum 6 = SAC 8, of the two deformations is +em, neither of the deformations is zero.



 SAMPLE PROBLEM 2.3 The 4-in.diameter rod CE and the f-in.-diameter d DF are a€tached to tbe rigid bar ABCD as shown. W i g that the mds are made of aluminum and using E = 10.6 X 106 psi, determine (a) the force in each rod caused by the loading shown. (b) the comsponding deflection of point A.



Stalfcs. Considering the free body of bar ABCD, we note that the mction at B and the f o m exerted by the rods ere indeterminate. However, using statics, we may write



+?XM, = 0: (10 kips)(l8 in.) - FC&2 in.)



- F,(20



12FcE+ 20FDp= 180



in.) = 0



Geometry. After application of the 10-kip load, the position of the bar is A'BC'D! Fmm the similar frianglesBAA: BCC', and BDD' we have



--



12 in.



18in.



--



20 in.



min.



D e f o r m a k Using Eq. (2.7), we have



Substituting for 8, and 8, into (2). we write



Force in EPeh Rod. Substituting for FCginto (1) and recalling that 811 forces have been expressed in kips, we have 12(0.333FDp)+ 20FDF= 180 FcE= 0.333FDF= 0.333(7.50 kips)



F, = 7.50 kips 4 FcE= 2.50 kips 4



D&edbns. The deflection of point D is (7.50 X 10' lb)(30 in.) 8,=-= F&, ?r(f in.y(l06 X 106psi) ADFE Using (3). we write 8, = 0.98, = 0.9(48.0 X lo-' in.)



8, = 43.2 X lo" in. 4



 SAMFLE PROBLEM 2.4 : n e rigid bar CDE is artached OI a pin suppon at E and rests on the 301nm:peram of the entire assembly is 20°C. The temperature of the brass cylinder $s then raised to 50°C while the steel rod remains at 20°C. Assuming that no stresses were present before the temperatun change, determine the stress in Cylinder BD: Brass E = 105GPa ol = 20.9 X 10-6/oC



Rod AC: Steel E = 200 GPa a = 11.7 X 10-6/oC



,..



-.-.



,..



,



SOLUTION Statics.



E,



+S EME = 0:



Considering the free body of the entire assembly. we wrie R,,(0.75 m) - RB(0.3m) = 0 RA= 0.4RB



Deformations. We use the method of superposition, considering RB as redundant. W1th the suppon at B removed, lhc temperalun rise of the cylinder causes point B to move down through The d o n R, most cause a deflection 8 , equal to 8., so that the find deflection of B will be zero (Fig. 3). Deflection ST. Because of a temperature rise of 50' length of the brass cylinder increases by 6,.



- 20°



= 30°C, the



6, = L(AT)ol = (0.3 m)(30°C)(U).9 X 10dPC) = 188.1 X 10".'



Deflection 6,. We note that 6,



= 0.46,



and 8, = 8,



+ 6~~



We recall fmm (1) that RA= 0.4RBand write



8, = 8, Buts, = 8,:



+ ,6.



= [4.74(0.4RB)



+ 4.04RB]10-9 = 5.94 X



188.1 X 10-6m = 5.94 X 10-'RB



10-9~B? RB = 31.7kN



 PROBLEMS



2.33 An axial force of 60 kN is applied to h e assembly shown by means of rigid end plates. Determine (a) the normal s k s s in the brass shell, (b) the corresponding deformation of the assembly. 2.34 The length of the assembly decreases by 0.15 mm when an axial force is applied by means of rigid end plates. Determine (a) the magnitude of the applied force, (b) the comsponding stress in the stel core. 2.35 The 4.5-ft concrete post is reinforced with six steel bars, each with a li-in. diameter. Knowing that E, = 29 X 106psi and E, = 4.2 X 106psi, determine the normal srnsses in the steel and in the concrete when a 35CLkip axial cenkic fnre P is applied to the p o s ~



-



Bms mre (E 105 GPs)



new 236 An axial centric face of magnitude P = 450 kN is applied to the composite Mock shown by means of a rigid end plate. Knowing that h = 10 mm,determine the normal stress in (a)the brass core, (b) tk aluminum plates. 2.37 For the wmposife block shown in Rob. 2.36. determine (a) the value of h if the portion of the load c a d by the aluminum plates is half the portion of the load canied by the brass wre. (b) the total load if the stress in the brass i s 80 MPa.



2.38 For the post of Prob. 2.35, determine the maximum anaic force thPt may be applied if the allowable normal s t m s is 20 ksi in the steel and 2.4 ksi in the concrete.



Flg. P2.M and P2.37



 2.39 lime steel rods ( E = 200 GPa) support a 36-lrN load R Each of the rods AB and CD has a 2M)-nun' cross-sectional a m and rod EF has a 625-mm2cross-sedional area. Dnermioe the (a) the change in length of md EF, (b)the sbess in each rod. m



m



-



2.'



2.40 A bass bolt (Eb = 15 X 106psi wth a a-in. d i e t e r is fitted inside a steel tube (E. = 29 X 106pi) with a 8-ln. outer diameter and ∈. wall thickoess. Aftu the nut has been fit snugly. it is tightened o n c q u m of a full Nm. Knowing that the bolt is single-threaded with a 0.1-in. pitch determine the normal stress (a) in the bolt. (b) in the tube.



Flg. P2.39



2.41 Two cylindrical rods, CD made of steel (E = 29 X 106psi) and AC made of alurninum ( E = 10.4 X 106pi), are p i at Cmd ~ u a i n e d by rigid supports at A and D. Lktermine (a) the reactions at A and D. (b)the deflectionof point C. \



14-in. diameter



Flg P2.41



I



1 -in. diameter



2.42 A steel tube ( E = 200 GPa) with a 32-mm outer diameter and a 4-mmthickness is placed in a vise that is adjusted so that its jaws just touch the 4 s of the tube without exerting my p s s u r e on them. l k two forces shown arc then applied to the Nbe. AAer these forces are applied, the vise is adjusted to decrease the distance between its jaws by 0.2 nun. Determine (a) the forces exerted by the vise on the tube at A and D, (b) the change in length of the portion BC of the tube.



2.43 Solve Rob. 2.42, assuming Ulat after the form have kem applied, the vise is adjusted to decraasc the distance between its jaws by 0.1 ma



2 4 4 ?hree wires are used to suspend the plate shown. Aluminum wins an used at A and B with a diameter of ( in. and a steel wire is used at C with a diameter of f in. Knowing that the allowable stress for aluminum (8= 10.4 X ldpsi)is 14 ksi md that fhe allowable stress for scal ( E = 29 X 106 psi) is 18 b i determine the maximum load P mat may be ap



plied.



-



 L



2.6 The ' id bar AD is supported by two steel wires of ∈. diameter ( E = 29 X I3psi) and a pin and bracket at D. Knowing that the wires were initially taught, determine (a) the additional tension in each wire when a 220-lb load P is applied at D, (b) the corresponding deflection of point D.



a



2.48 The steel rods BE and CD each have a diameter of in. ( E = 29 X lo6 psi). The ends are threaded with a pitch of 0.1 in. Knowing that after k i n g snugly fit, the nut at B is tightened one full turn, determine (a) the tension in rod CD, (b) the deflection of point C of the rigid member ABC. 2.47 The rigid rod ABC is suspended from three wires of the same material. The cross-sectional area of the wire at B is equal to half of the crosssectional area of the wires at A and C. Determine the tension in each wire caused by the load P.



Rg. P2.48



2.48 The rigid bar ABCD is suspended from four identical wires. Determine the tension in each wire caused by the load P.



2.49 A steel railroad track (E = 200 GPa, a = 11.7 X 10-6/oC) was laid out at a temperature of 6'C. Determine the normal stress in the rails when the temperature reaches 4EDC,assuming that the rails (a)are welded to form a continuous track, (b) are 10 m long with 3-mmgaps between them. 2.60 The aluminum shell is hUy bonded to the brass core, and the assembly is unstressed at a temperature of 78'F. Considering only axial deformations, determine the stress when the temperature reaches 180°F (a) in the brass core, (b)in the aluminum shell.



I," Bm.s care E = 15 X 1Ppsi o = 11.6 X IO-~PF



Aluminum shell E = 1 0 6 ~ L ~ ~ = 129 x 104pF



 Sbwn and S b a i M Y L d n g



2.51 The brass shell (ab= 20.9 X 10-6/0C) is fully bonded to the stal core (a,= 11.7 X 10-6/oC). Determine the lagmi allowable incmse in ternperature if the shess in the steel core is not to exceed 55 MPa.



-



2.52 The concrete post (E,= 25 GPa and a. = 9.9 X IO4/'C) is reinforced with six steel bars, each of 22-mm diameter (E,= 200 GPa and a, = 11.7 X 10-6/oC).Daermine the n d stresses induced in the steel and in the conerere by a ternpaahire rise of 35°C.



2.53 A rod consisting of two cylindrical portions AB and BC is restrained at both ends. Portion AB is made of steel (E, = 29 X 106psi. a, = 6.5 X 10-6PF) and portion BC is made of brass (Eb= 15 X 106psi, ab= 10.4 X 10-6PP). Knowing that the rod is initially unstressed, dewmine (4)the normal strtrJses induced in portions AB and BC by a temperature rise of 65°F. (b) the corresponding deflection of point B.



2.54 A rcd consisting of hvo cylindrical portions AB and BC is restrained at both ends. Portion AB is made of brass (Eb= 105GPa. ab = 20.9 X 10-6/'C) and portion BC is made of aluminum (E. = 72 GPa. a. = 23.9 X 10-6/oC).Knowing that the rod is initially unsassed, dccenoine (a) lhe normal stresses induced in portions AB and BC by a temperature rise of 42°C. (b) the comsponding deflection of point B.



-



 L



2.55 The assembly shown consists of an aluminum shell = 12.9 X 10-6/o~)fully bonded to a steel core (E, = 29 X 106 psi, a*= 6.5 X 10-6/'~) and is unstressed. Determine (a) the largest allowable change in temperature if the stress in the aluminum shell is not to exceed 6 ksi, (b) the comsponding change in length of the assembly.



(Em= 10.6 X Ippsi, a.



2.56 For the rod of Prob. 2.53. determine the maximum allowable temperature change if the stress in the steel ponion AB is not to exceed 18 ksi and if the stress in the brass portion CB is not to exceed 7 ksi. P2.55



2.58 Knowing that a 0.5-mm gap exists when the temperature is 20°C, determine (a) the temperature at which the normal stress in the aluminum bar will be equal to -90 MPa. (b) the cotresponding exact length of the aluminum bar.



, ...... 0.35 m 1.-,_,"



2.59 At room temperature (70°F) a 0.02-in. gap exists between the ends of the rods shown. At a later time when the temperature has reached 320"F, determine (a) the nonnal stress in the aluminum rod, (b) the change in length of the aluminum rod.



Bronze



O . 7 in'



Aluminum A = 2.8 inP E = 10.4 X los si a=13.3Xl(r/F Flg. P2.59



6.



"



A = 1.2 inD E = 98.0 X 106psi a=9.6xI@PC 0 005 in



-



1L



1



1 0 in



4 LA



PZgO



2.61 W o steel bars (E, = 200 GPa and a* = 11.7 X 10-6/oC)arc used to reinforce a brass bar (E, = 105 GPa. a, = 20.9 X 10-6/oC) which is subjected to a load P = 25 kN. When lhe steel bars were fabricated, the distance between the centers of the holes which were to fit on the pins was made 0.5 mm smaller than the 2 m needed. The steel bars were then placed in an oven to increase their length so Ihat they would just fit on the pins. Following fabrication, the temperaNre in the steel ban dropped back to mom temperature. Determim (a) the increase in temperature that was required to fit the steel bars on the pins, (b) the stress in the brass bar after the load is applied to i t



2.62 Determine the maximum load P that may be applied to the brass bar of Proh. 2.61 if the allowable stress in the steel bars is 30 MPa and the al-



ma ~2.61



n ~ l , 5 1 n .



-1.5



7 1 25-m Aameter



Steel



B



lowable stress in the brass bar is 25 MPa.



0.45 m



Aluminum A = 1500 mmP A= 1wmm2 E = 105 CPa E = 73 GPa u = 21.6 X l@/C u = 23.2 X l@tDc Fig. P2.57 and P2.68



Stainlws steel



2.60 A brass link (Eb = 15 X 106 si, a, = 10.4 X 10-6PF) and a steel rod (E, = 29 X 106h i , a, = 6.5 X 10- 1°F) have the dimensions shown at a temperature of 65°F. The steel rod is cooled until it fils freely into the link. The temperature of the whole assembly is then raised to 100°F. Determine (a) the final normal stress in the sled rod. (b) the final length of the steel rod.



-Y



2.57 Determine (a) the compressive force in the bars shown aRer a temperature rise of 9b°C, (b) the corresponding change in length of the bronze bar.



'0



Sechon A-A



in.



 2.1 1. POISSON'S RATIO



Sbsss and 8 b a i M a l laadlng



We saw in the earlier part of this chapter that, when a homogeneous slender bar is axially loaded, the resulting stress and strain satisfy Hooke's law, as long as the elastic limit of the material is not exceeded. Assuming that the load P is directed along the x axis (Fig. 2.39a). we have u , = ~ P/A, where A is the cross-sectional area of the bar, and, from Hooke's law, E,



P



U: = o



(b) Fig. 2.39



7i



= u.JE



-



(2.24)



where E is the modulus of elasticity of the material. We also note that the normal stresses on faces respectively perpendicular to they and z axes are zero: u, = u, = 0 (Fig. 2.396). It would be tempting to conclude that the corresponding strains ey and e, are also zero. This, however, is nor the case. In all engineering materials, the elongation produced by an axial tensile force P in the direction of the force is accompanied by a contraction in any transverse direction (Fig. 2.40).t In this section and the following sections (Secs. 2.12 through 2.15), all materials considered will be assumed to be both homogeneous and isotropic, i.e., their mechanical pmperties will be assumed independent of both position and direction. It follows that the strain must have the same value for any transverse direction. Therefore, for the loading shown in Fig. 2.39 we must have e, = ei. This common value is referred to as the lateral strain. An important constant for a given material is its Poisson's ratio, named after the French mathematician Simkon Denis Poisson (1781-1840) and denoted by the Greek letter v (nu). It is defined as



for the loading condition represented in Fig. 2.39. Note the use of a minus sign in the above equations to obtain a positive value for v, the axial and lateral strains having 0 p p 0 ~ signs i ~ for all engineering materials.$ Solving Eq. (2.26) for ey and E,, and recalling (2.24), we write the following relations, which fully describe the condition of strain under an axial load applied in a direction parallel to the x axis:



t l wodd also be lempcing, bul equally wmng. to assume lhat thc volume of ihe rod remains unchanged as a m u l l of Lhe combined cffecl of rhe axial elongation and m v e r s e contraellon ( ~ eSEC t 2.13). $However, some wpnimenlal materials, such as polymer foams. expand laterally when welched. Since the axial and lalual slrains have then the same sign. Ulc Poasson's ntio of lhese maluials is negative. (See Rodcric Lakes. 'Toam Shuclures wilh a Negative Poisson's Ratio:' Science. 27 February 1987. Volume 235, p. 1038-1040.) V



 L



A 500-nun-long, 16-nundiameterrod made of a homoaenous. isotropic mate& is observed to increase in length by 300 pm, and to decrease in diameter by 2.4 pm when subjected to an axial 12-kN load. Determine the modulus of elasticity and Poisson's ratio of the material.



The cross-sectional area of the rod is A = ?rr2= ~ ( X8 10-3m)2= 201 X 10-'m2



Choosing the r axis along the axis of the rod (Fig. 2.41), we write 12X10'N = 59.7 MPa A 201 x m2 6, 300pm E =-=-= 600 X " L 500mm 8, -2.4 Wm E =-= = -150 X d 16nun



0



= -P=



From Hooke's law, ux= EE- we obtain = 5 = 59.7 MPa Ex



600 X 10-6



= 995 GPa



and. from Eq. (2.26). " = - -5 =EX



_



2.12. MULTlAXlAL LOADING; GENERALIZED HOOKE'S LAW All the examples considered so far in this chapter have dealt with slender members subjected to axial loads, i.e., to forces directed along a single axis. Choosing this axis as the x axis, and denoting by P the internal force at a given location, the corresponding stress components were found to be ax= P/A, a, = 0, and a, = 0. Let us now consider structural elements subjected to loads acting in the directions of the three coordinate axes and producing normal stresses a,, a,, and a, which are all diierent from zero (Fig. 2.42).This condition is referred to as a multiaxial loading. Note that this is not the general stress condition described in Sec. 1.12, since no shearing stresses are included among the stresses shown in Fig. 2.42.



-150 X 600 X



= 0.25



 s



6 ~



.



n



d



(a)



p /I+€=



~ Consider ~ an element of an isotropic material in the shape of a cube



(Fig. 2.43a). We can assume the side of the cube to be equal to unity, since it is always possible to select the side of the cube as a unit of length. Under the given multiaxial loading, the element will deform into a rectangular parallelepiped of sides equal, respectively, to 1 + e,1 + e,, and I + cz, where cp e,, and cz denote the values of the normal strain in the directions of the three coordinate axes (Fig. 2.436). You should note that, as a result of the deformations of the other elements of the material, the element under consideration could also undergo a translation, but we are concerned here only with the actual deformation of the element. and not with any possible superimposed rigid-body displacement. In order to express the strain components eme,, e, in terms of the stress components cr,, upu,,we will consider separately the effect of each stress component and combine the results obtained. The approach we propose here will be used repeatedly in this text, and is based on the principle of superposition. This principle states that the effect of a eiven combined loadine on a smcture can be obtained bv detenininn ~eparatelythe efects ofthe various loads and combining ;he results o g tained, provided that the following conditions are satisfied:



-



1. Each effect is linearly related to the load that produces it. 2. The deformation resulting from any given load is small and does not affect the conditions of application of the other loads.



In the case of a multiaxial loading, the first condition will be satisfied if the stresses do not exceed the proportional limit of the material, and the second condition will also be satisfied if the stress on any given face does not cause deformations of the other faces that are large enough to affect the computation of the stresses on those faces. Considering first the effect of the stress component ux,we recall from Sec. 2.11 that u* causes a strain equal lo uJ E in the x direction, and strains equal to -vuJE in each of the y and z directions. Similarly, the s t m s component up if applied separately, will cause a strain crJE in they direction and strains -vuJE in the other two directions. Finally, the stress component cr, causes a strain u,/E in the z direction and strains -vcr,/E in the x and y directions. Combining the results obtained, we conclude that the components of strain corresponding to the given multiaxial loading are



c r vuy Y O e x = *----I , E E , ,



b



6y



k






*,'-;V@z



= -A


E ' E



E



-



 -



The relations (2.28) are referred to as the generalized Hook's law for the multiaxial loading of a homogeneous isofmpic material. As we indicated earlier, the results obtained are valid only as long as the stresses do not exceed the pmportional limit, and as long as the deformations involved remain small. We also recall that a positive value for a stress component signifies tension, and a negative value compression. Similarly, a positive value for a strain component indicates expansion in the corresponding direction, and a negative value contraction.



The steel block shown (Fig. 2.44) is subjected to a uniform pressure on all its facds. Knowing that the change in length of edge AB is - 1.2 X LO-' in., determine (a) the change in length of the other two edges, ( b )the pressure p applied to the faces of the block. Assume E = 29 X 10"si and v = 0.29.



2.19. DIIWlon; Bu* Modulus



-



(a) Change In Length of Other Edges. Substituting -pinto the relations (2.28). we €id thal the three strain components have the common value u, = uy= u,



- 2v)



e, = a, = ez = ---(I P E



(2.29)



Sice



a = 8JAB



= (- 1.2 X lo-' in.)/(4 in.)



in./in.



= -300 X



we obtain ey = ez = 6 = -300



X



in./in.



horn which it follows that



8, = ey(BC) = (-300 8, = e,(BD) = (-300 Flg. 244



X X



LO-')(2in.) = -600 10-q(3 in.) = -900



X X



in. in.



(b) Pressure. Solving Eq. (2.29) for p, we write Ecx



(29



lo6psi)(- 300 X 1 - 0.58 p = 20.7 ksi X



P=-z=-



 2.14. SHEARING STRAIN



When we derived in Sec. 2.12 the relaiions (2.28) between normal stresses and normal strains in a homogeneous isotropic material, we assumed that no shearing stresses were involved. In the more general stress , T , will situation represented in Fig. 2.45, shearing slresses T , T , ~ and be present (as well. of course, as the corresponding shewing stresses T , ry..and 7,). These stresses have no direct effect on the normal strains and, as long as all the deformations involved remain small, they will not affect the derivation nor the validity of the relations (2.28).The shearing stresses, however, will end to deform a cubic element of material into an oblique parallelepiped.



+However.



m the plastic range. the volume of dh matctial remains n d y conaant.



 Fig. 2.48



Consider first a cubic element of side one (Fig. 2.46) subjected to no other stresses than the shearing stresses T, and T, apphed to faces of the element respectively perpendicular to the x and y axes. (We recall from Sec. I 12 that T~ = T ~ . The ) element is observed to deform into a rhomboid of sides equal to one (Fig. 2.47). W o of the angles formed by the four faces under stress are reduced from f to f - y, while the other two are increased from f to 5 + y,, The small angle y, (expressed in radians) defines the shem'ng strain corresponding to the x and y directions. When the deformation involves a reduction of the angle formed by the two faces oriented respectively toward the positive x and y axes (as shown in Fig. 2.47). the shearing strain y, is said to be positive; otherwise, it is said to be negative. We should note that, as a result of the deformations of the other elements of the material, the element under consideration can also undergo an overall rotation. However, as was the case in our study of norma1 strains, we are concerned here only with the actual deformation of the element, and not with any possible superimposed rigid-body disp1acement.t Plotting successive values of r, against the corresponding values of y, we obtain the shearing stress-strain diagram for the material under consideration. This can be accomplished by carrying out a torsion test, as you wiU see in Chap. 3. The diagram obtained is similar to the normal stress-strain diagram obtained for the same material from the tensile test described earlier in this chapter. However, the values obtained for the yield strength, ultimate strength, etc., of a given material are only about half as large in shear as they are in tension. As was the case for normal stresses and strains, the initial portion of the shearing stress-strain diagram is a straight line. For values of the shearing stress



t l n defining the smin y, snns authors arbiuarily assume that the s m a l d e f d of hc clement is accompanied by a rigid-body mation such Ular lht horimncal frca of the element do nM male. Thc strain yq i s Urm npnsultcd by the angk lhmugh which lhe Mha two faca haw m c d FI.2.48). Others assuns a rigid-body mution such thpl the hnivlntnl f w s rotate through jyq counletclcckwi~eand Lhe vertical faces through fyq clockw i x (Fig. 2.49). S i n a both assumpiions unrrcrrsary and m y lud to confusion. w pprsfn in this text lo wociruc the shehearing sVein y, wilh the change in the ongle f o m d by lhe two face, rather than with the mtatim ofo glvcn face under &dive wnditions.



=



 which do not exceed the proportional limit in shear, we can therefore write f w any homogeneous isotropic material,



This relation is known as Hooke's law for shearing stress and strain, and the constant G is called the modulus of rigidity or shear modulus of the material. Since the strain y, was defined as an angle in radians, it is dimensionless, and the modulus G is expressed in the same units as r,, that is, in pascals or in psi. The modulus of rigidity G of any given material is less than one-half, but more than one-thud of the modulus of elasticity E of that materia1.t Considering now a small element of material subjected to shearing stresses 7, and r, (Fig. 2.500). we define the shearing strain y, as the change in the angle formed by the faces under stress. The shearing strain y, is defined in a similar way by considering an element subjected to shearing stresses 7, and r, (Fig. 2.506).For values of the stress which do not exceed the proportional limit, we can write the two additional relations 7yrnGYyr



Tn=CYu.
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(2.37)



where the constant G is the same as in Eq. (2.36). For the general stress condition represented in Fig. 2.45, and as long as none of the stresses involved exceeds the corresponding propo~tionallimit, we can apply the principle of superposition and combine the results obtained in this section and in Sec. 2.12. We obtain the following group of equations representing the generalized Hooke's law for a homogeneous isotropic material under the most general stress condition.
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An examination of Eqs. (2.38)might lead us to believe that three distinct constants, E, v, and G, must fust be determined experimentally, if we are to predict the deformations caused in a given material by an arbitrary combination of stresses. Actually, only two of these constants need be determined experimentally for any given material. As you will see in the next section, the third constant can then be obtained through a very simple computation. ?See Pmb.2.91.
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A rectangular block of a material with a modulus of rigidity G = 90 ksi is bonded lo two rigid horizontal plates. The lower plate is fixed, while the upper plate is subjected to a horizontal force P (Fig. 2.51). Knowing that the upper plate moves through 0.04 in. under the action of the force, determine (a) the average shearing strain in the material. (b) the f a c e P exerted on the upper plate.



(a) S h ~ r l n g Straln. We select coordinate axes centered at the midpoint C of edge AB and directed as shown (Fig. 2.52). According to its definition, the shearing strain ,y is equal to the angle formed by the vertical and the line CF joining the midpoints of edges AB and DE. Noting that this is a very small angle and recalling that it should be expressed in radians, we write 0.04 in. Y,PmY,=x



y., = 0.020 rad



(b)Force EmM on Upper Plate. We first determine the shearing smss 7, in the material. Using Hrmke's law for shearing stress and strain, we have



Zi



r, = Gy,= (90 X i d psi)(0.020 tad) = 1800 psi The force exerted on the upper plate is thus



P = rWA



= (18M)psi)(8 in.)(2.5



in.) = 36.0 X I d lb P = 36.0 kips



Fig. 2.52



 2.17. STRESS AND STRAIN DWTRlBUnON UNDER AXIAL LOADING; SAINT-VENAM'S PRINCIPLE



We have assumed so far that, in an axially loaded member, the nonnal stresses are uniformly distributed in any sectlon perpend~cularto the axis of the member. As we saw in Sec. 1.5, such an assumption may be quite in error in the immed~atevicinity of the points of application of the loads. However, the determination of the actual stresses in a given section of the member requires the solution of a statically indetenninate problem. In Sec. 2.9, you saw that statically indeterminate problems involving the determination of forces can be solved by considering the defonnnriom caused by these forces. It is thus reasonable to conclude that the determination of the stresses in a member requires the analysis of the strains produced by the stresses in the member. This is essentially the approach found in advanced textbooks, where the rnathemat~caltheory of elasticity is used to determine the distribution of stresses wrresponding to various modes of application of the loads at the ends of the . m a b e ~ w t h ~ ~ e m a ~ i i T mat eoura disposal, n s our analysis of stresses will be restricted to the particular case when two rigid plates are used to transrmt the loads to a member made of a homogeneous isotropic material (Fig. 2.58). If the loads are applied at the center of each p1ate.t the plates will move toward each other without rotating, causing the member to get shorter, while increasing in width and thckness. It is reasonable to assume that the member will remain straight, that plane sections w~llre-



.
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t M m precisely. Ule common line of action of h e loads should pass thmugh the a n m i d of the aoss mion(cf. Ss. 1.5).
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main plane, and that all elements of the member will deform in the same way, since such an assumption is clearly compatible with the given end conditions. This is illustrated in Fig. 2.59, which shows a rubber model before and after loading.$ Now, if all elements deform in the same way, the distribution of strains throughout the member must be uniform. In other words, the axial strain E, and the lateral strain e, = -vey are constant. But, if the stresses do not exceed the propoaional l i t , Hooke's law applies and we may write uy= EeY,from which it follows that the normal stress cry is also constant. Thus, the distribution of stresses is uniform throughout the member and, at any point,



On the other hand, if the loads am concentrated,as illustrated in Fig. 2.60, the elements in the immediate vicinity of the points of application of thc loads are subjected to v q large stresses, while other elements near the ends of the member are unaffected by the loading. This may be verified by observing that strong deformations, and thus large svainsa_anblacge-866=hpplicationm loads, while no deformation takes place at the comers. As we consider elements farther and farther from the ends, however, we note a progressive equalization of the deformations involved, and thus a more nearly uniform distribution of the strains and stresses across a section of the member. This is further illustrated in Fig. 2.61, which shows the result of the calculation by advaoced mathematical methods of the dis-



---



$Nue that fm long, slender m c m h . annha conftgurafion is pmsiblc. md andeed will prevail, I f the load is sufficiently l y e ; the mcmtu buc&lesand assumes a curved hap.This wlll bt d~uussedin Chap. 16. V
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iP, Fig. 2.61



tribution of stressts across various sections of a thin rectangular plate subjected to wncentrated loads. We note that at a distance b from either end, where b is the width of the plate, the stress distribution is nearly uniform acmss the section, and the value of the stress cry at any point of that seotion can be assumed equal to the average value P/A. Thus, at a distance equal to, or greater than, the width of the member, the distribution of stresses a c m s a given section is the same, whether the member is loaded as shown in Fig. 2.58 or Fig. 2.60. In other words, except in the immediate vicinity of the points of application of the loads, the stnss distribution may be assumed indewdent of the actual mode of application of the loads. This statement, which applies not only to axial loadings, but to practically any type of load, is known as SaintVenant's principle, after the French mathematician and engineer Adh& mar Band de Saint-Venant (1797-1886). White Saint-Venant's principlemakes it possible to replace a given loading by a simpler one for the purpose, of computing the saesses in a structural member, you should ksep in mind two important points when applying this principle:



1. The actual loading and the loading used to wmpute the stresses must be stafically equivalent. 2 Stresses cannot be computed in this manner in the immediate vicinity of the points of application of the loads. Advanced theoretical or experimental methods must be used to determine the distribution of stresses in these areaa



You should also observe that the plates used to obtain a uniform stms distnition in the member of Fig. 2.59 must allow the member to freely expand laterally. Thus, the plates cannot be rigidly attached to the member; you must assume them to be just in contact with the member, and smooth e n m not to impede the lateral expansion of the member. While such end conditions can actuailv be achieved for a member in w m p s i o n , they cannot be physically realized in the case of a member in tension. Tt does not matter, however, whether or not an actual fixture can be realized and used to load a member so that the distribution of stresses in the memmb is uniform. The important thing is to imagine a model which will allow such a disuibution of stnsses, and to keep this model in mind so that you may later wmpare it with the actual loading conditions.
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As we saw in Chap. I, the state of stress in a malerial under the most general loading condition involves shearing stresses, as well as normal stresses (Fig. 2.45). The shearing stresses tend to deform a cubic element of material into an oblique parallelepiped [Sec. 2.141. Considering, for instance, the stresses 7, and 7, shown in Fig. 2.47 (which, we recall, are equal in magnitude), we noted that they cause the angles formed by the faces on which they act to either increase or decrease by a small angle y,; this angle, expressed in radians, deh e s the shearing strain comsponding to the x and y directions. Defining in a similar way the shearing strains y, and y, we wrote the relations 7q =



OYq



7,



= Wn



7m



=



Wu



(2.36.37)



which are valid for any homogeneous isotropic material within its proportional limit in shear. The constant G is called the m d d u s of rigidity of the matmal and the. relations obtained express Hook's law for shearing stress and strain. Together with Eqs. (2.28), they form a group of equations representing the generalized Hooke's law for a homogeneous isotropic material under the most general stress condition. We obsewed in Sec. 2.15 that while an axial load exerted on a slender bar produces only w m a l seains-both axial and transverse--on an element of material oriented along the axis of the bar, it will produce both normal and shearing strains on an element rotated through 45' (Rg. 2.53). We also noted that the three constants



Shearlng strain. Modulus of r~g~d~ty



 E, v, and G are not independent; they satisfy the relation. u -=



2G



l+v



(2.43)



which may be used to determine any of the three constants in terms of the other two. Rber-re~nforcedcornposlte materials Stress-strain relationships for fiber-reinforced composite materials were discussed in an optional mtion (Sec. 2.16). Equations similar to Eqs. (2.28) and (2.36.37) were denved for these materials, but we noted that direction-dependent moduli of elasticity, Poisson's ratios, and moduli of rigidity had to be used. Saint-Venant's prrnc~ple In Sec. 2.17, we discussed Saint-Ve~nt'sprinciple, which states that except in the immediate vicinity of the points of application of the loads, the distribution of stresses in a given member is independent of the actual mode of application of the loads. This principle makes it possible to assume a uniform distribution of stresses in a member subjected to concentrated axial loads, except close to the points of application of the loads, where stress concentrations will occur. Stress concentrations Stress concentrations will also occur in structursl members near a discontinuity, such as a hole or a sudden change in cross section [Sec. 2.181. The ratio of the maximum value of the stress occ~ming near the discontinuity over the average stress computed in the critical section is referred to as the stmss-concentrationfactor of the discontinuity and is denoted by K:



K=-



(2.48) ,a



Plastic deformations
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Values of K for circular holes and fillets in flat bars were -aiven in Fig. 2.64 on p. 108. In Sec. 2.19, we discussed the plastic deformations which occur in structural members made of a ductile material when the stresses in some art of the member exceed the vield strength of the material. ~ur'analysiswas carried out for an1dealized ehtoplastic material characterized by the stress-strain diagram shown in Fig. 2.65
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[Examples 2.13, 2.14, and 2.151. Fially, in Sec. 2.20, we obsewed that when an indeterminate structureundergoes plastic deformations, the stresses do not, in general, return to wo after the load has been removed. ?he s h e s m remaining in the various patts of the structure are called m s W stresses and may be determined by adding the maximum stresses reached during the loading phase and the reverse stresses corresponding to the unloading phase [Example 2.161.
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 Pure Bending



The athlete shown holds the barbell w&h his h a d placed at equal in the center distances h r n the weights. This resulis in pure be-g portion of the bm. The n o d Jfn,s#esand the curvatun? mulling from pure bending will be detannined in this chap@.



 4.1. INTRODUCTION



In the preced'ig chapters you studied how to determine the stresses in prismatic members subjected to axial loads or to twisting couples. In this chapter and in the following two you will analyze the stresses and strains in prismatic members subjected to bending. Bending IS a major concept used in che design of many machine and stmctural components, such as beams and girders. This chapter will be devoted to the analysis of prismatic members subjected to equal and opposite couples M and M' acting in the same longitudinal plane. Such members are said to be in pure bending. In most of the chapter, the members will be assumed to possess a plane of symm e y and the couples M and M' to be acting in that plane (Fig. 4.1).



An example of pure bending is provided by the bar of a typical barbell as it is held overhead by a weight lifter as shown on the opposite page. The bar canies equal weights at equal distances from the hands of the weight lifter. Because of the symmetry of the free-My diagram of the bar (Fig. 4.2a), the reactions at the hands must be equal and opposite to the weights. Therefore, as far as the middle pottion CD of the bar is concerned, the weights and the reactions can be replaced by two equal and opposite W 1 b in. couples (Fig. 4.D), showing that the middle portion of the bar is in pure bending. A similar analysis of the axle of a small trailer (Fig. 4.3) would show that, between the two -points where it is attached tothe trailer, the axle is in pure bending. As interesting as the direct avvlications of pure bending mav be. devoting an enti; chapter to its s&dy would noi be justifidif it were not for the fact that the results obtained will be used in the analvsis of other types of loadings as well, such as eccentric &l W i n g s and tmwerse loadings.
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Figure 4.4 shows a 12-in. steel bar clamp used to exert 150-lb forces on two pieces of lumber as they are being glued together. Figure 4 . 5 ~ shows the equal and opposite forces exerted by the lumber on the clamp. These forces result in an eccentric loading of the straight portion of the clamp. In Fig. 4.5b a section CC' has been passed through the clamp and a free-



Y



M



= 750 1b. in.



P - 1501b



Fig. 4.4 I'



body diagram has been drawn of the upper half of the clamp, from which we conclude that the internal forces in the section are equivalent to a 150Ib axial tensile force P and a 750 lb in. couple M. We can thus combine our howkdge of the stresses under a centric load and the results of our forthcoming analysis of s m s e s in pure bending to obtain the distribution of stresses under an eccentric load. This will be fur&herdiscussed on Sec. 4.12. The study of pure bending will also play an essential role in the study of beams, i.e., the study of prismatic members subjected to various types of transverse loads. Consider, for instance, a cantilever beam AB supporting a concentrated load P at its free end (Fig. 4.6~1). If we pass a section through Cat a distance x from A, we o b s e ~ from e the free-body diagram of AC (Fig. 4.66) that the internal forces in the section consist of a force P' equal and opposite lo P and a couple M of magnitude M = Px. The distribution of normal stresses in the section can be obtained from the couple M as if the beam were in pure bending. On the other hand, the shearing stresses in the section depend on the force P',and you will learn in Chap. 6 how to determine their distribution over a given section. The first part of the chapter is devoted to the analysis of the stresses and deformations caused by pure bending in a homogenwus member possessing a plane of symmetry and made of a material following Hwke's law. In a preliminary discussion of the stresses due to bending (Sec. 4.2), the methods of statics will be used to derive three fundamental equations which must be satisfied by the normal stresses in any given cross section of the member. In Sec. 4.3, it will be proved that transverse sections re-
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 main plane in a member subjected to pure bending, while in Sec. 4.4 formulas will be developed that can be used to determine the normal stresses, as well as the mdius of curvamre for that member within the elastic range. In Sec.4.6, you will study the stresses and deformations in composite members made of more than one material, such as reinforced-concrete



beams, which utilize the best features of steel and concrete and are extensively used in the construction of buildings and bridges. You will learn to draw a transformed section representing the section of a member made of a homogeneous material that undergoes the same deformations as the composite member under the same loading. The transformed section will be used to find the stresses and deformations in the original composite member. Section 4.7 is devoted to the determination of the stress concentrations occurring at locations where the cross section of a member undergoes a sudden change. In the next part of the chapter you will study plasric deformations in bending, i.e., the deformations of members which are made of a material which does not follow Hooke's law and are subjected to bending. After a general discussion of the deformations of such members (Sec. 4.8). you will investigate the stresses and deformationsin members made of an elastoplastic material (Sec. 4.9). Starting with the maximum elastic moment My, which corresponds to the onset of yield, you will consider the effects of increasingly larger moments until the plastic moment M, is reached, at which time the member has yielded fully. You will also learn to determine the pennanenr deformations and residual stresses that result from such loadings (Sec. 4.11). It should be noted that during the past half-century the elastoplastic pmperty of steel has been widely used to produce designs resulting in both improved safety and economy. In Sec. 4.12, you will leam to analyze an eccentric axial loading in a plane of symmetry. such as the one shown in Fig. 4.4, by superposing the stresses due to pure bending and the stresses due to a centric axial loading. Your study of the bending of prismatic members wiU conclude with the analysis of unsymmetric bending (Sec.4.13), and the study of the general case of eccentric axial loading (Sec. 4.14). The final section of the chapter will be devoted to the determination of the stresses in curved members (Sec. 4.15). 4.2. SYMMETRIC MEMBER IN PURE



BENDING



Consider a prismatic member AB possessing a plane of symmetry and subjected to equal and opposite couples M and M' acting in that plane (Fig. 4.7a). We observe that if a section is passed through the member AB at some arbitrary point C, the conditions of equilibrium of the por~ ~ R t b equivalent to the couple M (Fig. 4.7b). Thus, the internal forces in any cmss section of a symmetric member in pure bending ate equivalent to a couple. The moment M of that cwple is referred to as the bending moment in the section. Following the usual convention, a positive sign will be assigned to M when the member is bent as shown in Fig. 4.7a. i.e., when the concavity of the beam faces upward, and a negative sign othenvise.
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 Denoting by uxthe normal smss at a given point of the cmss section and by T, and 7, the components of the shearing stress, we express that the system of the elementary internal forces exerted on the section is equivalent to the couple M (Fig. 4.8).



We recall from statics that a couple M actually consists of two equal and opposite forces. The sum of the components of these forces in any direction is therefore equal to zero. Moreover, the moment of the couple is the same about any axis perpendicular to its plane, and is zero about any axis contained in that plane. Selecting arbitrarily the z axis as shown in Fig. 4.8, we express the equivalence of the elementary internal forces and of the couple M by writing that the sums of the components and of the moments of the elemenlary forces are equal to the corresponding components and moments of the couple M: x components:



Ju, dA = 0



moments about y axis:



Jzu, d4 = 0



moments about z axis:



J(-yuz d4) = M



(4.3)



Three additional equations could be obtained by setting equal to zem the sums of they components, z components, and moments about the x axis, but these equations would involve only the components of the shearing stress and, as you will see in the next section, the components of the shearing stress are both equal to zero. n o remarks sbould be made at this point: (I) The minus sign in Eq.(4.3)is due to the fact that a tensile stress (a,> 0) leads to a negative moment (clockwise) of the nonnal force uxdA about the z axis. (2) Equation (4.2) could have been anticipated, since the application of couples in the plane of symmetry of member AB will result in a distribution of normal stresses that is symmetric about they axis. Once more, we note that the actual distribution of stresses in a given cross section cannot be determined from statics alone. It is statically indeterminate and may be obtained only by analyzing the deformations produced in the member.



 4.3. DEFORMATIONS IN A SYMMETRIC MEMBER IN PURE BEMMNG



Let us now analyze the deformations of a prismatic member possessIng a plane of symmetry and subjected at its ends to equal and opposite couples M and M' acting in the plane of symmetry. The member will bend under the action of the couples, but will remain symmetric with respect to that plane (Fig. 4.9). Moreover, since the bending mo-



ment M is the same in any cross section, the member will bend uniformly. Thus, the line AB along which the upper face of the member intersects the plane of the couples will have a constant curvature. In other words, the line AB, which was originally a straight line, will be transformed into a circle of center C, and so will the line A'B' (not shown in the figure) along which the lower face of the member intersects the plane of symmetry. We also note that the line AB will decrease in length when the member is bent as shown in the figure, i.e., when M > 0, while A'B' will become longer. Next we will prove that any cmss section perpendicular to the axis of the member remains plane, and that the plane of the section passes through C. If this were not the case, we could find a point E of the original section through D (Fig. 4.100) which, after the member has been bent, would not lie in the plane perpendicular to the plane of symmethe that try member, contains thereline would CD be (Fig. another 4.10b).point But,E'because that would of the besymmetry tmsformed of
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exactly in the same way. Let us assume that, after the beam has been bent, both points would be located to the left of the plane defined by CD,as shown in Rg. 4.106. Since the bending moment M is the same throughout the member, a similar situation would prevail in any other cross section, and the points corresponding to E and E' would also move to the left. Thus. an observer at A would conclude that the loading causes the points E and E' in the various cross sections to move forward (toward the observer). But an observer at B, to whom the loading looks the same, and who observes the points E and E' in the same positions (except that they are now inverted) would reach the opposite conclusion. This inconsistency leads us to conclude that E and E' will lie in the plane defined by LID and, therefore, that the section remains plane and passes through C. We should note, however, that this discussion does not rule out the possibility of deformations within the plane of the section (see Sec. 4.5).
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Suppose that the member is divided into a large number of small cubic elements with faces respectively parallel to the three coordinate planes. The property we have established requires that these elements be transformed as shown in Fig. 4.1 1 when the member is subjected to the couples M and M'. Since all the faces represented in the two projections of Fig. 4.11 are at 90' to each other, we conclude that y, = y, = 0 and, thus, that T~ = T= = 0. Regarding the three sows components that we have not yet discussed, namely, uy,uz, and T, we note that they must be zem on the surface of the member. Since, on the other hand, the deformations involved do nof require any interaction between the elements of a given transverse cross section, we can assume that these three stress components are equal to zero throughout the member. This assumption is verified, both from experimental evidence and from the theory of elasticity, for slender members undergoing small deformations.t We conclude that the only nostress component exerted on any of the small cubic elements considered here is the normal component ux.Thus, at any point of a slender member in pure bending, we have a state of uniacial stress. Recalling that, for M > 0, lines AB and A'B' are observed, respectively, to decrease and increase in length, we note that the strain E, and the stress u, are negative in the upper portion of the member (compression) and positive in the lower portion (tension.) It follows from the above that there must exist a surface paallel to the upper and lower faces of the member, where and uxare zero. This surface is called the neutml surface. The neutral surface intersects the plane of symmetry along an arc of circle DE (Fig. 4.124, and it intersects a transverse section along a stmight line called the neutml axis of the section (Fig. 4.12b). The origin of coordinates will now be se



((I) Longlhdinal, vemcal section
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lected on the neutral surface, rather than on the lower face of the member as done earlier, so that the distance from any point to the neutral surface will be measured by its coordinate y. ?Also see Pmb.4.38.



 Denoting by p the radius of arc DE (Fig. 4.12a). by 0 the central angle corresponding to DE, and observing that the length of DE is equal to the length L of the undefomed member, we write Considering now the arc J K located at a distance y above the neutral surface, we note that its length L' is (4.5) L' = ( p - y)e Since the original length of arc JK was equal to L, the deformation of J K is or, if we substitute from (4.4) and (4.5) into (4.6).



s = (P - y)e - p~



= -ye



(4.7)



The longitudinal strain e , in the elements of J K is obtained by d~viding S by the original length L of JK. We write



The minus sign is due to the fact that we have assumed the bending moment to be positive and, thus, the beam to be concave upward. Because of the requirement that transverse sections remain plane, identical deformations will occur in all planes parallel to the plane of symmetry. Thus the value of the strain given by Eq. (4.8) is valid anywhere, and we conclude that the longitudinal n o m l strain ex varies Iinearly with the distance y fmm the neutral surface. The strain E , reaches its maximum absolute value when y itself is largest. Denoting by c the largest distance from the neutral surface (which corresponds to e~therthe upper or the lower surface of the member), and by en,the maximum absolute value of the strain, we have



Solving (4.9) for p and substituting the value obtained into (4.8), we can also write CX



Y '--ern C



(4.10)



We conclude our analysis of the deformations of a member in pure bending by observing that we are still unable to compute the strain or stress at a given point of the member, since we have not yet located the neutral surface in the member. In order to locate this surface, we must first specify the stress-strain relation of the material used.? tLet us noa, however, that if the member possesses bath a veflical and a horizonla1 plane of symmetry (eg., a member with a rectangular cross section), and i f the rbess-strain curve



is the same in tension and compression, the neutral surface will coincide with the plane of symmetry icf. Sec 4.81.



4.3.Defo"a*nslnaSYmme&Member In Pure Bendlng



 4.4. STRESSES AND DEFORMATIONS IN THE ELASTIC RANGE



We now consider the case when the bending moment M is such that the normal stresses in the member remain below the yield strength cry. This means that, for all practical purposes, the stresses in the member will remain below the proportional limit and the elastic limit as well. There will be no permanent deformation, and Hooke's law for uniaxial stress applies. Assuming the material to be homogeneous, and denoting by E its modulus of elasticity, we have in the longitudinal x direction Recalling Eq. (4.10). and multiplying both members of that equation by E, we write



l



or, using (4.1 l),



where urndenotes the maximum absolute va[uc of the stress. This result shows that, in the elastic range, the normal stress varies linearly with the distance from the neutral surface (Fig. 4.13). It should be noted that, at this point, we do not know the location of the neutral surface, nor the maximum value urnof the stress. Both can be found if we recall the relations (4.1) and (4.3) which were obtained earlier from statics. Substituting first for uxfmm (4.12) into (4.1), we write



from which it follows that



This equation shows that the first moment of the cross section about its neutral axis must be zero.? In other words, for a member subjected to pure bending, and as long as the stresses remain in the elastic range, the neutral axis passes through the centroid of the section. We now recall Eq. (4.3), which was derived in Sec. 4.2 with respect to an arbitrary horizontal z axis, (4.3) Specifying that the z axis should coincide with the neutral axis of the cmss section, we substitute for oxfmm (4.12) into (4.3) and write tSa Appendix A for a diseussiw of h e moment8 of ~IWS



 4.4. Smwa and ~
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a In th. n RMge V



Recalling that in the case of pure bending the neutral axis passes through the centroid of the cross section, we note that I is the moment of inertia. or second moment, of the cross section with respect to a centroidal axis perpendicular to the plane of the couple M. Solving (4.14) for urn, we write thereforet



Substituting for urnfrom (4.15) into (4.12). we obtain the normal stress a,at any distance y from the neutral axis:



Equations (4.15) and (4.16) are called the elasticfleurre formulnr, and the normal stress uxcaused by the bending or "flexing" of the member is often referred to as theflexural stress. We verify that the stress is compressive (ox < 0) above the neutral axis (y > 0) when the bending moment M o positive, and tensile (ux> 0) when M is negative. Returning to Eq. (4.15). we note that the ratio I/c depends only upon the geometry of the cross section. This ratio is called the elastic section modulus and is denoted by S.We have I Elastic section modulus = S = C



Substituting S for I/c into Eq. (4.15). we write this equation in the alternative form



Since the maximum stress a, is inversely proportional to the elastic section modulus S, it is clear that beams should be designed with as large a value of S as practicable. For example, in the case of a wooden beam with a rectangular cmss section of width band depth h, we have



A=24d



r--cI - &bh3 &M-I m A-h h/2



It



L



where A is the cross-sectional area of the beam. This shows that, of two beams with the same cross-sectional area A (Fig. 4.14), the beam with the larger depth h w~llhave the larger section modulus and, thus, will be the more effective in resisting bending.$ Flg. 4.14 tWe mall that the bending moment war assumed to be positive. If t k bending moment is negative. M should be replaad in Eq. (4.15) by ifs absolute value ]Mi. IHowwer,large values n l the mtio hlb wdd result in inter$ Instability of the beam.



b = 3 in.



 In the case of smctural steel, American standard beams (S-beams) and wide-flange beams (W-beams), Fig. 4.15, arc preferred to other



Fl5 4.16 We-flange steel beams !um the frame of m y Mdlnps.



u



( 0 ) S-beam



m.4.16



(b)W-beam



shapes because a large portion of their cross section is located far from the neutral axis (Fig. 4.16). Thus, for a given cross-sectional area and a given depth, their design provides large values of I a d , consequently, of S. Values of the elastic section modulus of commonly manufactured beams can be obtained from tables listing the various gwmetric properties of such beams. To determine the maximum stress urn in a given section of a standard beam, the engineer needs only to read the value of the elastic section modulus S in a table, and divide the bending moment M in the section by S. The deformation of the member caused by the bending moment M is measured by the curvature of the neutral surface. The curvature is defined as the reciprocal of the radius of curvature p, and can be obtained by solving Eq. (4.9) for I/p:



But, in the elastic range, we have E,,, = crrn/E.Substituting for erninto (4.20). and recalling (4.15), we write



 A steel bar of 0.8 X 2.5-in. rectangular cross section is subjected to two equal and opposite couples acting in the vertical plane of symmetry of the bar (Fig. 4.17). Determine the value of the bending moment M that causes the bar to yield. Assume u, = 36 ksi.



0.8 in.



4 I-



Since the neutral axis must pass through the centroid C of the cross section. we have c = 1.25 in. (Fig. 4.18). On the other hand, the centroidal moment of inertia of the rectangular cross section is



,



= 'bh" 12



=' ,,(0.8 in.)(2.5 in.)' = 1.042 in4



Solving Eq. (4.15) for M, and substituting lhe above data. we have M=-,, I c



1.042 in4 (36 ksi) 1.25 in. M = 30 kip in.



"



=



An aluminum rod with a semicircular cross section of radius r = 12 mm (Fig. 4.19) is bent into the shape of a circular arc of mean radius p = 2.5 m. Knowing that the flat face of the rod is turned toward the center of curvature of the arc. determine the maximum tensile and compressive stress in the rod. Use E = 70 GPa.



The ordinate ?of the centroid C of the semicircular cross section is -



4r 3a



Y=-=



4(12mm) = 5.093 mm 371



The neutral axis passes through C (Fig. 4.20) and the distance c to the p o d of the cross section fanhest away from the neutral axis is Using Eq.(4.9), we write



Rg. 4.19



and, applying Hooke's law, We could use Eq. (4.21) to determine the bending moment M correspnding to the given radius of curvature p, and then Eq. (4.15) to determine u,. However, it is simpler to use Eq. (4.9) to determine E, and Hooke's law to obtain u,.



am.



~



=E E= ~



(70 x lo9 pa)(2.763 x ..



=



193.4 ~p~



Since this side of the rod faces away from the center of curvature, the stress obtained is a tensile stress. The maximum comoressive stress occurs on the flat side of the rod. Usinn the fact that the stress is proportional to the distance from the neutral axis, we write



-



-



- Y 5.093 mm ump - -;urn = -6,907 mm (193.4 MPa) Fig. 4.20



= - 142.6 MPa



-
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SAMPLE PROBLEM 4.1 The rectangular tube shown is extruded from an aluminum alloy for which o, = 40 ksi, o , = 60 ksi. and E = 10.6 X l06psi. Neglecting the effect of fillets, determine (a) the bending moment M for which the factor of safety will be 3 00,(b) the corresponding radius of curvahlre of the tube.



..., ,.....,.., , :,, . .



. ,



.



.,.



SOLUTION



u 3.15in.



1A"'



7 4.5 in. 1



M 2.76 e.



Moment of lnerlla Considering the cross-scaional area of the lube as the difference belween the two rectangles shown and recalling the formula for the cenuoidal moment of inenin of a rectangle, we write 1



-



- h(2.75)(4.5)'



&(3.25)(5y



','



I = 12.97 in4



Allowable Stress. For a factor of safety of 3.00 and an ultimate SWSof



'



:;



60 ksi, we have



(r.I1



3



-



F.S.



€0ksi = 3.00



=



20 ksi



.



Since o* < a,.,the tube remains in the elastic m g e and we can apply the results of Sec. 4.4. a. Bending Moment.



o * ( =Mc -



I



M = - oI



With c = i(5 in.) = 2.5 in., we write a11



=-12.97 in4(20 ksi)



2.5 in.



.



M = 103.8 kip in. 4



6. R n d h of Curvature. Recalling that E = 10.6 X 106 psi, we substituo Ulis value and the values abtained for I and M into Eq. (4.21) and find



-



-I = - M = p El



103.8 X lb in. = 0,755 (10.6 X 106psi)(12.97in4) -----p = 1325 in.



h-,



,



.



.



&-



-----



p=110.4R4



',



. .,



Alterm've Soluabn. Since we know that the maximum svess ia o,, = 20 ksl. we can determine m+ maximum strain emand then use Eq. (4.9). 20 ksi e =-= = 1.887 X 10-'inJin. " E 10.6 X 1@ psi c c 2.5 in. =P=-= E~ 1.887 X 10-' inlin. " P Udl
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 SAMPLE PROBLEM 4.2



.



A cast-iron machine pm is acted upon by h e 3 W m couple shown. Knowing that E = 165 GPa and neelectinn the effect of filler?. determine (a) . . the maximum tensile and compressive stresses in the casting, (6) the radius of cwalure of the casting.



- -



SOLUTION k-8omm-I I



I



Cenhwid. We divide chc T-shaped cross section into the two rcnaogles shown and write



-



-YZA = XFA -Y(3WO) = 114 X I@ Y = 38mm



Centroidsl Moment of Inertia. The parallel-axis theorem is used lodetennine the moment of inertia of each rectangle with respect to the axis x' that passes through the centroid of the composite section. Adding the moments of inertia of the mtangles, we write



+



I, = Z(r +Ada) = E(Abh3 Ada) = &(90)(20)' + (90 X 20)(12)' &(30)(40)3 (30 X 40)(18)2 = 868 x 10'mm4 I = 868 X 10*m4



12mm



18 m m



+



+



a. Maximum Tensile Stress. Since the applied couple bends the casting downward. the center of curvature is located below the cross section. Tht



'.



maximum tensile stress occurs at point A, which is farthest from the center of curvature.



Mc, a & = -I =



(3 kN m)(0.022 m) 868 X m4



u, = +76.0MPa 4



Maximum Compr~sslveStreEs. This occurs at point B; we have



I r Center of curvature



b. Radius of Curvature From Eq. (4.21). we have



-



 PROBLEM



2ln.2 in.2 in.



4.1 and 4.2 Knowing that the couple shown acts in a vertical plane, d e termins the sh'ess at (a) point A, (b) point B. 2 in. A



4.3 The w i d a h g e beam shown is made of a high-streng~h,low-alloy steel for which ur= 345 MPa and u, = 450 MPa. Using a factor of safety of 3.0, determine the largest couple that can be applied to the beam when it is bent about the z axis. Neglect the effect of fillets. 4.4 Solve Prob. 4.3. assuming that the beam is bent about the y axis.



4.5 Using ao allowable stress of 16ksi, determinethe largest couple that can be applied to each pipe.



0.5 in.



4.6 A nylon spacing bar has the cross section shown. Knowing that the allowable stress for the grade of nylon used is 24 MPa, detennim the largest couple Y lhat can be applied to the bar.



 4.7 and 4.8 n o W4 X 13 mlled sections are welded together as shown.Knowing that for the steel alloy used cry = 36 ksi and LTU = 58 ksi and using a factor of safety of 3.0, determine the largest couple that can be applied when the assembly is bent about the z axis.



4.9 thmugh 4.1 1 Two vertical forces are applied to a beam of the cross section shown. Determine the maximum tensile and wmpressive svesses in poruon BC of the beam.



1 in.



M 4 in.



I""" +-+--M)



U ) In.



4.12 n o equal and opposite couples of magnitude M = 15 kN m are applied to the channel-shaped beam AB. Observing that tbe couples cause the beam to bend in a horizontal plane. determine the stress (a)at point C,(b)at point D. (c) at poinl E.



IM'



in.



+d



U ) in.



 4.13 Knowing Lhat a beam of the aoss section shown is bent about a horizontal axis and that the bending moment is 8 W m, determine the total force. acting on the top flange.



.



4.14 Knowing that a beam of the cross section shown is bent about a vertical axis and that the bending moment is 4 W m, determine the total force acting on the shaded portion of the lower flange.



.



L.k-k-4 0.8 in. 0.8 in. 0.8 in.



Osin.



4.15 Knowing that a beam of the aoss section shown is bent about a horizontal axis and that the bending moment is 3.5 kip in.. determine the lotal force acting on the shaded portion of the beam.



.



4.18 Solve Rob. 4.15, assuming that the beam is bent about a vertical axis and that the bending moment is 6 kip in.



.



I UI I IO.%in. 1.U In.



Fig. P4.17



4.17 Knowing that a beam of the cross section shown is bent about a horizontal axis and that the bending moment is 6 kip in., detennine the total force acting on the shaded portion of the beam.



.



-



4.18 Solve Rob. 4.17, assuming that the beam is bent about a vertical axis and that the bending moment is 6 kip in. 4.19 and 4.20 Knowing that f a the cxtwded beam shown the allowable stress is 120 MF'a in tension and 150 MPa in compression, determine the largest couple M that can be applied. 0.5 in.



-t-



05 in.



0.5in.



lfisili'ladll. . . . . .



1.5 in.



L



0.5 in.



T-



Flg. P4.19



Fig. P4.20



Flg. P421



4.21 Knowing that for the exhuded beam shown the allowable s m s is I2 ksi in tension and 16 ksi in compression, determine the largest couple M that can be applied.



 4.22 The beam shown is made of a nylon for which the nllowable stress is 24 MPa in tension and 30 MW in compression. Determine the largmt wuple M that can be applied to the beam.



Fig. P4.a



4.23 Solve Pmb. 4.22, assuming that d = 80 mm. 4.24 Knowing thm fm the beam shown the albwable mtss is 12 ksi in tension and 16 ksi in compression. determine the largest wuple M lhat can be applied.



T



T



4.25 Knowing that u,, = 24 ksi for the steel strip AB, delemk (a)the largest wuple M chat can be applied, (b) the w m q m d i n g radius of curvaFIg. P4.26 ture. Use E = 29 x I@ psi. 4.26 Straight rods af 0.30-in. diameter and 2Wft length an sometimes used to clear undcrgmund wnduits of obstructions or to thread wires through a new conduit. The rods are made of high-strength steel and, for storage and Vansportation, are wrapped on spools of 5-A diameter. Assuming h l the yiJd strength is not exceeded, determine (a)the maximum s t m s in a md,w b a the rod. which was initially straight, is wrapped on a spool (b)the



 -



4.27 it is observed that a thin steel strip of 0.06-in. width can be bent into a circle of :-in. diameter without any resulting permanent deformation. Knowing that E = 29 X 106psi, determine (a)the maximum s(ress in the bent sh+p, (b) the magnitude of the couples required to bend the strip.



0.06 in.



.



4.28 A 3 kip in. couple is applied to the steel bar shown. (a)Assnming that the couple is applied about the z axis as shown. determine the maximum stress and the radius of cwnnuc of the bar. (b)Solve patt a, assuming that the couple is applied about they axis. Use E = 29 X LO6 psi. 4.29 A couple of magnitude M is applied lo a squm bar of side a. For each of the orientations shown, determine the maximum slnss and the c w a lure of the bar.



4.30 A 24kN m couple is applied to the W200 X 46.1 rolled-steel beam shown. (a)Assuming hat the couple is applied about the z axis as shown, determine the maximum stress and the radius of curvature of the beam. (b) Solve part a. assuming that the couple is applied about the y axis. Use E = 200 GPa



5 mm Flg. P4.91



5 rnrn



4.31 (a) Using an allowable stress of 120 MPa, delemine the largest couple M that can be applied to a beam of the cross section shown. (b) Solve part a, assuming that the m s s section of the beam is an 80mm quare.



 4.32 A portion of a square bat is removed by milling. so that its cross section is as shown. The bar is then bent about its horizontal diagonal by a couple M. Considering the case where h = 0 . 9 b express the maximum stress in the bar in the f o m u, = ku* where u,,is the maximum sbess that would have occurred if the original square bat had been bent by the same couple M, and determine the value of k.



4.33 In Prob. 4.32, determine (a) the value of k for which the maximum stress urnis as small as possible, (b) the corresponding value of k. 4.34 A couple M will be applied to a beam of m m g u l a r m s section that is to be sawed from a log of circular cross section. Determine the ratio d/b for which (a)the maximum stress urnwill be as small as possible, (b) the radius of curvature of the beam will be maximum.



Fig. P4.34



4.35 For the bar and loading of Example 4.01, determine (a) the radius of curvature p, (b) the radius of curvature p' of a hansverse cross section, (c) the angle between the sides of the bar that were originally wtical. Use E = 29 X lo6 psi and v = 0.29. 4.36 For the aluminum bat and loading of Sample h b . 4.1, determine (a) the radius of curvature p' of a transverse cmss section, (b) the angle between the sides of the bar that were originally vertical. Use E = 10.6 X 106psi and v = 0.33.



Flg. P4.37



4.37 A W200 X 31.3 mlled-steel beam is subjected to a couple M of moment 45 kN m. Knowing that E = 200 GPa and v = 0.29.determine (a) the radius of curvature p, (b) the radius of cumhlre p' of a lransvemz aoss section.



.



4.38 I t was assumed in Sec. 4.3 thm the nonnal stresses uyin a member in pure bending are negligible. For an initially slraight elastic member of rectangular cross section, (a) derive an approximate expression for u3as a function of y, (b) show that (uy),), -(c/2pXux), and,thus, that u, can be neglected in all practical situations. (Hiaf: W i d e r the free-body diagram of the portion of beam located below the surface of ordinate y and assume the dishibution of the stress a, is still linear.)



-



Rg. P4.38
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Normal strain in bending
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Normal stress in elastic range



Elastk flexure formula



REVIEW AND SUMMARY rnn f i u n r i r r n
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 Revlew and Summay lor Chapter 4



Elastic sectlon modulus



Curvature of member



Anticiastic curvature



Members made of several materials .:'&is .. does MI pass th&h the ceruroid of the &mposite cross se&:' tioq (Fig. 4.24). Using the . cstio . of the moduli of elasti$@ . $,tbcgm...



terials, we obtaihed a r ~ o r n r e section d dent member made entirely of one mated ods pteViously developed to determine th homogeneous member (Fig. 4.26) and then again us the moduli sf elasticity to determine the stresses in



 Plastic deformations



 RrvkwandOwmnuyfarChaptw4



'providedthat the couple vector M isd'ited along one of ipal centroidal axes of the..,cross When necessary we . ~~. .section. . ,,. . . . . ~ ,



Unsymrnetrlc bending



~



YI



Fig. 4.60



Ag. 4.61



&IB l&ated ai'tti~~&&d. we then superposedthe stresses due kI.2,



The chapter concluded with the analysis of stresses in curved 4.764. While transvene sections remain plane when member is subiected to Irend'ie. we found that the stresses c



General eccentric axial loading



Curved members



mbers
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 Piransformati~nsof Stress and Strain



In the test setup shown the linear strain in the top surface of the bar is being measured by an electrical strain gage cemented to the top suflace. This chapter deals wW stresses and slmim in stmclures and machine cornpone&. b



 We saw in Sec. 1.12 that the most general state of s t m s at a given point Q may be represented by six components. Three of these components, ux,q, and u,,define the normal stresses exerted on the faces of a small cubic element centered at Q and of the same orientation as the coordinate axes (Fig. 7.la), and the other three, 7, T.vz, and ?,T the components of the shearing stresses on the same element. As we remarked at the time, the same state of stress will be represented by a different set of components if the coordinate axes are rotated (Fig. 7. lb). We propose in the fmt part of this chapter to determine how the components of stress are transformed under a rotation of the coordinate axes. The second part of the chapter will be devoted to a similar analysis of the transformation of the components of strain.



(b)



(0)



Flg. 7.1



Our discussion of the transformation of stress will deal mainly with plane stress, i.e., with a situation in which two of the faces of the cubic element are free of any stress. If the z axis is chosen perpendicular to these faces, we have a,= 7, = 7, = 0, and the only remaining stress components are u,,u,,and 7, (Fig. 7.2). Such a situation occurs in a thin plate subjected to forces acting in the midplane of the plate (Fig. 7.3). It also occurs on the free surface of a structural element or machine component, i.e., at any point of the surface of that element or component that is not subjected to an external force (Fig. 7.4).



Flg. 7.3



tWc recall lhat T, = rv 7,



= r,, and r,== 7,



flg. 7 2



 Considering in Sec. 7.2 a state of plane stress at a given point Q characterized by the stress components upup and 7, associated with the element shown in fig. 7.5~.you will learn to determine the components u,, cry, and r,,, associated with that element after it has been rotated through an angle 0 about the z axis (Fig. 7.56). In Sec. 7.3, you will determine the value 0, of 0 for which the stresses or.and u, a n , respectively, maximum and minimum; these values of the normal stress are the principal stresses at point Q, and the faces of the corresponding element define the principal plone5 of stress at that point. You will also determine the value 0, of the angle of rotation for which the shearing s m s is maximum, as well as the value of that stress.



In Sac. 7.4, an alternative method for the solution of problems involving the transformatim of plane stress, based on the use of Mohr's circle, will be presented. In Sec. 7.5, the the-dimemionnl state of stress at a given point will be considered and a formula for the d e d n a t i o n of the normal stress on a plane of arbitrary orientation at that point will be developed. In Sec. 7.6, you will consider the rotations of a cubic element about each of the principal axes of stress and note that the corresponding transformations of seess can be described by three different Mohr's circles. You will also observe that, in the case of a state of plane stress at a given point, the maximum value of the shearing stress obtained earlier by considering rotations in the plane of stress does not necessarily m p resent the maximum shearing stress at that point This will bring you to distinguish between in-plane and out-of-plane maximum shearing stresses. 2.44wittdafer-dtrctkmamiatsrmdeTpl%iiTtres%% X m d e T veloped in See. 7.7. To predict whether a material will yield at some critical point under given loading conditions, you will detennine the principal stresses a, and ubat that point and check whether a, u, and the yield strength u,of the material satisfy some criterion. n o criteria in common use are: the marinrum-shearing-strengthcriterion and the maximum-dbtortion-energy criterion. In Sec. 7.8, fracture ctiteria for brittle materials under plane stress will be developed in a similar fashion; they will involve the principal stresses ueand ubat some critical point and the ultimate strength u, of the material. Two criteria will be discussed: the maximum-normal-stresscriterion and Mohr's criterion.



-



 Thin-walled pressure vessels provide an important application of the analysis of plane stress. In Sec. 7.9, we will discuss stresses in both cylindrical and spherical pressure vessels (Figs. 7.6 and 7.7).



Flg. 7.6



Flg. 7.7



Sections 7.10 and 7.1 1 will be devoted to a discussion of the tmnsformation of plane strain and to Mohr's circle for plane stmin. In Sec. 7.12, we will consider the three-dimensional analysis of strain and see how Mohr's circles can be used to determine the maximum shearing strain at a given point. Two particular cases are of special interest and should not be confused: the case of plane stmin and the case of plane stress. Finally, in See. 7.13, we discuss the use of strain gages to measure the normal strain on the surface of a structural element or machine component. You will see how the components e,. e, and y, characterizing the state of strain at a given point can be computed from the measurements made with three strain gages forming a stmin msene. 7.2. TRANSFORMATION OF PLANE STRESS



Let us assume that a stale of plane slress exists at point Q (with



ui= T, = ra = 0). and that it is d e f d by the stress components a, q,,and T, associated with the element shown in Fig. 7 . 5 ~We . propose to determine the stress components my, uf, and T ~ , ,associated with the element after it has been rotated through an angle tJabout the z axis (Fig. 7.56). and to express these components in terms of u, u,,rry.and 8.



 In order to determine the n o d stress ui and the shearing stress exerted on the face perpendicular to the x' axis, we consider a prismatic element with faces respectively perpendicular to the x, y, and x' axes (Fig. 7.84. We observe that, if the area of the oblique face is denoted by M, the areas of the vertical and horizontal faces are respectively equal to M cos@and M [email protected] follows thal the foms exerted on the three faces an as shown in Fig. 7.8b. (No forces are exT~



I -



rSy (AA sin 8)



erted on the triangular faces of the element, since the corresponding nonnal and shearing stresses have all been assumed equal to zero.) Using components along the x' and y' axes, we write the following equilibrium equations:



ZF, = 0:



udM - u,(M cos 8)cos @ - T,(M cos @)sin B -u,(M sin 0) sin B - rq(Msin 0) cos @ = 0 \



 Solving the first equation for u,. and the second for T,.,,, we have u,, = u, cos28



+ uysin28 + 27,



-(ux - my)sin 6 cos 6



7dyy'=



sin 8 cos 8



+ 7,(cos2



8



-



sin28 )



(7.1) (7.2)



Recalling the trigonometric relations cos 28 = cos28 - sin28



sin 26 = 2 sin 8 cos 8



(7.3)



and cos26 =



1 + cos 20



2



sin26 =



1



- CQsm 2



(7.4)



we write Eq. (7.1) as follows: ITx.=



a,



1 +cos28 2



+UY



I - cos 28 2



+ 7, sin 28



Using the relations (7.3). we write Eq. (7.2) as



The expression for the normal stress u+ is obtained by replacing 6 in Eq. (7.5) by the angle 8 90' that the y' axis forms with the x axis. Since cos (28 180") = -cos 28 and sin (28 + 180') = -sin 28, we have



+



+



Adding Eqs. (7.5) and (7.7) member to member, we obtain Since a,= u,,= 0, we thus verify in the case of plane s m that the sum of the normal stresses exerted on a cubic element of material is independent of the orientation of that element.?



 lm&m&msofhad&iraIn



7.3. PRINCIPAL STRESSES; MAXIMUM SHEARING STRESS



The equations (7.5) and (7.6) obtained in the preceding section are the parametric equations of a circle. This means that, if we choose a set of rectangular axes and plot a point M of abscissa ux.and ordinate rdf for any given value of the parameter 0, all the points thus obtained will lie on a circle. To establish this pmperty we eliminate 0 from Eqs. (7.5) and (7.6); this is done by first transposing (u, + uy)/2in Eq. (7.5) and squaring both members of the equation, then squaring both members of Eq. (7.6), and finally adding member to member the two equations obtained in this fashion. We have



Setting



we write the identity 0.9) in the form



ey'



(7.11) (u#- u.~)'+ = R2 which is the equation of a circle of radius R centered at the point C of



abscissa ,a and ordinate 0 (Fig. 7.9). It can be observed that, due to the symmetry of the circle about the horizontal axis, the same result would have been obtained if, instead of plotting M. we had plotted a point N of abscissa ui and ordinate -rfi, (Fig 7.10). This property will be used in Sec. 7.4.



The two points A and B where the circle of Pig. 7.9 intersects the horizontal axis are of special interest: Point A corresponds to the maximum value of the normal stress u*, while point B corresponds to its



 minimum value. Besides, both points correspond to a z m value of the shearing stress rdpThus, the values 0, of the parameter 0 which correspond to points A and B can be obtained by setting r?,, = 0 in Eq. (7.6). We write?



This equation defines two values 29, that are 180' aprut, and thus two values 0, that are 90' apart. Either of these. values can be used to & termine the orientation of the corresponding element (Fig. 7.1 1). The planes containing the faces of the element obtained in this way are called



the principal planes of smss at point Q, and the comsponding values u, and ah of the normal stress exerted on these planes are called the principal strcsses at Q. Since the two values 8, defined by Eq. (7.12) were obtained by setting re = 0 in Eq. (7.6). it is clear that no shearing stress is exon the principal planes. We observe from Fig. 7.9 that u,,=u,+R



and



(7.13)



u,=u,-R



Substituting for rave and R from Eq. (7.10), we write



Unless it is possible to tell by inspection which of the two principal planes is subjected to u, and which is subjected to ah, it is necessary to substitute one of the values 8, into Eq. (7.5) in order to determine which of the two corresponds to the maximum value of the normal stress. Refemng again to the circle of Fig. 7.9, we note that the points D and E located on the vettical diameter of the circle correspond to the largest numerical value of the shearing stress rfp Since the abscissa of points D and E is ulw = (ux+ uy)/2.the values 0, of the parameter 8 corresponding to these points are obtained by setting u? = (u, u,)/2



+



-



f'lbm relation can also k oblaincd by diKemtiaing v3 in Eq. (75)a d se#ing the dcriMivc squsl to m:&.'/dB 0.



 in Eq. (7.5). It follows that the sum of the last two terms in that equation must be zero.Thus, for 8 = 8, we writet ox



-uy 2



cos 28,



+



7,



sin 28, = 0



This equation defines two values 28, which are 180' apart, and thus two values 8, which are 90' apart. Either of these values can be used to determine the orientation of the element corresponding to the maximum shearing stress (Fig. 7.12). Observing from Fig. 7.9 that the maximum value of the shearing stress is equal to the radius R of the circle, and recalling the second of Eqs. (7.10), we write



*-



=



,,/mi



f3g. 7.12



A s observed earlier, the normal s a s s corresponding to the condition of maximum shearing stress is



Comparing Eqs. (7.12) acd (7.15), we note that tan 28, is the negative reciprocal of tan 28,. This means that the angles 28, and 28, are 90" apart and, therefore, that the angles 8, and 8, an 45" apart. We thus conclude that the planes of maximum shearing stress are at 45' to the principal planes. This confirms the nsults obtained earlier in Sec. 1.12 in the case of a centric axial loading (Ftg. 1.40) and in Sec. 3.4 in the case of a torsional loading (Fig. 3.20.) We should be aware that our analysis of the transformation of plane stresJ has been limited to rotations in the plane of stress. If the cubic element of Rg. 7.7 is rotated ahout an axis other than the z axis, its faces may be subjected to shearing stresses larger than the stress defined by Eq. (7.16). A s you will see in Sw. 7.5, this occurs when the principal stresses defined by Eq. (7.14) have the same sign, i.e., when they are either both tensile or both compressive. In such cases, the value given by Eq. (7.16) is referred to as the maximum in-plane shearing stress. !This relation may also b.obtained by diflcrcntiating y, in Eq. (7.6) .ndw i n g ibc de IiMtivc .slulto EUO: dl1(,/& = 0.



 L



For the state of plane stress shown in Fig. 7.13, determine (a) the principal planes, ( b ) the principal stresses, (c) the maximum shearing stress and the corresponding normal stress.



(c) Maxlmum Shearing Stress. Formula (7.16) yields



7 -.



1



Fig. 7.13



(a) Prlnclpal Planes. Following the usual sign convention, we write the stress components as



u,=+50MPa



u,=-l0MPa



=



d m =



d30)'



+



= 50 MPa



Since u,, and om,have opposite signs, ihe value obtained for r. actually represents the maximum value of the shearing stress at the point considered. The orientation of the planes of maximum shearing stress and the sense of the shearing sasses are best determined by passing a section along the diagonal plane AC of the element of Fig. 7.14. Since the faces AB and BCof the element are contained in the principal planes. the diagonal plane AC must be one of the planes of maximum shearing stress (Fig. 7.15). Furthermore, the equilibrium conditions for the prismatic element ABC require that the shear-



~,=+40MPa



Substituting into Eq. (7.12). we have



.



28, = 53.1' 8, = 26.6'



and and



,



180' + 53.1" = 233.1' 116.6"



(b) Principal Stresses. Formula (7.14) yields



= 20 ir fl30)1+ (40)2 = 20 50 = 70 MPa



u, + om,.= 20 - 50 = -30 MPa



The principal planes and principal stresses are sketched in Fig. 7.14. Making 8 = 26.6" in Eq.(7.5). we check that the n o d stress exerted on face BC of the element is the maximum stress: 50 - 10 ul. = - 50 lo cos 53.1" + 40 sin 53.1" 2 2 = 20 + 30 cos 53.1" + 40 sin 53.1' = 70 MPa = urn,



+-



+



ing stress exerted on AC be directed as shown. The cubic element comsponding to the maximum shearing stress is shown in Fig. 7.16. The normal stress on each of the four faces of the element is given by Eq. (7.17): u' = ram =



2



=--5 0 - 1 0 - 20 MPa



2



 SOLUTION Force-Couple System. We replace the force P by an equivalent forcecouple system at the center C of the transverse section containing point H: P = 150 lb



. .



T = (150 lb)(18 in.) = 2.7 kip in. M, = (150 lb)(10 in.) = 1.5 kip in.



a. Stresses u ~u, , rmat Pobt & Using the sign convention shown in Fig. 7.2, we determine the sense and the sign of each stress component by cam fully examining the sketch of the force-couple system at point C. (1.5 kip in.)(0.6 in.) Mc us=o u =+-=+ u, = f8.84 ksi 4 I (0.6 in.r Tc (2.7 kip in.)(0.6 in.) 7-= = 7 , . = + 7.96 ksi 4 J C(O.6 in.)'
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fir
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+-



+



.



We note that the shearing f m P does not cause any shearing stress at point H.



b. Prindpal Planes and Principal Stresses. Substituting the values of



the sw wmpnents into Eq. (7.12). we determine the orientation of the prin-



-



f a#! = 8.84 ksi q,, = i.%ksi



cipal planes: 2rm



28,=-61.0"



T



2(7.%)



-tan 28, = -u - u, 0



- 8.84 = -1.80



and



180"-61.0°=+1190 8, = -30.5" and +59S0 4



Substituting into Eq. (7.14). we determine the magnitudes of the principal sfMBeS:



/ a,,, = 13.52 ksi u , = + 13.52 ksi 4 a,, = -4.68 ksi 4



Considering face 06 of the element shown, we make 0, = -30.J0 in Eq. (7.5) and 6nd ud = -4.68 ksi. We conclude that the principal smsses are as shown.



-$



 PROBLEMS



I



7.1 through 7.4 For the given state of stress, determine the normal and shearing stresses exened on the oblique face of the shaded triangular element shown. Use a method of analysis based on the equilibrium of that element, a3 was done in the derivations of Sec. 7.2.



I Fig. P7.2 7.5 through 7.8 For the given state of saess, d-ne pal plaws, (b) the principal stresses. Flg. W.1



112 ksi



Flg. Plb and P7.8



I flg. P7.3 (a)the pdnci-



1 I0 ksi



Fig. P7.6 and P7.10



Fig. P7.7 and ~7.11



7.9 through 7.12 For the given state of SVCSS, determine (a) the orientation of the planes of maximum in-plane shearing stress, (b)the maximum in-plane shearing stress, (c) the corresponding n d stnss. 7.13 through 7.16 For the given state of stress, determine the n d and shearing saesses after the element shown has b&n rotated through (a)25' clockwise, (b) 10' wunterelockwii.



flg P7.13



FIg. P7.E and P7.12



 7.17 and 7.18 The grain of a wooden member forms an angle of 15" with the vertical. For the state of stress shown. debmine (a)the in-plane shearing smss parallel lo the grain, (b) the normal stress perpendicular to the grain.



7.19 The cenaic force P is applied to a short post as shown. Knowing that the stresses on plane a-a are o = -15 ksi and T = 5 ksi, determine (a) the angle /3 that plane a a forms with the haiwntal. (b) the maximum cumpressive stress in the post.



50 tnm -



7.20 ' h a members of uniform cross section 50 X 80 mm are glued together along plane 0-4, that forms an angle of 25" with the horizontal. Knowing that the Plowable stresses for the glued joint are o = 800kF'a and T = 600 kPa, determine the largest axial load P that can be applied. 7.21 lWo steel plales of uniform cross section 10 X 80 mm are welded together as shown. Knowing that centnc 100-kN forces are applied to the welded plates and that p = 25", determine (a)the in-plane shearing strcss parallel to the weld. (b) the nonnal s a s s perpendicular to the weld.



7.22 'No steel plates of uniform cross section 10 X 80 mm are welded togeUter as shown. Knowing that m a i c 1WkN forces arc applied to the



welded plates and that the in-plane shearing s a s s parallel to the weld is 30 MPa. determice (a) the angle 8. (b) the comsponding normal strcss perpendicular to the weld.



 7.23 The steel pipe A B has a 102-mm outer diameter and a d m m wall thickness. Knowing that arm CD is rigidly attached to the pipe, determine the principal stresses and the maximum shearing stress af point H.



-Fig. P7.23 and P7.24



7.24 The steel pipe A B has a 102-mm outer diameter and a 6-mm wall thickness. Knowing that arm CD is rigidly attached to the pipe, determine the principal stresses and the maximum shearing strcss at point K. 7.25 A 400-lb vertical force is applied at D to a gear attached to the solid one-inch diameter shaft AB. Determine the principal stresses and the maximum shearing smss at point H located as shown on top of the shaft.



C4M)lb Fig. P7.25



7.26 A mechanic uses a crowfoot wrench to loosen a bolt at E. Knowing that the mechanic applies a vertical 24-lb force at A, determine the principal stresses and the maximum shearing stress at point H located as shown on top of the :-in. diameter shaft. 7.27 For the state of plane stress shown, determine the largest value of for which the maximum &plane shearing stress is equal to or less than 15 ksi.



 7.28 For the state of plane s a s s shown,determine (a) the largest value of T~ for which the maximum in-plane sh&g stress is equal a less than 12 ksi. (b)the com8pondiog principal stresses.



7.29 Detennim the range of valucs of u, for which the maximum inplane shearing stress is equal to a less than 50 MPa.



( 75 MPa



t



Fig. P1.30



7.30 For the state of plane strss shown,determine (a) the value of T, for which the in-plane shearing stress parallel to the weld is zero, (b) the corresponding principal stnsses.



7.4. MOHR'S CIRCLE FOR PLANE STRESS



The circle used in the preceding section to derive some of the basic formulas relating to the transformation of plane stress was tirst introduced by the German engineer Otto Mohr (1835-1918) and is known as Mohr's circle for plane stress. As you will see prexntly, this circle can be used to obtain an alternative method for the solution of the various problems wnsidered in Secs. 7.2 and 7.3. This method is based on simple geometric considerations and does not q u i r e the use of specialized formulas. While originally designed for graphical solutions, it lends itself well to the use of a calculator,



 REVIEW AND SUMMARY FOR CHAPTER 7



1



he ~t &ot"tb;ls chapter was devoted to a study of the tmnsfomtntion ofstra~stinder a mtalim of ax8 and to its application to the solution of engineerink problems, and the second part to a aimilar study of the trenrfbrmation af strain.



Fig. 7.6



Transformation of plane stress
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Considcrjng f h t a state of plane slress at a given poht Q [St%. 7.21 and de-g by uM v,, and 7, the stress c o ~ n e n t assbcis ated with the element shown in Fig. 7.5% we derived the followiag formulas d d i h g the components ad, my, and i,, associated . with that element after it had been rotated h g h an angle 0 about the z axis (Pig. 7.5b):



Ze - ~ , s i n E (7.7) (7.6) e angle of rotation values of the nor(7.12)



(Fig: 7.11) @define



.Tbe wrmspondiag value8



 l3wbwndSumuNtwMuptr7



Principal planes. Principal stresses



We also noted that the coPrespoading value of the shearing stress is m. Next, dte detcmlned the v a k 0, of the angle B for which ihe b e s t value of h e shearing stnss 6ccms.We wrote . . , .. .,, ;,a=:ur., ; .,:.! , , . .: . ,. ,, . . ., , . . . , , . .. ,..:>21. w , , , ,:.,. ~.. . '::.' ,. . '
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'@ two vald& 'odt&d f&&& 90' ' a ( F~~7.12). , We @o mti4ihat the p l a d ' b f mqxbiurn shearingsttlss am at 45' to the @ci@ plaqes. The maximufn val5,of, the slidfig stress for a mtahon w the . p h of stress b .. ,, . ' , , ' , . .



x "a-



,



,



, ,,



,



,



,



"'



and the corresponding value Of the ~mnnalstresses is



Maximum in-plane shearing stress



We saw in Sec. 7.4 that Mohr's c i ~ l provides e an alternative method, based on simple geometric considerations, for the anaIysis



Mohh clrcle for stress
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of the tmmfoddh of plane stress. Given the state of stress s h n in black in Mg. 7.176 we plot point X of modinate8 0,-T, and point Y of coordinates a, ,+ : Fig. 7.176). Drawing the circle of d i m XX we obtain Mohr s ckje. Tbz abscissas of the points of intersection A and B of thc≤ the horkwtal axis reprwent the principal stresses, and the angle of tpta(ion brin&g the diter XY into AB is twice the angle 6, detlag the -pal p h e $ in Fig. 7.176 with tloth-angleshaving the same MU@. We also noted that diameter DE defines the..-m~rnuqsheaflpg , -, > , , .. stress and the orientation of the conmpondiq &a&. it J . iy 1%) @Irample 7.02,Sam. , ". i'8f.i.. '.+'
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Flg. 7.106
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.&, qst&a ,-,&. components [w:z,hoyd hat the%ZtZssm of arbitrary otrcniation'cnn be exoressed as a auadradc form of mZ d W Q d k e s of the n m a l that plane. b& p@va & e&,
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flg. 7.37.



Yield criteria for ductile materials
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if itfalls outside, the component Will fail. The area used with tk.m&muq-shag-strength criterion is shown in Fig. 7AO and the area used wi& the 7.41. We note &at both areas d shengtb vp of the m t d a l . , , . . , ,. .-^1
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Fig. 7.476



Cylindrical pressure vessels



Spherical pressure vessels
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Transformation of plane strain



Mohr's circle for strain $7 2
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Strain gages. Strain rosette
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 Analysis and Design of Beams for Bending



The beams supporting the multiple overhead cranes system shown in this picture are subjected to transverse loads causing the beams to bend. The normal stresses resulting from such loadings will be determined in this chapter.



 Analy.*



W



n 01-9



wing



5.1. INTRODUCTION This chapter and most of the next one will be devoted to the analysis and the design of beams, he., structural members supporting loads applied at various points along the member. Beams are usually long, straight prismatic members, as shown in the photo on the previous page. Steel and aluminum beams play an important part in both structural and mechanical engineering. Timber beams are widely used in home construction (Rg. 5.1). In most cases, the loads are perpendicular to the axis of the beam. Such a transverse loading causes only bending and shear in the beam.When the loads are not at a right angle to the beam, they also produce axial forces in the beam.



The transverse loading of a beam may consist of concentmed lmds



PI, P2... . ,expressed in newtons, pounds, or their multiples, kilonewtons (a) Concentrsted lopdr



w



A



(b)Distributed load Fig. 5 2



and kips (Fig. 5 . 2 ~ of ) . a distributed load w, expressed in N/m, kNIm, Iblft, or kip* (Fig. 5.2b), or of a combination of both. When the load w per unit length has a constant value over part of the beam (as between A and B in Fig. 52bL the load is said to be un$ormly distributed o ~ e that r pan of the beam. Beams am classified according to the way in which they are supported. Several types of beams frequently used are shown in Fig. 5.3. The distance L shown in the various parts of the figure is called the span. Note that the reactions at the supports of the beams in parts a, b. and c of the figure involve a total of only three unknowns and, therefore, can be determined by



(a) Simply supported beam



(b)Overhangingbeom



(c) Cantilever beam



( d )Continuous beam



(a) Beam Axed at one end



(/) Fixed beam



StahcPUy



Indeterminate



Beams



and simply supparted at the dher end
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the methods of statics. Such beams are said to be statically deteI7ni~teand will be discussed in this chapter and the next. On the other hand, the reactions at the supports of the beams in parts d, e, and f of Rg. 5.3 involve more than three unknowns and cannot be determined by the methods of statics alone. The properties of the beams with regard to their resistance to deformations must be taken into consideration. Such beams are said to be sfatically mdetemiwte and their analysis will be postponed until Chap. 9, where deformations of beams will be discussed. Sometimes two or more beams are connected by hinges to form a single continuous structure. ' h o examples of beams hinged at a point Hare shown in Fig. 5.4. It will be noted that the reactions at the supports involve four unknowns and cannot be determined from the free-body diagram of the two-beam system. They can be determined, however, by considering the free-body diagram of each beam separately; six unknowns are involved Ag. 6.4 (including two force components at the hinge), and six equations are available. It was shown in Sec. 4.1 that if we pass a section through a point C of a cantilever beam supporting a concentrated load P at its end (Fig. 4.6), the internal faces in the section are found to consist of a shear force P' equal and opposite to the load P and a bending couple M of moment equal to the moment of P about C. A similar situation prevails for other types of supports and loadings. Consider, for example, a simply supported beam AB carrying two concentrated loads and a uniformly distributed load (Fig. 5.5a).To determine the internal forces in a sectron through point C we first draw the free-body diagram of the entire beam to obtain the reactions at the supports (fig. 5.56). F'assing a section through C, we then draw the free-body diagram of AC (Fig. 5.5~).from which we determine the shear force V and the bending couple M. The bending couple M creates n o r d stnsses in the cross section, while the shear force V creates shearing stresses in that section. In most cases the dominant criterion in the design of a beam for strength is the maximum value of the normal stress in the beam. The determination of the normal stresses in a beam will be the subject of this chapter, while shearing stresses will be discussed in Chap. 6. Since the distribution of the normal stresses in a given section depends only upon the value of the bending moment M in that section and the geomehy of the section,? the elastic flexure formulas derived in Sec. 4.4 can be used to determine the maximum stress, as well as the stress at any given point, in the section. We write*



--



where I is the moment of inertia of the cross section with respect to a centroidal axis perpendicular to the plane of the couple, y is the distance from the neutral surface, and c is the maximum value of that distance (Fig. 4.13). We also recall from Sec. 4.4 that, introducing the elasth is assumed lhst thc dwibution of h e norm4 sasses in a given cmss section is nol affstcd by the deformations u r u d by the shcming smJscs. This asaumptim will be veri-



/



fied in Ss.6.5. #We W e ! from Sec. 4.2 thm M can be positive or negative, depcoding upon whether t k concavity of the beam at the point wnsidcnd faces upward or downward. Thus, in thc asc mnsider.4 here of a epaswse loading, the sign ofM can vary along the beam. since, on thc other hand, o . is a positive quantity, the absolute value of M is urcd in Eq. (5.1).
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tic m i o n modulus S = I/c of the beam,the maximum value urn of the normal stress in the section can be expressed as w



The fact that urnis inversely proportional to S underlines the importance of selecting beams with a large section modulus. Section moduli of various rolled-steel shapes are given in Appendix C, while the section modulus of a mctangular shape can be expressed, as shown in Sec. 4.4, as



where b and h are, respectively, the width and the depth of the cross section. Equation (5.3) also shows that, for a beam of uniform cross section, a, is proportional to 1441 : Thus, the maximum value of the normal seess in the beam occurs in the section where JMI is largest. It follows that one of the most important paas of the design of a beam for a given loading condition is the determination of the location and magnitude of the largest bending moment. This task is made easier if a bending-momem diagmm is drawn, i.e.. if the value of the bending moment M is determined at various point8 of the beam and plotted against the distance x measured from one end of the beam. It is M e r facilitated if a shear diagram is drawn at the same time by plotting the shear V against x The sign convention to be used to record the values of the shear and bending moment will be discussed in Sec. 5.2. The values of V and M will then be obtained at various points of the beam by drawing free-body diagrams of successive portions of the beam. In Sec. 5.3 relations among load, shear, and bending moment will be derived and used to obtain the shear and bending-moment diagrams. This approach facilitates the determination of the largest absolute value of the bending moment an4 thus, the determination of the maximum normal stress in the beam. In Sec. 5.4 you will learn to design a beam for bending, i.e., so that the maximum normal stress in the beam will not exceed its allowable value. As indicated earlier, this is the dominant criterion in the design of a beam. Another method for the determination of the maximum values of the shear and bending moment, based on expressing V and M in terms of singularifyfunctions, will be discussed in Sec. 5.5. This approach lends itself well to the use of computers and will be expanded in Chap. 9 to facilitate the determination of the slope and deflection of beams. Finally, the design of nonprismatic beam, i.e., beams with a variable moss section, will be discussed in Sec. 5.6. By selecting the shape and size of the variable cmss section so that its elastic section modulus S = I/c varies along the length of the beam in the same way as IMI, it is possible to design beams for which the maximum normal stress in each section is equal to the allowable stress of the material. Such beams are said to be of constant stnngth.
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5.2. SHEAR AND BENDING-MOMENT DIAGRAMS



As indicated in Sec. 5.1, the determination of the maximum absolute values of the shear and of the bending moment in a beam are greatly facilitated if V and M are plotted against the distance x measwed from one end of the beam. Besides, as you will see in Chap. 9, the knowledge of M as a function of x is essential to the determination of the deflection of a beam. In the examples and sample problems of this section, the shear and bending-moment diagrams will be obtained by determining the values of V and M at selected points of the beam. These values will be found in the usual way, i.e., by passing a section through the point where they are to be determined (Fig. 5 . 6 ~ and ) considering the equilibrium of the portion of beam located on either side of the section (Fig. 5.66). Since the shear forces V and V' have opposite senses, m r d i n g the shear at point C with an up or down arrow would be meaningless, unless we indicated at the same time which of the free bodies AC and CB we are considering. For this reason, the shear V will be recorded with a sign: a plus sign if the shearing forces are directed as shown in Fig. 5.66, and a minus sign otherwise. A similar convention will apply for the bending moment M. It will be considered as positive if the bending couples are directed as shown in that figure, and negative otherwise.t Summarizing the sign conventions we have presented, we state: The shear V and the bending moment Mat a given point of a beam are said to be positive when the internal forces and couples acting on each portion of the beam are directed as shown in Fig. 5 . 7 ~ . These conventions can be more easily remembered if we note that



1. The shear at any given point of a beam is positive when the external forres (loads and reactions) acting on the beam tend to shear off the beam at that point as indicated in Fig. 5.7b. 2. The bending moment at any given point of a beam is positive when the external forces acting on the beam tend to bend the beam at that point as indicated in Fig. 5 . 7 ~ . It is also of help to note that the situation described in Fig. 5.7, in which the values of the shear and of the bending moment are positive, is precisely the situation that occurs in the left half of a simply s u p ported beam carrying a single concentrated load at its midpoint. This particular case is fully discussed in the next example.



( 0 ) Internal farces (positive shear and paaitlve bending moment)



(b) Effm of external f o r w (positive ohear)
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tNUc lhpt this anvmtion is lhe same thst we used cailia in Soc. 4.2
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Elfed of eatemal forces



(paltive bending moment)



 Draw the shear and bending-moment diagrams for a simply supwned beam AB of span L subjected lo a single - concenw&d load P at it midpoint C (Fig:5.8).



We first determine the reactions at the supports from the free-body diagram of the entire beam (Fig. 5 . 9 ~ )we ; find that the magnitude of each reaction is equal lo P/Z.



Next we cut the beam at a point D between A and C and draw the hce-body diagrams of AD and DB (Fig. 5.96). Assuming that shear and bending moment arepositive, we direct the internal forces V and V' and the internal couples M and M' as indicated in Pig. 5.70. Considering the free body AD and writing that the sum of the vertical component$ and the sum of the moments about D of the forces acting on the free body are zero, we find V = +P/2 and M = +Px/Z. Both the shear and the bending moment are therefore positive; this may be checked by observing that the reaction at A tends to shear off and to bend the beam at D as indicated in Figs. 5.7b and c. We now plot Vand M between A and C (Figs. 5.9d and e); the shear has a constant value V = PIZ, while the bending m* ment increases linearly from M = 0 at x = 0 lo M = PL/4 at x = L/2.



Cutting, now, the beam at a point E between C and B and considering the free body EB (Fig. 5 . 9 ~ )we . write that the sum of the vertical components and the sum of the moments about E of the forces acting on the free body are zero. We obtain V = -P/2 and M = P(L - x)/Z. Tbe shear is therefore negative and the bending moment positive; this can be checked by observing that the reaction at B bends the beam at E as indicated in Fig. 5 . 7 ~but tends to shear it off in a manner o p posite to that shown in Fig. 5.76. We can complete, now, the shear and bending-moment diagrams of Figs. 5.9d and e; the shes has a constant value V = -P/2 between C and B, while the bending moment declinearly from M = PL/4 at x=L/2toM=Oatx=L.
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We note from the foregoing example that, when a beam is subjected only to concentrated loads, the shear is constant between loads and the bending moment varies linearly between loads. In such situations, therefore, the shear and bending-moment diagrams can easily be drawn, once the values of V and M have been obtained at sections selected just to the left and just to the right of the points where the loads and reactions are applied (see Sample Prob. 5.1).



Draw the shear and bending-moment diagrams f a a cantilever beam AB of span L supporling a uniformly distributed load w (Fig. 5.10).



We cut the beam at a point C between A and B and draw the freebody diagram of AC (Fig. 5.11a), directing V and M as indicated in Fig. 5.7a. Denoting by x the distance from A to C and replacing the distributed load over AC by its resultant wx applied at the midpoint of AC, we write



We note that the shear diagram is represented by an oblique straight line (Fig. 5.1 lb) and the bending-moment diagram by a parabola (Fig. 5.1 Ic). The maximum values of Vand M both occur at B, where we have



6.2. Shew and -h~-Mo-
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For the timber beam and l o d i g shown, draw the shtar and bending-mome* diagrams and d e l e d m the maximum normal stress due to bending.



Reactions. Conq&?@agthe entire beam as a free body, we find



Rs=40



k~'?



R D = 14 kNT



(accodmg to the standard convention), we write



-2OkN- v, = o (20kN)(Om)+M,=O



-2okN-



MI=O



v,=o



The shear and bending moment at sections 3. 4, 5, and 6 are determined in a similar way from the free-body diagrams shown. We obtain



V3=+26kN V,= +26kN V5=-14kN V6=-l4kN



For several of the l a m sections, the results may be more easily obtained by considering as a free body the pottion of the beam to the right of the section. For example. for the portion of the beam to the right of section 4, we have



V4=+26kN M4=+28kN.m



S = bh' = (0.080 m)(0.250 m)2 = 833.33 X



Substituting this value and



WI = (M,( = 50 X



~/



,



M,=-50kN.m M4= +28kN.m M5= +28kN.m M6=0



V,-40kN+14kN=O -M4+(14kN)(2m)=0



., -



m3



10' N m into Eq. ($3@



= 60.00 X lo6 Pa



.
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 PROBLEMS



5.1 through 5.8 Draw the shear and bending-moment diagrams for the beam and loading shown.



I-LI



Flg. PS.2 and P6.8



~ l gP5.1 . and ~ 5 . 7



LL--4 Flg. P5A and P6.10



Hg. P6.3 and P6.S



L



L



Flg. P6.6 and P5.11



.



4



I-----L----A Flg P6.6 and P6.12



5.7 through 5.12 Determine the equations of the shear and bendingmoment curves for the beam and loading shown. (Place the origin at point A.)



V'



 5.13 and 5.14 Draw the shear and bending-moment diagrams for the beam and loading shown, and determine the maximum absolute value (a) of the shear, (b) of the bending moment.



Dimensions in mm



Fig. PS.14



5.15 end 5.16 Draw the shear and bending-moment diagrams for the beam and loading shown, and determine the maximum absolute value (a) of



the shear, (b) of the bending moment.



5.17 and 5.18 Draw the shear and bending-moment diagrams for the beam and loading shown. and determine the maximum absolute value (a) of the shear, (b) of the bending moment.



I.



Dimendons in mm



6 2in.



I



I



' Izin. ' i s i n . '



flg. Pdl8



 5.19 end 5.20 Assuming the upward reaction of the ground to be uniformly distributed, draw the shear and bending-moment diagrams for ihe beam AB and determine the maximum value (a) of the shear, (b) of the bending moment.



~ M d ~ n o f E I e a m a f c i ~ p



5.21 F w the beam and loading shown, determine the maximum normal suess on a m s v e r s e section at C.



I.



'1.5m



'



I.



l.5m'



2.2m



Fig. M.21



5.22 For the beam and loading shown, detenninc the maximum normal stress on a transverse section at the center of the beam. 5.23 For the beam and loading shown, detennine the maximum normal stnss on section a-a.



30 kips 30 kips



& 5 ~ 0 . ~ ~ m = 4 m I



Flg. P5.23



5.24 For the beam and loading shown, determine the maximum normal stress due to bending on a transverse section at C.



-



 Z5 25 10 10 10 kN kN kN kN kN



I



SOW X 27.4 6 @ 0.375m = 2.25 m



Fig. P626



5.25 and 5.26 For the beam and loading shown, determine the maximum normal stress on a tcansversc section at C. 5.27 Draw the shear and bending-moment diagrams for the beam and loading shown and determine the maximum nonnal s a s s due to bending.



20 kN



I



B



A



W380 X 64



5.28 and 5.29 Draw the shear and bending-moment diagrams for tbe barn and loading shown and determine the maximum nonnal stress due to bending.



Fig. PS.27



Sl2 X 35



eft Flg. P529



5.30 Knowing that W = 3 kips, draw the shear and bending-moment diagrams for beam AB and derermine the maximum normal shrss due to bending.
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5.31 and 5.32 Draw the shear and bending-moment diagrams for the bwn and loading shown and determine the maximum normal strcss due to



bending.



5.33 Determine (a) the distance a for which the maximum absolute value of the bending moment in the beam is as small as possible, (b)the corresponding maximum normal stress due to bending. (Hinf: thaw the bendingmoment diagram and then equate the absolute values of the largest positive and negative bending moments obtained.)



5.34 For the beam and loading shown, determine (a) he. distance a for which the maximum absolute value of the bending moment in the beam is as small as possible. (b) the wmsponding maximum normal stress due to bending. (See hint of Prob. 5.33.)



5.35 Determine (a) the magnitude of the counterweight W for which the maximum absolute value of the bending moment in the beam is as small as possible, (b) the wmsponding maximum normal sass due to bending. (See hint of Pmb.5.33.)



-
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5.36 For the beam and loading shown, determine (a) the distance a for which the maximum absolute value of the bending moment in the beam is as small as possible, (b) the corresponding maxlmum normal strcss due to bending. (See hint of Pmb. 5.33).



'
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I



' 1.5 R



Fig. w.36
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5.37 and 5.38 Draw the sshear and bending-moment diagrams for the beam and loading shown and detennim the maximum n o d s a s s due to bending.



5.39 A solid steel bar has a square cross section of side b and is s u p ported as shown. Knowing that for steel p = 7860 kg/m3, determine the dimension b of the bar for which the maximum normal stress due to bending is (a) 10 MPa, (b)50 MPa.



5.40 A solid steel md of diameter d is supporied as shown. Knowing that for steel y = 490 lb/ft3, determine the smallest diameter d that can be used if the normal stress due to bending is nM to exceed 4 ksi.



 W d a and Design d Beams hn BendlnQ



5.3. RELATIONS AMONG LOAD, SHEAR, AND BENDING MOMENT



When a beam carries more than two or three concentrated loads, or when it carries distributed loads, the method outlined in Sec. 5.2 for plotting shear and bending moment can prove quite cumbersome. The construction of the shear diagram and, especially, of the bendingmoment diagram will be greatly facilitated if certain relations existing among load, shear, and bending moment are taken into consideration. Let us consider a simply supported beam AB carrying a distributed load w per unit length (Fig. 5.12a). and let C and C' be two points of the beam at a distance Ax from each other. The shear and bending moment at C will be denoted by V and M, respectively. and will be assumed positive; the shear and bending moment at C will be denoted byV+AVandM+AM. We now detach the portion of beam CC' and draw its free-body diagram (Fig. 5.12b). The forces exerted on the free body include a load of magnitude w Ax and internal forces and couples at C and C'.Since shear and bending moment have been assumed positive, the forces and couples will be directed as shown in the figure.



-



Relations between Load and Shear. Writing that the sum of the vertical components of the forces acting on the free body CC' is zero, we have



+my = 0:



V-(V+AV)-wk=O AV = -w Ax



Dividing both members of the equation by Ax and then letting Ax appmach zero, we obtain



Equation (5.5) indicates that, for a beam loaded as shown in Fig. 5.124 the slope dV/& of the shear curve is negative; the numerical value of the slope at any point is equal to the load per unit length at that point. Integrating (5.5) between points C and D, we write (5.6)



Ve - V , = -(a&



under load curve batween C and D)



(5.6')



Note that this result could also have been obtained by considering the equilibrium of the portion of beam CD,since the area under the load curve represents the total load applied between C and D. It should be observed that Eq. (5.5) is not valid at a point where a concentrated load is applied, the shear curve is discontinuous at such a point, as seen in Sec. 5.2. Similarly, Eqs. (5.6) and (5.6') cease to be valid when concentrated loads are applied between C and D,since they do not take into account the sudden change in shear caused by a concentrated load. Equations (5.6) and (5.6'). therefore, should be applied only between successive concentrated loads.



-



 -



Relations between Shear and Bending Moment. Returning to the free-body diagram of Fig. 5.12b. and writing now that the sum of the moments about C' is zero, we have



Dividing both members of the equation by Ax and then letting Ax approach zero, we obtain



Equation (5.7) indicates that the slope dM/& of the bending-moment curve is equal to the value of the shear. This is true at any point where the shear has a well-defined value, i.e., at any point where no wncentrated load is applied. Equation (5.7) also shows that V = 0 at points where M is maximum. This pmperty facilitates the determination of the points where the beam is likely to fail under bending. Integrating (5.7) between points C and D, we write



M,-M,=



b



I" r



Vdr



Note that the area under the shear curve should be considered positive where the shear is positive and negative where the shear is negative. Equations (5.8) and (5.8') are valid even when concentrated loads are applied between C and D, as long as the shear curve has beco correctly drawn. The equations cease to be valid, however, if a couple is applied at a point between C and D, since they do not take into account the sudden change in bending moment caused by a couple (see Sample Prob. 5.6).



Draw the shear and bending-moment diagrams for the simply supported beam shown in Fig. 5.13 and determine the maximum value of the bending moment. Fmm the free-body diagram of the entire beam, we determine the magnitude of the d o n s at the suppm.



Next, we draw the shear diagram. Close to the end A of the beam,the shear is equal to RA.Umt is, to &L, as we can cbeck by considering as a fres body a vgy small @on of Lhe beam. b
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 Using Eq. (5.6), we then determine the shear Vat any distance from A: we write



x



The shear curve is thus an oblique straight Line which crosses thcx axis at x = L/2 (Fig. 5.140). Considering. now, the bending moment, we fust observe that MA = 0.The value M of the bending moment at any distance x fmm A may then be obtained from Eq. (5.8); we have M-MA= M=



k d l



I



w(~L-x)dr=&(~x-~?)



The bending-moment curve is a parabola. The maximum value of the bending moment occurs when x = L/2, since V (and thus dMldr) is zero for that value of x. Substituting x = Ll2 in the last equauon, we obtain M,, = wL2/8 (Fig. 5.146).



In most engineering applications, one needs to know the value of the bending moment only at a few specific points. Once the shear diagram has been drawn, and after M has been determined at one of the ends of the beam, the value of the bending moment can then be obtained at any given point by computing the area under the shear curve and using Eq. (5.8'). For instance, since M A = 0 for the beam of Example 5.03, the maximum value of the bending moment for that beam can be obtained simply by measuring the area of the shaded triangle in the shear diagram of Fig. 5.14a. We have 1 LwL



'urn=---=22 2



-



wL2 8



We note that, in this example, the load curve is a horizontal straight line, ihe shear curve an oblique straight line, and the bending-moment curve a parabola. If the load curve had been an oblique straight line (fist degree), the shear curve would have been a parabola (second degree) and the bending-moment curve a cubic (thud degree). The shear and bending-moment curves will always be, respectively, one and two degrees higher than the load curve. With this in mind, we should be able to sketch the shear and bending-moment diagrams without aCNally determining the functions V(x) and M(x), once a few values of the shear and bending moment have been computed. The sketches obtained will be more accurate if we make use of the fact that, at any point where the curves are continuous, the slope of the shear curve is equal to -w and the slope of the bending-moment curve is equal to V.



-
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SAMPLE PROBLEM 5.3



1.5brgfi



Draw the shear and bending-moment diagram for the beam and loading shown. E



SOLUTION Reactions.



Considering the entire beam as a free body, we write



+qm4 = 0:



D(24 ft)-(20 kips)(6 R) - (I2 kips)(l4 ft) - (I2 kips)(28 A) = 0 D = +26 kips D = 26 kips? +? ZF, = 0: A, - 20 kips - 12 kips 26 kips 12 kips = 0 A, = + I 8 kips A, = 18 kips? i ZF, = 0: A, = 0 A, = 0



+



E



-



We also note that at both A and E the bending moment is zero; thus two points (indicated by dots) are obtained on the bendiig-moment diagram. Shear Diagram Since dV/& = -w, we find that between cmcentrated loads and reactions the slope of the shear diagram is zero (i.e., the shear is conslant). The shear at any point is determined by dividing the beam into two parts and considering either pmi as a free body. For example, using the portion of beam m the IeA of section I, we obtain the shear between B and C:



I



1



We also find that the shear is + 12 kips just lo the right of D and 2uo at end E. Since tie slooe dWdr . = -w is constant belween D and E. the shear diaaam between these two points is a straight line.



-



.



Bending-Moment Diagram. We w a l l that the area under the shear curve belween two points is equal to the change in bending moment between the same hvo points. For convenience, the area of each portion of the shear diagram 1s computed and is indicated in parentheses on the diagram. Since the bending moment MAat the left end is known to be zem, we wnte MB-MA=+108 Mc-MB=-16 MD-M,=-I40 ME - MD = +48



-4a



M B = +lOBlap.ft Mc=+92kip-A MD=-48kip.ft ME = 0



Since ME is known tobe a m ,acheclioflberomputariens kWe& Between the concentrated loads and reactions the shear is constant; thus. the slope dM/& is constant and the bending-moment diagram is drawn by connecting the known points with straight tines. Between D and E where the shear diagram is an oblique straight line, the bendiig-moment diagram is a parabola. From the V and M diagrams we note that V,, = 18 kips and M, = 108 kip. ft.



 SAMPLE PROBLEM 5.4



20 kN/m



The W360 X 79 rolled-steel beam AC is simply supported and carries the uniformly distributed load shown. Draw the shear and bending-moment dingtams for the beam and determine the location and magnitude of the maximum normal stress due to bending.



Reactions. Cmsideaing the entire beam as a free body, we find



-- .. .. ...



RA=80kN?



&=40kN?



Shear Diagram. The shearjust to the right of A is VA = + 80 kN. Since the change in shear between two points is equal to minus the area under the load curve between the same two points, we o h i n V, by writing



V, - V, = -(20 kN/m)(6 m) = - 120 kN V,= -120+ VA= - 1 2 0 + 8 0 =



-4OW



'Ihe slope dV/dx = -w being wnslant between A and B, the shear diagram between these two points is qnwmted by a straight line. Between B and C, the area under the load curve is zero; themfore.



V,



- V, = 0



V, = V, = -40 kN



and the shear is constant betwem B and C. Bending-Moment Magnun. We note that the bending moment at each end of the beam is zero. In orda to deternune the maximum bending moment, we locate the d o 1 1 D of the beam where V = 0. We write



vo- v,,=



x



0



-wx



- 80kN = -(20kN/m)x x=4m 4



and, solving for x:



The maximum bending moment occurs at point D, when we have dM/dx = V = 0. Tbe areas of the various portions of the shear diagram are computed and are given (im parentheses) on the diagram. Since the an?a of the shear diagram benveea two points is equal to the change in bending moment between the same two points, we write M,-MA = +I60kN a m M,-MD=-40kN.m Mc-MB=-120kN.m



M D = +160kN e m MB=+120kN.m Mc=O



The bending-moment diagram consists of an arc of parabola followed by a segment of straight line; the slope of the parabola at A is equal to the value of V at that point.



Maximum Nunnal Stress. It occurs at D, where !MI is largest. Fmm Appendix C we find that for a W360 X 79 rolled-steel shape, S = 1280 mm3 about a horizontal axis. Substituting this value and IMI = lMDl = 160 X lO'N m into Eq. (5.3). we write om=--



lMol - I6O



1:



Id N6. = 125.0 x 106 pa 1280 X 10- m Maximum normal stress in the beam = 125.0 MPa 4



S



 Sketch the shear and bending-iMxcnt diagrams b & cantilever beam shown.,



a-



Shear Diagrnm. At the free end of the beam. we find 0. Between? A and B, the area under the load curve is woa;we find V, by writing



4



and the shear diagram is parabolic. Between B and C, w = 0, and the shear diagram is a horizontal line. Bending-Moment Diagram. The h d i n g moment MA at the free end of rhe beam is zero. We compute the arw under the shear curve and write Mu M,



- MA = -4



W



O



~ MB =



- M, = -4 w0a(L- a) M, =



-4



WO~'



-i w0a(3L- a)



The sketch of the bending-moment diagram is completed by walling thae dM/& = V. We find that between A and B the diagram is represented by r . .



u



:=



SAMPLE PROBLEM



The simple b c m AC is loaded by a couple of moment T applied at point B. Draw the shear and bcnding-moment diagrams of the beam



The entire beam is taken as a free body, and we obtalh



The shear at any section is constant and equal to T/L.Since a couple is ap. plied at B, the bcnding-moment diagram is discontinuous at B: it is represented. by two oblique straight lines and decreases suddenly at B by an amount equd. to l:



., .. .,.



 PROBLEMS



I



5.41 Using the method of Sec. 5.3, solve Rob. 5.1. 5.42 Using the method of Sec. 5.3, solve Prob. 5.2.



5.43 Using the method of Sec. 5.3, solve Prob. 5.3. 5.44 Using the method of Sec. 5.3, solve Prob. 5.4. 5.45 Using the method of Sec. 5.3, solve hob. 5.5.



5.46 Using the method of Sec. 5.3. solve Prob. 5.6. 5.47 Using the method of Sec. 5.3. solve Rob. 5.13. 5.48 Using the method of Sec. 5.3, solve Rob. 5.14.



5.49 Using the method of Sec. 5.3, solve hob. 5.15. 5.50



Using the method of Sec. 5.3, solve hob. 5.16.



5.51 and 5.52 Draw the shear and bending-moment diagrams for the beam and loading shown, and detamine the maximum absolute value (a) of the shcar, (b)of the bending moment.



240mrn



240 mrn



240rnm



5.53 Using the method of Sec. 5.3, solve hob. 5.21. 5.54 Using the method of Sec. 5.3. solve hob. 5.22. 5.55 Using the method of Sec. 5.3, solve Prob. 5.23. 5.56 Using the method of Sec. 5.3, solve Prob. 5.24.



 5.57 and 5.58 Determine (a) the equations of the shear and bendingmoment curves for the given beam and loading. (b) Ihe maximum absolute value of the bending moment in the beam.



rn = m. sin !g



+ ~ 4 Flg P5.57



5.59 Determine (a) the equations of the shear and bending-moment curves for the given bcam and loading, (b) Ibe maximum absolute value of the bending moment in the beam.



flg P5.5B



5.60 For the bcam and loading shown, determine the equations of the shear and bending-moment c u m and the maximum absolute value of the bending moment in the beam, knowing that (a) k = I , (b) k = 0.5. 5.61 and 5.62 Draw the shear and bending-moment diagram6 for the beam and loading shown and determine the maximum normal stress due to bending.
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5.63 and 5.64 Draw the shear and bending-moment diagrams for the beam and loading shown and determine the maximum normal stress due lo bending.



5.65 and 5.86 Draw the shear and bending-moment diagrams for the beam and loading shown and determine the maximum normal stress due to bending.



A



,~ ~, 3 - it ~.



L 2 0 i n . B - l 8 in. Fig. P6.M



8 in.



Fig. PS.m



2i in.



5.67 and 5.88 Draw the shear and bending-moment diagrams for the beam and loading shown and determine the maximum normal stress due to



bending.



I-~m+-~m+2m---



Fig. P5.W
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4W rnm Fig. P(i.68
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 5.69 Beam AB, of length L and square cross section of side a, is s u p ported by a pivot at C and loaded a8 shown. (a) Check that the beam is in equilibrium. (b) Show that the maximum n o d stress due to bending occurs at C and is equal to woLzl(1.5a)'.



5.70 Knowing that rcd AB is in equilibrium under the. loading shown. draw the shear and bending-moment digrams and detennine the maximum normai stnss due to tending. *5.71 Buun All supports a uniformly distributed load of 2 W m and two concentrated loads P and Q. 11 has been experimentally determined that the normal stress due to bending on the bottom edge of the beam is -56.9 MPa at A and -29.9 MPa at C. Draw the shear and bending-moment diagrams for the beam and detennine the magnitudes of the loads P and Q.



u



9.72 Beam AB suppo~tsa uniformly distributed load of 1000 Iblft and two concentrated loads P and Q. It has been experimentally determined that the n m a l stress due to bending on the bottom edge of the lower flange of the W 10 X 22 rolled-steel beam is +2.07 ksi at D and +0.776 ksi at E. (a) Draw the shear and bending-moment diagrams for the beam. (b) Delemine the. maximum n m l seess due to bending Urn occurs in the beam



LA-L-4 0.1m 0.1 m o.l%m Fig. p5.71



P



8 kN/m



-



Q



--



Z"R Fig. P5.72



Fig. P5.73



*5.m Beam AB supports a uniformly dishibuted load of 8 W/m and two concentrated loads P and Q. It has been experimentally detwnioed that the n m a l shess due to bending on the bottom edge of tbe lower flange of the W200 X 52 rolled-steel beam is 100 MPa at D and 70 MPa at E. (a) Draw the shear and bending-moment diagrams for tbe beam. (b)Dctcnninc the maximum normal sacs due to bending that occurs in the beam.



045m



045m



-



2.4 m



 "5.74 Beam AB suppons two concentrated loads P and Q. It has been exprimentally determined that the normal stress due to bending on the bottom edge of the beam is + 15 MPa at C and +22 MPa at E. (a) h a w the shear and bending-moment diagrams for the beam. (b) Determine the maximum normal stress due to bending that occurs in the beam.



5.4. DESIGN OF PRISMATIC BEAMS FOR BENDING As indicated in Sec. 5.1, the design of a beam is usually controlled by the maximum absolute value (MI, of the bending moment that will occur in the beam. The largest normal stress urn in the beam is found at the surface of the beam in the critical section where IMI, occurs and can be obtained by substituting IMI, for [MIin Eq. (5.1)or Eq. (5.3).1 We write



A safe design requires that urn I ud,,where udlis the allowable stress for the material used. Substituting for u, in (5.3') and solving for - a*,, S yields the minimum allowable value of the section'modulus for the beam being designed:



The design of common types of beams, such as timber beams of rectangular cross section and rolled-steel beams of various cmss-sectional shapes, will be considered in this section. A proper procedure should lead to the most economical design. This means that, among beams of the same type and the same material, and other things being equal, the beam with the smallest weight per unit length--and. thus, the smallest cross-sectional area-should be selected, since this beam will be the least expensive.



t h b e ~ m sthat arc om symme(rica1 with nspect to lhci neutral surface, tht 1"gest of the distsnccs horn tht neuval surface lo the surfaces of the bum should be used for c in Eg. (5.1) and in the computation of ihc d o n modulus S = Ilc.
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 ~odulusS = I/c of the beam, the maximum value omof the norm2 Jess in the section can be expressed as



Shear and bending-moment diagram
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Relatiis among load, shear, and bending m m t
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Using singularity functions to express shear and bending moment
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Equivalent open-ended loadings
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Nonprismatic beams
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 9.1. INTRODUCTION



In the preceding chapter we learned to design beams for strength. In this chapter we will be concerned with another aspect in the design of beams, namely, the determination of the deflection. Of particular interest is the determination of the maximum defection of a beam under a given loading, since the design specifications of a beam will generally include a maximum allowable value for its deflection. Also of interest is that a knowledge of the deflections is required to analyze indetenninate beam. These are beams in which the number of reactions at the supports exceeds the number of equilibrium equations available to determine these unknowns. We saw in Sec. 4.4 that a prismatic beam subjected to pure bending is bent into an arc of circle and that, within the elastic range, the curvature of the neutral surface can be expressed as



where M is the bending moment, E the modulus of elasticity, and I the moment of inertia of the cross section about its neutral axis. When a beam is subjected to a transverse loading, Eq. (4.21) remains valid for any given transverse section, provided that SaintVenant's principle applies. However, both the bending moment and the curvature of the neutral surface will vary from section to section. Denoting by x the distance of the section fmm the left end of the beam, we write
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The knowledge of the curvature at various points of the beam will enable us to draw some general conclusions regarding the deformation of the beam under loading (Sec. 9.2). To determine the slope. and deflection of the beam at any given point, we first derive the following second-order linear differential equation, which governs the elastic curve characterizing the shape of the deformed beam (Sec. 9.3):



[ ys=Q I



(b) Simply suppafled beam Fig. 8.1



If the bending moment can be represented for all values of x by a single function M(x), as in the case of the beams and loadings shown in Fig. 9.1, the slope 0 = dy/dx and the deflection y at any point of the beam may be obtained through two successive integrations. The two constants-of integration introduced in the process will be determined from the boundary conditions indicated in the figure. However, if different analytical functions are required to represent the bending moment in various portions of the beam, different differ-
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ential equations will also be required, leading to different functions defining the elastic curve in the various portions of the beam. In the case of the beam and loading of Fig. 9.2, for example, two differential equations are required, one for the pottion of beam AD and the other for the portion DB. The first equation yields the functions 13, and y,, and the second the functions 0, and y,. Altogether, four constants of integration must be determined; two will be obtained by writing that = , y, the deflection is zero at A and B, and the other two by expressing that the portions of beam AD and D B have the same slope and the same deflection at D. You will observe in Sec. 9.4 that in the case of a beam supporting a distributed load w(x), the elastic curve can be obtained directly from ~ b9.2. w(x) through four successive integrations. The constants intrcduced in this process will be determined from the boundary values of V, M, 0, and y. In Sec. 9.5, we will discuss statically indeterminate beams where the reactions at the supports involve four or more unknowns. The three equilibrium equations must be supplemented with equations obtained from the boundary conditions imposed by the supports. The method described earlier for the determination of the elastic curve when several functions are required to represent the bending moment M can be quite laborious, since it requires matching slopes and deflections at every transition point. You will see in Sec. 9.6 that the use of singularity functions (previously discussed in Sec. 5.5) considerably simplifies the determination of I3 and y at any point of the beam. The next part of the chapter (Secs. 9.7 and 9.8) is devoted to the method of superposition, which consists of determining separately, and then adding, the slope and deflection caused by the various loads a p plied to a beam. This procedure can be facilitated by the use of the table in Appendix D, which givw the slopes and deflections of beams for various loadings and types of support. In Sec. 9.9, certain geometric properties of the elastic curve will be used to determine the deflection and slope of a beam at a given point. Instead of expressing the bending moment as a function M(x) and integrating this function analytically, the diagram representing the variation of M/EI over the length of the beam will be drawn and two momentarea theorems will be derived. The first moment-area theorem will enable us to calculate the angle between the tangents to the beam at two points; the second moment-area t h e o m will be used to calculate the vertical distance from a point on the beam to a tangent at a second point. The moment-area theorems will be used in Sec. 9.10 to determine the slope and deflection at selected points of cantilever beams and beams with symmetric loadings. In Sec. 9.1 I you will find that in many cases the areas and moments of areas defined by the M/E1 diagram may be more easily determined if you draw the bending-mometu diagram by parts. As you study the moment-area method, you will observe that this method is particularly effective in the case of beams of variable cmss section.
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Beams with unsymmetric loadings and overhanging beams will be considered in Sec. 9.12. Since for an unsymmetric loading the maximum deflection does not occur at the center of a beam, you will learn in Sec. 9.13 how to locate the point where the tangent is horizontal in order to determine the maximum deflection. Section 9.14 will be devoted to the solution of problems involving slatically inderem'nare beams.



9.2. DEFORMATION OF A BEAM UNDER TRANSVERSE LOADING At the beginning of this chapter, we recalled Eq. (4.21) of Sec. 4.4, which relates the curvature of the neutral surface and the bending moment in a beam in pure bending. We pointed out that this equation remains valid for any given transverse section of a beam subjected to a transverse loading, provided that Saint-Venant's principle applies. However, both the bending moment and the curvature of the neutral surface will vary from section to section. Denoting by x the distance of the section from the left end of the beam. we write



Consider, for example, a cantilever beam AB of length L subjected to a concentrated load P at its free end A (Fig. 9.3~).We have M(x) = -Px and, substituting into (9. I),



PA=



" Pa



which shows that the curvature of the neutral surface varies linearly with x, from zero at A, where p, itself is infinite, to -PL/EI at B, where lpsl = EI/PL (Fig. 9.36). that supports Consider now the overhanging beam AD of Fig. 9 . 4 ~ two concentrated loads as shown. Fmm the free-body diagram of the beam (Rg. 9.46). we find that the reactions at the supports are R,., = 1 icN and Rc = 5 kN, respectively, and draw the corresponding bending-moment diagram (Fig. 9%). We note from the diagram that M,and thus the curvature of the beam, are both zero at each end of the beam, and also at a point E located at x = 4 m. Between A and E the bending moment is positive and the beam is concave upward; between
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 E and D the bending moment is negative and the beam is concave downward (Fig. 9.5b). We also note that the largest value of the cunrature (i.e., the smallest value of the radius of curvature) occurs at the support C, where \MI is maximum. From the information obtained on its curvature, we get a fairly good idea of the shape of the deformed beam. However, the analysis i d d e sign of a beam usually require more precise information on the deflection and the slope of the beam at various points. Of particular importance is the knowledge of the m i m u m deflection of the beam. In the next section Ea. (9.1), will be used to obtain a relation between the deflection y measured at a given point Q on the axis of the beam and the distance x of that point from some fixed origin (Fig. 9.6). The r e lation obtained is the equation of the elastic curve, i.e., the equation of the curve into which the axis of the beam is transformed under-the given loading (Fig. 9.6b).t
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9.3. EQUATION OF THE ELASTIC CURVE V



We first recall from elementary calculus that the curvahlre of a plane curve at a point Q(x,y) of the curve can be expressed as



where dy/dx and dZy/d.? are the first and second derivatives of the function y(x) represented by that curve. But, in the case of the elastic curve of a beam, the slope dyldx is very small, and its square is negligible compared to unity. We write, therefore,



Substituting for l/p from (9.3)into (9.1), we have . :, .. " , &:f.&.&(x;):. -.
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(9.4)



'



The equation obtained is a second-order linear differential equation; it is the governing differential equation for the elastic curve. th should k noled hat, in this chapter, )rcprrscnls a vntLal displacement while it was used in
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previous chapen lo rcpfiscnl lhc distance of a ginn poirn in a Uansvcrsc s&m from the neuml axis of lhal salion.



 The product El is known as the flexural rigidity and, if it varies along the beam, as in the case of a beam of varying depth, we must express it as a function of x before proceeding to integrate Eq. (9.4). However, in the case of a prismatic beam, which is the case considered here, the flexural rigidity is constant. We may thus multiply both members of Eq. (8.4) by EI and integrate in x. We write
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* where C, is a constant of integration. Denoting by 0(x)the angle, measured in radians, that the tangent to the elastic curve at Q forms with the honzontal (Fig. 9.7), and recalling that t h ~ angle s is very small, we have Flg. 9.7



-= dx



Thus, we write Eq. (9.5) in the alternative form Ei e
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M(X))dr



+ c,



Integrating both members of Eq. (9.5) in x, we have
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E l y = [ [ [ M ( x ) d x + C l dx+CI



U y = [dr



( a ) Sialply supported beam
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(c) Caut~leverh e m



Flg. 9.8 Boundary condnlons for statically



determinate beams.
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(9.6)
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where C2 is a second constant, and where the first term in the righthand member represents the function of x obtained by integrating twice in x the bending moment M(x). If it were not for the fact that the constants C, and C, are as yet undetermined, Eq. (9.6) would define the deflection of the beam at any given point Q, and Eq. (9.5) or (9.5') would sirmlarly define the slope of the beam at Q. The constants CI and C2 are determined from the boundary conditions or, more precisely, from the conditions imposed on the beam by its supports. Limiting our analysis in this section to statically determinate beams, i.e., to beams supported in such a way that the reactions at the supports can be obtained by the methods of statics, we note that only three types of beams need to be considered here (Fig. 9.8): (a) the simply supported beam, (b) the overhanging beam, and (c) the cantilever beam. In the first two cases, the supports consist of a pin and bracket at A and of a roller at B, and require that the deflection be zero at each of these points. Letting f m t x = x ~y, = y, = 0 in Eq. (9.6), and then x = x,, y = y, = 0 in the same equation, we obtain two equations that can be solved for C, and C,. In the case of the cantilever beam (Fig. 9.8~).we note that both the deflection and the slope at A must be zero. Letting x = x,, y = y, = 0 in Eq. (9.6), and x = x,, 0 = 0, = 0 in Eq. (9.5'). we obtain again two equations which can be solved for C , and C,. d
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The cantilever beam AB is of uniform cross section and carries a load P at its free end A (Fig. 9.9). Determine the equation of the elastic c u m and the deflection and slope at A.



lntegrating both members of Eq. (9.9). we write Ely =



- ipr'



+ ;PL2x + C2



(9.10)



But. at B we have x = L, y = 0. Substituting into (9.10). we have o = - tPL3 + IPL] C2



+



c2 -Using the free-body diagram of the portion AC of the beam (Fig. 9.10). where C i s located at a distance x from end A, we find



- ?3 p ~ '



Carrying the value of C2 back into EQ. (9.10), we obtain the equation of the elastic curve: EIy =



- ; p 2 + &PL2x- ~ P L ]



Substituting for M into Eq. (9.4) and multiplying both members by the constant EI, we write The deflection and slope at A are obtained by lettingx = 0 in Eqs. (9.1 1) and (9.9). We find Integrating in x, we obtain



We now observe that at the fixed end B we have x = L and 0 = dy/dx = 0 (Fig. 9.1 1). Substituting these values into (9.8) and solving for C,, we have



which we carry back into (9.8):



The simply supported prismatic beam AB cames a uniformly distributed load w per unit length (Fig. 9.12). Dctennioe the eauation of the elastic curve and the maximum deflection of th'e beam



hawing the fno-body diagram of the portion AD of the D. we find that



beam (Fig. 9.13) and taking moments about



M



= f . w ~ x -fwx2



(9.12) Substituting f a M into Eq. (9.4) and multiplying both members of this equation by the conslant El, we write



Integrating twice in x. we have



I L I Fig. 9.12



 Observing that y = 0 a! both ends of the bcnm (Fig. 9.14), we first let x = 0 and y = 0 in Eq. (9.15)and obtain C, = 0. We then make x = L and y = 0 in the same equation and write



Carrying the values of C, and C2 back into E4. (9.15). we ob. fain the equation of the elastic curve: Ely =



- &wx4 +AWL.? - &wL3x



Substituting into Eq. (9.14) the value obtained for C,, we check that the slope of the beam is zero fw x = L/2 and that the elastic curve has a minimum at the midpoint C of the beam (Fig. 9.15). Letting x = L/2 in Eq. (9.16), we have



Fig. 9.16 A different furmion M(x) is required in each portion 01 lfm



Flg. 9.15



The maximum deflection or, more precisely, the maximum ab solute value of the deflection, is thus



In each of the two examples considered so far, only one free-body diagram was required to determine the bending moment in the beam.As a result, a single function of x was used to represent M throughout the beam. This, however, is not generally the case. Concentrated loads, reactions at supports, or discontinuities in a distributed load will make it necessary to divide the beam into several portions, and to represent the bending moment by a different function M(x) in each of these portions of beam (Fig. 9.16). Each of the functions M(x) will then lead to a different expression for the slope B(x) and for the deflection fix). Since each of the expressions obtained for the deflection must contain two constants of integration, a large number of constants will have to be determined. As you will see in the next example, the required additional boundary conditions can be obtained by obsewing thaf while the shear and bending moment can be discontinuous at several points in a beam the I flection and the slope of the beam cannot be discominuous at any point



cantilever arms.



For the prismatic beam and the loading shown (Fig. 9.17). d e (ermine the slope and deflection at point D. We must divide the beam into two portions. AD and DB. and determine the function fix) which defines the elastic curve for each of these portions.



 1. Flom A to D ( x < U4). We draw the flee-body diagram of a portion of beam AE of length x < L/4 (Fig. 9.18). Taking moments about E, we have



DetcKmlnatlon of the Constants of htegrstlon. The conditions that must be satisfied by the constants of integration have been summarized in Fig. 9.20. At the support A,



or, recalling Eq. (9.4). El-
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dx2



3 4



= -Px



where yl(x) is the function which defines the elastic curvefor portion AD of the beam. Inlegrating in x, we write (9.19) (9.20)



where the deflection is defined by Eq. (9.20), we must have x = 0 and yl = 0. At the support B, where the deflection is defined by Eq. (9.24). we must have x = Land y2 = 0. Also, the fact that there can be no sudden change in deflection or in slope at point D requires that yl = y, and BI = 0, when x = L/4. We have therefore: [X



= 0, yI = 01. Eq. (9.20):



[x = L, y2 = 01, Eq. (9.24):



0 = C2 1 0 = -PL' 12



+ C3L + C4 (9.26)



[x = L/4,



el = B2].



Eqs. (9.19) and (9.23):



3 7 -PL2 C , = -PL~ + C3 128 128 [x = L/4. yl = y,], Eqs. (9.20) and (9.24):
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PL3



L
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2. Fmm D to B ( X > U4). We now draw the free~ > ~ / (Fig. 4 body diagram of a portion of beam A E O lengthx 9.19) and write



(9'21)



IIpL3+c,L+c, 4



512 Clz= 1536



(9.28)



Solving these equations simultaneausly, we find 7PL2 l lPL2 PL~ C1=--,C,=O.C 3 - -' c4 = 128 384 Substituting for CI and C2 into E4s (9.19) and (9.20), we write that for x 5 L/4,



or, recalling Eq. (9.4) and rearranging terms.



where y,(x) is the function which defines the elastic curvefor porrion DB of the beam. Integrating in .r, we write



we find that = L/4 in each of slope and deflection at point D are, respectively, OD=



Ely, =



1



- -P. ? 24



I



+ -PLx2 + C g + (74 8



(9.24)



--PL2



32EI



and



3PL3



-256EI



We note that, since BD Z 0, the deflection at D is nor the maximum of the beam,



 *9.4. DIRECT DETERMINATION OF THE ELASTIC CURVE FROM THE LOAD DlSTRlBUTlON
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We saw in Sec. 9.3 that the equation of the elastic curve can be obtained by integrating twice the differential equation



where M(x) is the bending moment in the beam. We now recall from Sec. 5.3 that, when a beam supports a distributed load w(x), we have dM/dx = V and dV/& = -w at any point of the barn. Differentiating both members of Eq. (9.4) with respect to x and assuming El to be constant, we have therefore



and, diierentiating again,



We conclude that, when a prismatic beam supports a distributed load w(x),its elastic curve is governed by the fourth-order linear differential equation



Multiplying both members of Eq. (9.32)by the constant EI and integrating four times, we write
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EI-d4r - - 4 x ) dx4 -



IVA=OI



d3y EI- = V(x) = - W(X)dx



(a) Cantilwer beam
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+ CI (9.33)
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[YA-OI [MA=0 I



L~e=ol IMF 0 1



(b)Simply supported bsam F I ~0.21 . Boundary conditions for beam canying a &flMed load.
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EI- = EIB(x) = dr
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w(x)dx



EI y(x) = - dx dx dr w(x)dx



1 + -CI1 + C2x + C3 2



1 1 + -c$ + -Cg2 + C ~ Z+. C.
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The four constants of integration can be determined from the boundary conditions. These conditions include (a) the conditions imposed on the deflection or slope of the beam by its supports (cf. Sec. 9.3), and (b) the condition that V and M be zero at the free end of a cantilever beam, or that M be zero at both ends of a simply supported beam (cf. Sec. 5.3). This has been illustrated in Fig. 9.21. The method presented here can be used effectively with cantilever or simply supported beams canying a distributed load. In the case of overhanging beams, however, the thetions at the s u e will cause discontinuities in the shear, i.e., in the third derivative of y, and different hnctions would be requid to define the elastic curve over the entire beam.
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The simply supported prismatic beam AB carries a uniformly distributed load w per unit length (Fig. 9.22). Determine the equation of the elastic curve and the maximum deflection of the beam. (This is the same beam and loading as in Example 9.02.) Since w = constant. the first three of Eqs. (9.33) yield



Noting that the boundary conditions require that M = 0 at both ends of the beam (Fig. 9.23), we first let x = 0 and M = 0 in Eq. (9.34) and obtain C, = 0.We then make x = Land M = 0 in the same equation and obtain C, = f w ~ . Carrying the values of C, and C2 back into Eq. (9.34). and integrating twice, we write



we write



0 = -'wL~ 24



+AWL' + C&



c3 - - lWL3 24



Carrying the values of C3 and C4 back into Eq. (9.35) and dividing both members by El, we obtain the equation of the elastic curve: 1 E l y = --wx4 24



1 + -wLr' + C+ + C4 I2



(9.35)



But the boundary conditions also require that y = 0 at both ends of the beam. Letting x = 0 and y = 0 in Eq. (9.35). we obtain C4 = 0; leaing x = L and y = 0 in the same equation,



The value of the maximum deflection is obtained by making x = Ll2 in Eq. (9.36). We have



 ~afktbnof-



9.5. STATICAUY INDETERMINATE BEAMS In the preceding sections, our analysis was limited to statically determinate beams. Consider now the prismatic beam AB (Fig. 9.24a). which has a fixed end at A and is supported by a roller at B. Drawing the freebody diagram of the beam (Fig. 9.246), we note that the reactions involve four unknowns, while only three equilibrium equations are available, namely



A



ZF,= 0



ZF,= 0



EM, = 0



(9.37)



(0)



Since only A, can be determined from these equations, we conclude that the beam is statically indeterminate. However, we recall from Chaps. 2 and 3 that, in a statically indeterminate problem, the reactions can be obtained by considering the deformarions of the si~uctureinvolved. We should, therefore, proceed with the computation of the slope and deformation along the beam. Following the method used in Sec. 9.3, we first express the bending moment M(x) at any given point of AB in terms of the distance x from A, the given load, and the unknown reactions. Integrating in x, we obtain expressions for 0 and y which conlain two additional unknowns, namely the constants of integration Cl and C,. But altogether six equations are available to determine the reactions and the constants CI and C2;they are the three equilibrium equations (9.37) and the three equations expressing that the boundary conditions are satisfied, i.e., that the slope and deflection at A are zero, and that the deflection at B is zero (Fig. 9.25). Thus, the reactions at the supports can be determined, and the equation of the elastic curve can be obtained.



M



A,



(b)



Fig. 9.24



Determine the reactions at the supports for the prismatic beam of Fig. 9.240. EquIIIbrlum Equations. From the free-body diagram of Fig. 9.246 we write



% XF, = 0: A, = 0 +~zF,=o: A,.+B-WL=O +TZM,,=O:



(9.38)



M,+BL-~~L~=O



Equatlon of Elastlc Curve. Drawing the free-body diagram of a portion of beam AC (Fig. 9.26), we write



+ TXM,



= 0:



M



+ 4w.r' + MA- A,*



=0



(9.39)



Solving Eq. (9.39) for M and canying into Eq. (9.4). we write
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Eq. (9.41) as follows: EI y = -&wx4



d2y 1 EI-=--wx'+A,x-M, & 2 Integrating in x, we have EI 0 = EI
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(9.40)



Refemng to the boundary conditions indicated in Fig. 9.25, we make x = 0.8 = 0 in Eq. (9.40). x = 0. y = 0 in Eq. (9.41). and conclude that C, = C2= 0. Thus. we rewrite



0 = - $ w L ~+



Frictionless surface



by~ - ~3M ~ L '



Solving this equation simultaneously with the three cquilibequations (9,38), we obtain the reactions at the suppons: A,=O



In the example we have just considered, there was one redundant reaction, i.e., there was one more reaction than could be determined from the equilibrium equations alone. The cotresponding beam is said to be statically indelenninate to fhefirst degree. Another example of a beam indeterminate to the fust degree is provided in Sample Prob. 9.3. If the beam supports are such that two reactions are redundant (Fig. 9.27a), the beam is said to be indeterminate to the second degree. While there are now five unknown reactions (Fig. 9.276), we find that four equations may be obtained from the boundary conditions (Fig. 9.27~). Thus, altogether seven equations are available to determine the five reactions and the two constants of integration. Fired end



(9.42)



But the third boundary Condition requires that y = 0 for x = L. Carrying these values into (9.42). we write



dy 1 I = - -wx3 + -A,x2 - M A x + CI



dr



+ ~ A , x-~~M,J?



A,=~wL



MA=kwL2



B=lwL



 SAMPLE PROBLEM 9.1 The ov&ging steel beam ABC canis a mncquated load P at end C. For portion AB of the beam, (a) derive the equation of the elastie curve, (b) detsrthe maximum deflection, (c) cvalwle y, for the follonuing data: W 1.1 X 68 1 = 723 in4 E = S X lobpsi P-50kip L = Eft= 180in. o=4ft=48in.



"ne



M d s l Equation ofthe Elnstfr,Cmrr We use Eq. (9.4) and wt&



Noting IbaIthe f



a EI-d=Y = -P-x & L l rigidiy ~ EI is ~conswe intqpute twice and End I a w-dy = --p-.$ + c, rlr 2 L



~



!I.!



.:-:',.



t,,. ::



%: s



l



Cz = 0 From Eq. (2), we fmd Again using Eq.(2). we write



o. Fqwtiw dthe E W k CIIFS~ Subst&% [I) and ( 2 we ~ have d.y l a 1 El- = --P-x' -POL rlr 2 L 6



for C,and Cz into Eqs.



1'':.



+



b. Madmom Delledim In Porth AB. The mximum deflection y,, onvrs at point E where the slopc of the elastic curve i s . m . W n g dy/& = 0 in Eq. (31, we determine theabscissa x, of point E L xm=-=o.s,,L



o=yt-l("?r] fi 6El



We substilute xJL = 0.577 into Eq. (4)and have



0.



EmhmUon of yy,



=0 . w 2



POI the data g i m , the value of y, (SO kips)('48@,XI80 in.)'



(29 X 106pi)(723 in')



is



.''



....'..1. .,.



~ Fortrthelmndarykonditionsshwn.whave o



[x = 0,y = 01: [x = &, y = 01:



"



. .~..,. . . ~.



,gjz



 SAMPLE PROBLEM 9. For the beam and loading shown, determine (a) the equation of the elastic curvu. (b) the slope a1 end A, (c) the maximum deflection.



SOLUTION Differential Equation of the Elasttt-e.



From Eq. (9.32).



Integrate Eq. (I) twice:



Boundaq Condilions: [x = 0, M = 01: [x = L, M = 01:



From Eq. (3), we find C, = 0 Again using Eq. (3). we write



Integrate Eq. (4) twice:



Boundary Conditionr: [ x = 0,y = 01: [ x = L, y = 01:



C, = 0 Using Eq. (6). we find Again using Eq. (6), we find C, = 0



a Equation of Elastic Cnwe b. Slope at End A.



For .r = 0, we have



c. Maximum Deflection.



For x = $ L
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SAMPLE PROBLEM 9.3



A W~



For the uniform beam AB, (a) determine the reaction at A, (b) derive the q u a tion of the elastic curve, (c) determine the slope at A. (Note that the beam is, statically indeteminate to the first degree.)



a



SOLUTlON Bending Moment.



Using the free body shown, we write I WG x WJ RAx - M = 0 M = R4x - +JPMD= (l: 2 L 3 6L Differential h u e t i o n of the Elastic Curve. We use Eq. (9.4) and write



-I:(-



k



Noting that the flexural rigidity EI is constant we integrate twice and find



1



Ely = -&',XI - wd;l + Clx +cG 6 l2OL A Boundam Conditions. The three boundan, conditions that must be satisfied are shown on the sketch [x=O,y=O]:



[r=LB=O]



I zud3 [ x = L , , ~ = o ] :- R , L ~ - +c,=o



Ix=L.y=Ol



I



c2=o 2



%



(4)



24



I [x = L.y = 01: -R,,L~



-WC + C , L + C * = O (5) 6 120 a Reaclinn at A. Multiplying Eq. (4) by L. subtracting Eq. (5) member by member from the equation obtained, and noting that C, = 0, we have ~R,LI



- &wd4= 0



c=&w&?



4



We note that the reaction is independent of E and I. Substituting RA = hw& into Eq. (4). we have :(&W&)L~



- gwOL3 + C , = 0



C , = -$wd3



b Eqmtion of the Elpstic Curve. Substituting for R,, C,, and C2 into Eq. (2). we have El'



=$hwo~)i



- was - (&wd3)x wo



( 2 '



= IZOEIL



c. Slope at A.



+ u?r' - L'x)



We differentiate the above equation with respect to x:



Making x = 0, we have



,gA =



w,+-



--,an.-.



 In the followingproblems a m m e that the flexurnl dgidity El of each beam is cnnstmt.



9.1 through 9.4 For the loading shown, determine (a) the equation of the elastic curve for the cantilever beam AB, (b)the deflection at the free end, (c) the slope at the free end.



I-LI F I ~P . sa



9.5 For the beam and loading shown, determine (a) the equation of the elastic curve for portion AB of the beam,(b)the slope at A. (c) the slope at B.



9.6 For the beam and loading shown, determine (a) the equation of the elastic curve for portion BC of the beam,(b)the deflection at midspan, (c) the slope at B. -



I ng. w.4



L



I



 9.7 For the cantileva beam and loading shown, detennioe (a) the equation of the elastic curve for pationAB of the beam, (b) tbc deflection at B. (c) the slope at B.



I



8.8 For the beam shown with load P, determine (a) the equation of the elastic curve for ponion AC of the beam, (b) the slope at A, ( c ) the deflection at C. Flg. B.8



9.9 and 9.10 For the beam and loading shown. (a) express the magnihlde and location of the maximum deflection in terms of wb L, E, and I. (b) Calculale the value of the maximum deflection, assuming that beam AB is a W18 X 50 mUed shape and that wo = 4.5 kipslft. L = 18 ft, and E = 29 x i d p s i .



I - - - - - L 4 Flg. W.10



9.11 (a) Determine the location and magnitude of the maximum deflection of beam AB. (b)Assuming that beam AB is a W360 X 64, L = 3.5 m, and E = 200 GPa, calculate the maximum allowable value of the applied rn ment M, if the maximum deflection is not to exceed I mm. flg. W .ll



I



flg. w.12



9.12 (a)Determine the location and magnitude of the maximum absolute deflection in AB between A and the center of Ule beam. (b)Assuming that beam AB is a W460 X 113, Mo = 224 kN m and E = 200 GPa, determine the maximum allowable length L of the beam if the maximum deflection is not to exceed 1.2 mm.



9.13 and 9.14 For the beam and loading shown, determine the deflection at point C. Use E = 200 GPa.



-



 9.15 Knowing that beam AE is an SU)O X 2'7.4 rolled shape and that P = 17.5kN.L = 2.5 m.a = 0.8~1,and E = 2QOGPa. determine (a) the L.equation of the elastic = w e for portion ED, (b)the deflection at the center C of the beam



9.16 Uniformly distributed loads are applied to beam AE as shown. (a) Selecting the x axis through the centers A and E of the end sections of the beam, determine the quation of the elastic c m e for portion M of the beam. (b)Knowing that the beam is a W200 X 35.9 rolled shape and that L = 3 m, w = 5 kNlm, and E = 200 GPa, determine the distance of the center of the beam from the x axis. 9.17 through 9.20 For the beam and loading shown. determine the reaction at the roller support.



+~--------i



Flg. P9.17



9.21 For the beam shown, detennine the reaction at the roller support when w, = 6 kipslft.



-



9.22 For the beam shown, determine the mction at the mllcr support when w,, = 15 kNlm.



 Deflection of Beams



9.23 through 9.26 Determine the reaction at the roller suppoa and draw the bending moment diagram for the beam and loading shown.



'.r------I Fig. P9.23



927and 9.28 Determine the reaction at the roller support and the deflection at point C.



9.29 and 9.30 Determine the reaction at the roller support and the deflection at point D, knowing that n IS equal to Lj3.



LL-



Flg. P9.29



I - - - - - - - L d Flg. W.30



9.31 and 9.32 D e t e m e the reaction at A and draw the bending moment diagram for the beam and loadtng shown.



 -



9.33 For the beam and loading shown. determine (a)h e equation of the elastic curve. (6)the slope at end A, (c) the deflection at the midpoint of the span.



9.6. sll*pll&y



mldDena(kn



-



L



Fig. P9.34



9.34 For the beam and loading shown, determine (a)the equation of the elastic curve, ( b ) the slope at the free end. (c) the deflection at the frec end. 9.6. USING SINGULARITY FUNCTIONS TO DETERMINE THE SLOPE AND DEFLECTION OF A BEAM



-



Reviewing the work done so far in this chapter, we note that the integration method provides a convenient and effective way of determining the slope and deflection at any point of a prismatic beam, as long as the bending moment can be represented by a single analyticalfunction M(x). However, when the loading of the beam is such that two different functions are needed to represent the bending moment over the entire length of the beam, as in Example 9.03 (Fig. 9.17), four constants of integration are required, and an equal number of equations, expressing continuity conditions at point D, as well as boundary conditions at the supports A and B, must be used to determine these constants. If three or more functions were needed to represent the bending moment, additional constants and a corresponding number of additional equations would be required, resulting in rather lengthy computations. Such would be the case for the beam shown in Fig. 9.28. In this section these computations will be simplified through the use of the singularity functions discussed in Sec. 5.5.



Fig. 0.2% In this m d structure, each of the joisw applles a concentrated load b the beam



that 8UPpO118 It. L.



Fmnunrafor Slope



I



 Let us consider again the beam and loading of Example 9.03 (Fig. 9.17) and draw the free-body diagram of that beam (Fig. 9.29). Using



Fig. 8.17 (repeated)



Ag. 9.29



the appropriate singularity function, as explained in Sec. 5.5, to represent the contribution to the shear of the concentrated load P,we write



Integrating in x and recalling from Sec. 5.5 that in the absence of any concentrated couple, the expression obtained for the bending moment will not contain any constant term, we have



Substituting for M(x) from (9.44) into Eq. (9.4). we write



and, integrating in x ,



1 1 E l y = -P2 - -P(X 8 6



~ L Y+ Clx + C,



(9.47)t



The constants C, and C2can be determined from the boundary conditions shown in Fig. 9.30. Letting x = 0, y = 0 in Eq. (9.47). we have A



!4g. 9.30



I O = 0--P(o-$LY 6



+O



+ C,



which reduces to C2 = 0, since any bracket containing a negative quantity is equal to zero. Letting now x = L,y = 0, and C2 = 0 in Eq.(9.47). we write



~'continuity I~Ic conditions f o r k slope and dellecliw IDare "built-in" m Eqs. (9.46) and (9.47). Indeed thediffmce between k cxprcssions fathe slopc8, in AD and thc slope 6 in D8 is qmsmted by thc term -!P(,Y - ~ L Yin Eq.(9.46).and this term is equal t a m at D. Similarly. the difircnce between Ulc expressions for the deflection yoin A D and ihe deflenion j2 in DB is represented by the lem -!P$ - !L)' in Eq. (9.47). and lhis Lcrm is also equal to zem at D.



'd



 , L



Since the quantity between brackets is positive, the brackets can be replaced by ordinary parentheses. Solving for C,, we have



0.0.



sin~duw~ u l c h l ta e 81op



m l d ~ l b n



We check that the expressions obtained for the constants C, and C2 are the same that were found earlier in Sec. 9.3. But the need for additional constants C, and Cq has now been eliminated, and we do not have to write equations expressing that the slope and the deflection are continuous at point D.



For the beam and loading shown (Fig. 9.31a) and using sin-



Integrating the last expression twice, we obtain



gularity functions, (a) express the slope and deflection as functions of the distance x from the suppon at A. (b)determine the deflection at the midpoint D. Use E = 200GPa and I = 6.87 X m4.



El0 = -0.254 - 0.6y 0.254 - 1.8y 1.3.8 0 . 6 - 0.6)' - 1.446 2.6)' C, (9.48) Ely = -0.0625(x - 0.6)4 0.062% - 1.8)' 0.43332 - 0.2@ - 0.6Y - 0.726 - 2.6y Clx + C2 (9.49)



+



+



-



+



+



-



+



+



The constants C, and C, can be determined from the boundary conditions shown in Pig. 9.32. Letting x = 0, y = 0 in Eq. (9.49) and noting that all tbe brackets contain negative



Fig. 9.32



quantities and, therefore. are equal to zero, we wnclude that C2 = 0. Letting now x = 3.6, y = 0, and C, = 0 in Eq. (9.49). we write



I



- w,



I4, = 2.6m



= - 1.5 kN/m



(b)



Fig. 9.31 (a) We note that the beam is loaded and supported in the same manner as the beam of Example 5.05. Referring to that example. we mall that the given disuibuted loading was replaced by the IWO equivalent open-ended loadings shown in Fig. 9.31b and that the following expressions were obtained for the shear and bending moment:



Since all the quantities b e a n brackets are positive, the brackets can be replaced by ordinary parentheses. Solving for CI, we find CI = -2.692. (b)Substituting for CI and C2into Eq.(9.49) and making x = x, = 1.8 m, we find that the deflection at point D is defined by the relation



The last bracket contains a negative quantity and, therefore, is equal to zero. All the other brackets contain positive quantities and can be replaced by ordinary parentheses. We have



Recalling the given numerical values of E and I, we write (2M)GPa)(6.87 X y, = -13.64



-



X



m4)yD= -2.794 irN m3 10-'m = -2.03 mm



 Wb



&



SAMPLE PROBLEM'9.4 For the prismatic beam and loading shown. determine (a) the equation of the elastic curve, (b) the slope at A, (c) the maximum deflection.



SOLUTION Bending Moment. The equation defining the bending moment of the beam was obtained in Sample Rob. 5.9. Using- the modified loading - dianrarn shown, we had [Eq.(3)]:



wo 3L



M(x) = --r'



ex



2% + -(x 3L



- IL)' + i w 0 L x



o. Equation of the Elastic Curve. Using Eq. (9.4). we write



and, integrating twice in x, wo



E I 0 = - - X12L



,+w6Lo- ( x - 8~ ~ ) * + ~ &% l + ~



Boundnrv Condlttnns. [x = 0. 01: Using Eq. (3) and noting that each bracket ( a negative quantity and. thus, is equal to zero, we find C, = 0.



i=



-



)



e



[x = L, y = 01: Again using Eq. (3). we write



Substituting C l and C, into Eqs. (2) and (3). we have



6 Slope a t A. Substituting x = 0 into Eq. (4), we find



c. Maximum DeflecUnn. Because of the symmetry of the suppons and . loading, the maximum deflection occurs at point C. where x = f ~ Substiwt. ing into Eq. (5). we obtain



1



 SAMPLE PROBLEM 945



.



The rigid bar DEF is welded at pipt D to thc uniform steel beam AB. Fbr the loading shown, demminc (a) tht equnoplation of rhe clsstic curve of thL barn, (b) the ddleclion at the midpoint C of the beam. Use E = 29 X 106 psi.



BQOIS Momeat The cqu~tiondefining the b e n d ' i moment of h e beam was obtained in Sample Rob. 5.10. Using the modified W i diagram shown and exprwsing x in feM, we had [Eq.(3)J: M(x)=-25?+480x-



1d,r-11)'-4~-11)0



b.ft



a. EqmIW ad lhEkUc Cww. Using Eq. (8.4). we write El(&/&)



+ 48Qr- 160(x - 11)' - 4Xl(x



= -25$



- 11)0 lb. ft



(1)



and, m t e g d q twice in x. E I e = - 8 . 3 3 3 r ' + ~ - ~ - 1 1 ) 2 - 4 8 ~ - l l } 1 + C l 1b.A' (2) ~ly=-2,0S?d+SQ$-26.67(~- 1 1 ) 9 - W ~ - Ily + C1x+ c2 lb ft'



.



r



BovndPrJ-.



[x = 0, y = 01: Using Eq.(3) and notingthat each bracket ( ) m t a i o s a negative qnantity and, thus, is equal to zuo, we find C2= 0. [w = 16 A. y = 01: Again using&. (3)andnotingthateach brsclretcootaim a pitiw quantity and, thus, can be rrplaccd by a parenthcsi, we mite



- %.66703 - -5)'



0 = -2.063(16)4 + Bq16) Cl = -11.36 X I d Substitutiq Lho valuw found for C,



Wp= -2.083*'+



80;P



+ C1(16)



and C, into Eq, (3), we heve



- 26.61(&-



11y -2*11)2 -11.36x 10% h . f ' (3') 4



TodmrmineEI,wcreoalllharE=29X ldpsiandcomputc I = &f2h3 = hb(lin.)(3 in.Y = 225 in' Ef = (29 X I@ pi)(2.25 in') = 65.25 x 1d lb id



.



Kowc\rtc, since all ptcvious compucatirms have bcen canied out with fm as thc unit of length, we wriw



.



.



El = (65.25 X Id lb in')(] W12 in.)' = 453.1 X 103Ib f12 ---tlW@IMT 7&&xi8XG1~(3'),~wri~ &lyc = -2.083(8)'



+ 80(81) - 26.67(-3)3 - 240(-3y - 11.36 X



Xd(8)



Noting tlua sacb bracket is rqual to icm and mWeting for W its numerical



(453.1 and, solving for pc:



X



.



ld lb f?)yC = -58.45 yc = -0.12W



fi



X



105 1b A3 y,=



-1.50gin.



Note that the defkctbn obtained is nor tbc marimum deflection.



4



 SAMPLE PROBLEM 9.6



IP



For the uniform beam ABC, (a) express the reaction at A in terms of P, L, a, E, and I, (6)determine the reaction at A and the deflection under the load when a = L/2.



SOLUTION Rtl)cUoiu For the given vertical load P the reactions are as shown. We note that they are statically indeterminate.



Shew and Bendlag Moment Using a step function to represent the contribution of P to the shear, we write -r



v(x) = R, - P(x - a)" Integrating in x. we obtain the bending moment:



-a



M(x) = RAx - P(X - a)'



Equation d ihe Elsstle Cum. Using Eq. (9.4), we write



64 = RAx-



El-



d2



P(x



- a)'



r lGarttoa *A. MuItiplying Eq. (2) by L, s u b t d i Eq. (3) member by member from rhe ewluim obtained, sod noting llta'~C, = 0. we have 1 1 -R& - -B(L - a))[3L- (L- a)] = 0 3 6



I'



In,



IS



We note tbat the d o n is indeptndsnt of E and I.



hastlwrt~rsd&hdta.t~-a=fL.



Makinga=!~



in the expression obtained for RA, wo hws



I



Nde that (he deflectioa olw,ained is mr the maximum deflection.



 Use singularity functions to solve the following problems and aa~umethat the flexural rigidity El of each beam is constant. 9.35 through 9.38 38 Fo k am and loading shown. determine (a)the equation of the elastic c u m . (6) the slope at end A, (c) the d e k l i o n of point C.



L---L' Rg. Pa95



Fig. P9.36



I-I----/



Flg. P9.37



9.39 and 9.40 For the beam and loading shown, determine (a) the deflection at end A. (6) the deflection point C, (c)the slope at end D.



Rg. w.39



Fig. Ps.40



9.41 For the beam and loading shown. determine (a)the equalioo of the elastic curve. (b) the deflection at point B. (c)fhe deflection at point C.



C



-x



I-m-1-m-l Rg. P9.41



 B.42 and 9.43 For the beam and loading shown, determine (a) the equation of the elastic cum, (b) the deflecfipn at the midpoint C.



-



I-"A,A.--C-.-I Flg. P9.42



9.44 For the beam and loading shown. determine (a)the equation of the elastic curve, (b) the deflection at point A. (c) the deflection at point C.



L



4



I



t



A



4



1



t



J



Fig. Pg.45



8.45 For the beam and loading shown, determine (a)the slope at end A (b) the deflection at the midpoint C.Use E = 29 X 106 psi. 9.46 For the beam and loading shown, determine (a)the slope at end A , (b)the deflection at point C. Use E = 200 GPa.



I i.75fi 1.75 l Flg. P0.47



8.47 For the limber beam and loading shown, determine (a) the slope at end A, (b)the deflection at the midpoint C. Use E = 1.6 X 106 psi. 9.48 For the beam and loading shown. determine (a)the slope at end A, (b) the deflection at the midpoint C. Use E = 200 GPa.



Flg. P9.48



-



 9.49 and 9.50 For the beam and loading indicated, write a eanputer program and use it to calculate the slope and deflection of the beam at intervals AL, stating at point A and ending at the right-hand support. 9.49 Beam and loading of Rob. 9.47 with AL = 3.0 in. 9.50 Beam and loading of Rob. 9.48 with AL = 0.3 m. 9.51 through 9.54 For the beam and loading shown, determine (a)the reaction at the roller support, (b)the deflection at point C.



9.55 and 8.58 For the beam and loading shown, determine (a)the naction at A. (b) the deflection at C. Use E = 29 X 106psi.



9.57 For the beam shown and knowing that P = 40 kN, determine (a) the reaction at E, (b) the deflection at C. Use E = 200 GW.



9.58 For the beam and loading shown, determine (a)the reaction at C. (b)the deflection at B. Use E = 200 GPa 9.59 For the beam and loading shown, determine (a) the reaction at A, (b)the slopc at C. L



flg. P9.50



 9.60 For the beam and loading shown, deunnim (a) the reaction at A. (b)the detlcctim at D.



9.61 through 9.64 For the beam and loading indicared, determine the magnitude and location of the largest downward deflection. 9.61 Beam and loading of Prob. 9.45. 9.62 Beam and loading of Rob. 9.46. 9.63 Bcam and loading of Rob. 9.47. 9.64 Beam and loading of Prob. 9.48.



9.65 The rigid bar BDE is welded at point B to the rolled steel beam AC. For the loading shown, determine (a) the slope at point A, (b)the deflection at point B. Use E = 200 GPa.



9.66 Rigid bars ere welded to the steel rcd AD as shown. For the loading shown,detennh (a) the ddlectim at point B. (b)the slope at end A. Use E = rnGPa.



.-



 ThischepterwasdevotMitothe~onofslopesenddeflsctions of beams under tmmvqse loadings. l h approaches were used. Rrst we used a mathematical method based on the method of Inte @on of a differential equation to get the slopes and deflections at any point along the beam. We then used the moment-am method to End the slopcs and deflectim at a given point along the beam. Particular mnphasls was olaced on the cornoutationof the maximumde flection ofa beam undea a given loading We dm applied these methods for determinjng deflections to tlm analysis of In&terminate beams, those in which the number of ceeds the number of eQuilibrium these IInblownLI.



 We noted in See. 9.2 that Eq. (4.21) of Seo. 4.4, wbich la tee the curvature l/p of the neuaal sutface and the bending moment M in a prismtic beam in pure bending, can be applied to a beam under a transverse loading, but that both M and l / p will vary from s d o n to section. Denoting by x the distance ftom the left end of the beam, we wrote



Deformation of a beam under transverse loading



This equation enabled us to de neutral surface for anv value o doas regarding the ≊ of the deformed beam. In Seo.9.3, we discussed how to obtain a relation between the defleotion y of a beam, measured at a given poiht Q, and the distance x of that point from some fixed origin (Fig. 9 . 0 . Such a relation defines the elastic curve of a beam. Expressing the the l / p in terms of the derivatives of the function y (9.1). we obtained the following second ', equation:



Integrating this equation twice, we obtained the foUoHiing expressions defining the slope 8(x) = 6tyldx and the deflection fix), respectively:



The product El is known as theflearml rigidiQ of the beam; C, and C, are two constants of integration that can be determined from the boutdary conrIifions imposed on the beam by itssupports (Fig. 9 3 ) @xample 9.011. The maximnm defldon can thy be obtained by de&mhing the value of x for whlch the slope is zero and the cortespon$jng value of y [Eixmple 9D2, Sample W. 9.11.
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(a) S l m ~ su~wrtedbeam ,k



Boundary conditions



-



(b)Overhmeine beam



Flg. 9.8 Boundary wndnions (or statically determinate beams.



(c;)CantUever beam



 Elastic curve Mined by different fundions
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ous portions of the beam. fe the case of



'dered in Exam~le9.03 Pig, 9.201,



IVA-01



[YA=OI lo,,= 01



[MB=OI (a)Cantilever b



m



(b)SLmplr+bePm



Fb. 9.21 Boundary conditions fw beanns carrying a dlstribuded load.



Statically indeterminate beams






'Shde onlv three d l i b r i u r n m5..



 fimrXiod. H wheo several funukti~ap to ~%pm$wt Mweriho&leogthofthebkam, thismcanbeumwcluite



 Delkotionof~
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Method of superposition



Statically indeterminate beams by superposition



The ne%tsection was devoted to the mathod of duperposiliotl, which consists of deteddetermlning separately, and then adding, the $lopa and deflection caused by the various loads applied to a beam [Se& 9.71. TBi8 piocedan Was facilitated by tbe hre of the table of Ap pendii D, which givea the dopes and Moss of beams for wious loadings and typesof auppwt @&ample 9.07, Sample Pmb.9.71. v



The method d nrprpwition can be used effuctively with stag



beams [Sec. 9.81. In thecase of the beata of Example 9.08 @ % % 9.36). which involves four unknown d o l l s and is thus imkmnbte to the &st degree, the reaction at B was conCd&fndctermitm



sidered as ndrrndmrt add the beam was released from that suppnt, Treating the reaclhn & as an unknown load and considehg separately the deflections caused at B by the given distributed load and by R , we mte that the sum of theae detktlons was zero Ti 9.37). The equation obtained was solved for RB [ B ~ Calso Samp Rob. 9.81. In the case of a beam indetemhate to the second & g ~ LC., with reactions at the supports involving tive unknowns, two nactions must be designatedas redmdant, and the corresponding sup pow must be ebiaated amodified accordingly [Sample Rob. 9.91.
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First moment-area theorem



We next studied the d d a t i o n of deflwtiods and elm' of beams using the moment-an~mezkod. Im order to t o w the mowmtt h a o ~ m s[Sm.9.91. weRB'tjZBt drew a dm i am mix& senting the variation along the beam of the quantity ~/31 obtaihed by dividing tbe bamiing moment M by the f l e d rigldity El (Fig. 9.41). We theo derived h f i m moment-area theomm which may be stated as follows: The area & the (MIEI) diagram betwtm two points b equal a, the an& between ifu tangents to tha elasrio dlOWn r l u ~ ~ . p *r o:Y. c*I %-~,:. +,R:-< $ ;p wrote, .
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 Flg. 8.46 Second moment-area theorem



Fig. 9.41 fire4 moment-area Ulewm



Again using the (MIEI)diagram and a sketch of the deflected



beam (Fig. 9.45). we drew a tangent at point D and coosidered the vertical distancc to, which is called the tangential deviation of C with respect to D,We then derived the second moment-area t h e rem, wbich may be stated as follows: The tangential deviation tw of C with respect to D is equal to the f h t moment with nspect to a vertical axis through C of the area under the (MfEI) diagram betwceo C and D. We wereo~nfulto distinguish between the tangential deviation of C with ragpect to D pig. 9.45a). t,, = (area beween C and D) XI



and the tangential deviation of D



(9.59)



Second moment-area theorem



 ~ d B u n u



CanUlever Beams Beams with symmelrlc loadings -



''1nSec.9.10~~e0~ethislopeaqdctdle*laat w t s of cmuflcvabeams and .beams wltb symmetdc loadfngs. For -kntUsyea the tangent at the Bed support is horizontal Fig. 9.46h'phd m a r i c a l l v loaded beams. the taneeot is horizon-
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Reference tangent
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Relerelwe tangent
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(c)



e r e a s ~ t n c . ~ , ~ ~ . t s e a b e e d d e d t o ~ sbpea && ~~'~ for the Oetglasl 'beam hd .hmdhg ,, << [BnqIe~.9.l0 Md 9.111:: ?,.&i:-. . . ,u. 
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 Maximum deflection



ng. 8.68



Statloally Indeterminate beams



 Moments of Areas A.l. FIRST MOMENT OF AN AREA; CENTROID OF AN AREA Consider an area A located in the xy plane (Fig.A.l). Denoting by x and y the coordinates of an element of area dA,we define thefirst moment of the area A with respect to the x axis as the integral



Fig. A1



Similarly, the first moment of the area A with respect to the y aris is defined as the integral



We note that each of these integrals may be positive, negative, or zero, depending on the position of the coordinate axes. If SI units are used, the first moments Q, and Q, are expressed in m3 or mm'; if U.S. customary units are used, they are expressed in fp or in3. The centmid of the area A is defined as the -point C of coordinates and y (Fig. ~.2);which satisfy the relations



x



LX&=fi



LY&=~$



(A.3)



Comparing Eqs. (A.1) and (A.2) with Eqs. (A.3). we note that the first moments of the area A can be expressed as the products of the area and of the coordinates of its centroid:



 When an area possesses an axis of symmetry, the fust moment of the area with respect to that axis is zero. Indeed, considering the area A of Fig. A.3, which is symmetric with respect to the y axis, we observe that to every element of area dA of abscissa x corresponds an element of area dA' of abscissa -x. It follows that the integral in Eq. (A.2) is zero and, thus, that Q, = 0.It also follows from the first of the relations (A.3) that i = 0. Thus, if an areaA possesses an axis of symmetry, its centroid C is located on that axis.



(a) Flg. A.4



Since a rectangle possesses two axes of symmetry (Fig. A h ) , the centroid C of a rectangular area coincides with its geometric center. Similarly, the centroid of a circular area coincides with the center of the circle (Fig. A.4b). When an area possesses a center of symmetry 0, the first moment of the area about any axis through 0 is zero. Indeed, considering the area A of Fig. A.5, we observe that to every element of area dA of coordinates x and y corresponds an element of area dA' of coordinates -x and -y. It follows that the integrals in Eqs. (A.l) and (A.2) are both zero, and that Q, = Q, = 0. It also follows from Eqs. (A.3) that 2 = = 0, that is, the centroid of the area coincides with its center of symmetry. When the centroid C of an area can be located by symmetry, the first moment of that area with respect to any given axis can be readily obtained from Eqs. (A.4). For example, in the case of the rectangular area of Fig. A.6, we have



Fls. A,5



Q*= AT = (bh)(ih) = fbh2 and In most cases, however, it is necessary to perfom the integrations indicated in Eqs. (A. 1) through (A.3) to determine the fmt moments and the centroid of a given area. While each of the integrals involved is actually a double integral, it is possible in many applications to select elements of area dA in the shape of thii horizontal or vertical strips, and thus to reduce the computatidns to integrations in a single variabie. This is illustrated In Example A.O1. Centroids of common geometric shapes are indicated in a table inside the back cover of this book.



Fig. ~ . 6



 1



For the triangular area of fig. AA. determine (a) the first moment Q, of the area with respect to the x axis, (b) the ordinate y of the centroid of the area.



(a) Flrst Moment 0,. We select as an element of area a horizontal strip of length u and thickness dy, and note that all the points within the e l e m d are at the same distance y from the x axis (Fig. A.8). Fmm similar triangles, we have u =h-y b



h



h-Y u=bh



and



The first moment of the area with respect to the x axis is



-



.



(b) Odlnate of CentmId. Recalling the first of Eqs. (A.4) and observing that A = ibh, we have



Q, = Aj



AblZ = (jbh)! Y=fh



A.2. DETERMINATION OF THE FIRST MOMENT AND CENTROID OF A COMPOSlTE AREA



-I



0



Y



-



Consider an area A, such as the trapewidal area shown in Fig. A.9, which may be divided into simple geometric shapes. As we saw in the preceding section, the first moment Q, of the area with respect to the x axis is represented by the integral Jy dA, which extends over the entire area A. Dividing A into its component parts A,, Al. A3, we write Q ~ l =A y d * = l ~ d * L1yd*+ + b.id



or, recalling the second of Eqs. (A.3). Qx



o Flg. A.B



=AS,



+ A32 + A373



where -7,.. -A, - and 7, represent the ordinates of the centroids of the component a m s . ~x&di& this result to an arbitmy number of compo-



 nent areas, and noting that a similar expression may be obtained for Q, we write



. ,~



e, = Z1hJ$, : Q, . .':i.-,:.



,



'



A,?,



Y



To obtain the coordinates k and of the centroid C of the composite area A, we substitute Q, = AY and Q, = f i into Eqs. (A.5). We have



Y



Solving f o r k and and recalling that the area A is the sum of the component areas A , we write



Locate the centroid C of the area A shown in Rg. A.10.



AW,



Selecting the coordinate axes shown in Fig. A. 1I, we note that the centroid C must be located_on the y axis, since this axis is an axis of symmeuy; thus, X = 0. Dividing A into its component parts A, and A , we use the second of Eqs. (A.6) to determine the ordiite Y of the centroid. The actual computation is best canied out in tabular form.



a mm



md



112 x 10' 72 X 10' ~A~~ = 184 X I d



A, = 4000



-y=--



' i



Z A1 i



AIYI. mm=



- 184 X 10'mm3 = 46 mm 4



x



idmm2



 b



Referring to the area A of Example A.02, we consider the horizontal x' axis through its centroid C. (Such an axis is called a cenfmidal aris.) Denoting by A' the portion of A located above that axis (Fig. A.12). determine the first moment of A' with wpect to the x' axis.



b40-1 Dlrnen-



5 nrs



-



Solutlon. We divide the area A' into its components A, and A, (Fig. A.13). Recalling from Exampk A.02 that C i s located 46 mm above the Iowa edge of A, we determine the ordinates y; and j;; of A, and A, and express the first moment Q$ of A' with respect to x' as follows: Q:. = A,!;



+ AJ;



= (20 X 80)(24)



+ (14 X 40)(7) = 4 2 3 X Id mm3



Altematlve Solutlon. We first note that since the centroid C of A is located on the x' axis, the fim moment Q; of the entire area A with respect to that axis is zero:



Q, = Ay' = A(0) = 0 Denoting by A" the podon of A located below the x' axis and by Q:. its fust moment with respect to that axis,we have therefore *b'thattmfarmarnents or A' a n a A ' % % v e X same magnitude and opposiie signs. Refening to Fig. A.14, we write



and



In mrn



 A.3. SECOND MOMENT, OR MOMENT OF INERTIA, OF AN AREA; RADIUS OF GYRATION



Consider again an area A located in the xy plane (Fig. A. 1) and the element of area 4of coordinates x and y The second moment, or moment of inertia, of the area A with respect to the x axis, and the second moment, or moment of inertia, of A with respect to they axis are defined, respectively, as



(A.7)



IFig. A.1 (qmated)



These integrals are referred to as rectangular moments of inertia, since they are computed from the rectangular coordinates of the element a. While each integral is actually a double integral, it is possible in many applications to select elements of area dA in the shape of thin horizontal or vertical strips, and thus reduce the computations to integrations in a single variable. This is illustrated in Example A.04. We now define the polar moment of inertia of the area A with respect to point 0 (Fig. - A.15) as the integral . Jo-



19.1



(A.8) I



where p is the distance from 0 to the element dA. While this integral is again a double integral, it is possible in the case of a circular area to select elements of area aX in the shape of thin circular rings, and thus reduce the computation of Jo to a single integration (see ExampleA.05). We note from Eqs. (A.7) and (A.8) that the moments of inertia of an area are positive quantities. If SI units are used, moments of inertia are expressed in m4 or mm4; if U.S. customary units are used, they are expressed in ft4 or in4. An important relation may he established between the polar moment of inertia Jo of a given area and the rectangular moments of inertia 1, and I, of the same area. Noting that p2 = 2 9,we write



+



The mdius of gyrafion of an area A with respect to the x axis is defined as the quantity rw that satisfies the relation (A. 10)



Img. A.1S



 whcre I, is the moment of inertia of A with respect to the x axis. Solving Eq. (A.lO) for r, we have



In a similar way, we define the radii of gyration with respect to the y axis and the origin 0. We write (A. 12) (A. 13)



Substituting for J , 1, and I, in terms of the comsponding radii of gyration in Eq. (A.9). we observe that



6 = r: + r;



Fa the rec(angular area of Rg.A.16, determine (a) the moment of inertia I, of the area with respect to the centroidal x axis, (b) the corresponding radius of gyration r,. 4



(a) Moment of Inertla I,. We select as an element of area a horizontal strip of lengtb b and thickness dy (Fig. A.17). Since all the points within the srrip are at the same dismnce y from the x axis, the moment of inertia of the s i p with respect



to that axis is dl, = JdA = J(bdy) Integrating from y = -h/2 to y =



+h/2, we write



J(b dy) = fb[?]f



(b) Radlus of Gyration r,. I, = A



fibh3



?$



Rom Eq. (A.10). we have = r:(bh)



and, solving for r,.



rx = h / r n



(A. 14)



 For the circular area of Fig. A.18, determine (a) the polar mom t of inertia Jo, (b) the rectangular moments of inatia I, and I,



(a) Polar Moment of Inertla. We select as an element of area a ring of radius p and thickness dp (Fig. A.19). Since all the points within the ring are at the same distance p from the origin 0,the polar moment of inertia of the ring is IntegraIing in p from 0 to c, we write



(b) Rectangular Moments of lnertla. Because of the symmetry of the circular area. we have I, = I,. Recalling Eq.(A.9), we write



Jo = 6 + I, = U,



imc4 = 2,



and, thus,



The results obtained in the preceding tuo examples, and the moments of inertia of other common gmmtdc shapes, are listed in a table inside the back cover of this book.



A.4. PARALLELAXIS THEOREM



Consider the moment of inertia I, of an area A with respect to an arbitrary x axis (Fig. A.20). Denoting by y the distance from an element of area dA to that axis, we recall from Sec. A.3 that =



[$dA



X'



Let us now draw the cenrroidol x' axis, i.e., the axis parallel to the x axis which passes through the centroid C of the area. Denoting by y' the distance fmm the element d4 to that axis, we write .y = y' . + d, where d is the distance between the two axes. Substituting for y in the integral representing I, we write



(A.15) The fvst integral in Eg. (A.15)represents the moment of inertia if of the area with respect to h e cenbuidal x' axis. The second integral rep-



x



L



 resents the first moment Qy of the area with respect to the x' axis and is equal to zero, since the centroid C of the area is located on that axis. Indeed, we recall fmm Sec. A.l that



finally, we observe that the last integral in Eq. (A.15) is equal to the total area A. We have, therefore, P ,



$gp+Ad? ',I,



(A. 16)



This formula expresses that the moment of inertia I, of an area with respect to an arbitrary x axis is equal to the moment of inertia i,, of the area with respect to the centroidal x' axis parallel to the x axis, plus the pmduct ~ d of ' the area A and of the square of the distance d between the two axes. This result is known as the parallel-axis theorem It makes it possible to determine the moment of inertia of an area with respect to a given axis, when its moment of inertia with respect to a centroidal axis of the same direction is known. Conversely, it makes it possible to determine the moment of inertia id of an area A with respect to a centroidal axis x: when the moment of inertia I, of A with respect to a parallel axis is known, by subtracting from I, the product AdZ.We should note that the parallel-axis theorem may be used only if one of the fwo axes involved is a centroidal axis. A similar formula may be derived, which nlates the polar moment of inertia Jo of an area with respect to an arbitrary point 0 and the polar moment of inertia jc of the same area with respect to its centroid C. Denoting by d the distance between 0 and C, we write



A.5. DETERMINATION OF M E MOMENT OF INERTIA OF A COMPOSITE AREA



Consider a composite area A made of several component parts A,, A,, and so forth. Since the integral representing the moment of inertia of A may be subdivided into integrals extending over A,, Ab and so forth, the moment of inertia of A with respect to a given axis will be obtained by adding the moments of inertia of the areas A,, A,, and so forth, with respect to the same axis. The moment of inertia of an area made of several of the common shapes shown in the table inside the back cover of this book may thus be obtained from the formulas given in that table. Before adding the moments of inertia of the component areas, however, the parallel-axis theorem should be used to transfer each moment of inertia to the desired axis. This is shown in Example A.06.



 Determine the moment of inertia f, of the area shown with respect to the centroidal x axis (Fig. A.21).



L0~atl0nof Centroid. The centroid C of the area must first be located. However, this has already been done in Example A.02 for the given area. We recall fmm that example that Cis located 46 mm above the lower edge of the area A.



Computation of Moment of Inertia. We divide the area A into the two rectangular areas A , and A, (Fig. A.22), and compute the moment of inertia of each area with respect to the x axis.



Dimendons in mm Flg. A.21



Rectangular Area 4. To obtain the moment of inertia (I,), of A , with respect to the x axis, we first compute the moment of inertia of Al with respect to its own cenltv&l aris 1 ' . Recalling the formula derived in part a of Example A.04 for the centmidal moment of inertia of a rectangular area, we have



Using the parallel-axis theorem, we transfer the moment of inertia of Al from its centroidal axis x' to the parallel axis x:



+



+ (80 103mm4



(I,), = (i,,), A,d: = 53.3 X la' = 975 X



X



20)(24)2



Rectanguk3r Area 4,. Computing the moment of inertia of A, with respect to its centroidid axis x", and using the parallel-axis theorem to transfer it to the x axis, we have (i*), = fi:bh3= &(40)(60)] = 720 X la' mm4



(IXf2 = ( I f ) ,



+ A2d: = 720 X



id



+ (40 X 60)(16)*



= 1334 X la' mm4



Entlm Area A. Adding the values computed for the moments of inertia of A , and A2 with respect to thex axis, we obtain the moment of ineha I, of the entire area: = (I,),



+ (I,), = 975 X



i, = 2.31 x



I@ m*



Id



+ 1334 X id



Dimouions ia mm flg. A.22



 Answers to problems with a number set in straight type are given on this and the following pages. Answers lo pmblcms with a number set in italic an nM listed.



CHAPTER 1



1.20 1.23 1.24 1.25 1.26 1.29 1.30 1.31 1.32 1.35 1.38 1.37 1.38 1.39 1.40 1.43 1.44 1.45 1.48 1.49 1.50 1.51 1.52 1.53 1.54 1.57 1.58 w



(a) 84.9 MPa. (b) -96.8 MW. d, = 22.6 mm; d2 = 40.2 mm. (a) 17.93 h i . (b) 22.6 ksi. d, = 1.059 in.; d, = 0.714 in. (a) 72.2 MPa. (b) -83.3 MPa. (a) 101.6 MPa (b) -21.7 MPa. (a) 14.64 ksi. (b) -9.96 ksi. (a) -281 psi. (b) 107.1 psi. (a) 17.86 kN. (b) -41.4 MW. (a) 12.73 MPa. (b) -4.77 MPa. 308 mm. 434 nun. 1.633 in. 12.57 kips. 178.6 mm. 321 mm. (a) 80.8 MPa (b) 127.0 MW. (c) 203 MPa. (a) 31.1 MPa (b) 48.8 MPa.(c) . , 78.1 MPa. iai 7.28 h i . '18.30 ksi. (a) 8.92 ksi. 22.4 ksi. (c) 11.21 ksi u=565kPa,~=206irPa. (a) 5.31 kN. (b) 182.0 kPa. (a) 3290 lb. (b) 75.5 psi. u = 55.1 psi; 7 = 65.7 psi. u = -37.1 MPa, T = 17.28 MPa. 337 kN. 3.60. 27.8 mm. 3.64. 4.55 kips. 3.23. 216 nun. 2.87. 0.8125 in. 3.72 kN. 3.97 W. 589 Ib. 938 lb. 2.42. 2.05. (a) 362 kg. (b) 1.718. (a) 629 lb. (b) 1.689.



(6 (6



-54.0 MPa. 1.084 h i . 9.22 kN. (a) 10.84 ksi. (b) 5.1 1 ksi. 1.800. 4.49 kips. 277 Ib. 22.8' S 8 S 32.1'. (c) 1 6 m m S d s 2 2 m m . ( d ) 1 8 m m s d 5 2 2 m . (c) 0.70 in. S d S 1.10 in. (d) 0.85 in. S d 5 1.25 in. (b) Fa p = 38.66'. tan p = 0.8; BD is perpendicular to BC. (c) F.S. = 3.58 for a = '26.13~;P is . perpendicular to line AC. 1.C5 (b) Membrr of Fig. P 1.29, for a = 70': (I) 565 kpa, (2) 206 kPa; (3) 2.23; (4) 729, (5) 2.23. Member of Fig. P 1.32. far a = 40°: (1) 55.1 psi; (2) 65.7 psi; (3) 2.72; (4) 3.26; (5) 2.72. 1.C6 (d) , .P = 5.79 W. stress in links is critical.



1.59 1.80 1.82 1.83 1.65 1.68 1.68 1.89 1.C2 1.C3 1.C4



CHAPTER 2 2.1 2.2 2.3 2.4 2.5 2.7 2.9 2.10 2.11 2.12 2.15 2.16 2.17 2.19 2.21 2.22 233 2.26 2.27 2.28 2.29



(a) 9.96 mm. (b) 109.1 MW. (a) 0.0303 in. (b) 15.28 h i . (a) 9.W h i . (b) 1.760. (a) 5.32 mm. (b) 1.750 m. (a) 11.31 kN. (b) 400 MPa. (a) 0.546 mm. (b) 36.3 MPa. 48.4 kips. 10.70 mm. 1.988 LN. 0.429 in. (a) 9.53 kips. (b) 1.254 X 10-'in. (a) 32.8 W.(b) 0.0728 mm. (a) 0.01819 mm. (b) -0.0909 mm. 5.74 kips. 50.4 W. 2.11 mm; 2.03 mm. (a) 0.1767 in. (b) 0.1304 in. (a) -0.0302 mm. (b) 0.01783 mm. 0.1095 m. 3.51 kips. (a) pgL212E. (b) Wf2.



 2.30 2.33 2.34 2.35 2.38 2.39 2.40 2.41 2.42 2.43 2.44 2.47 2.48 2.49 2.50 2.51 2.52 2.53 2.54 2.57 2.58 2.59 2.60 2.63 2.64 2.65 2.68 2.69 2.70 2.71 2.72 2.77 2.78 2.79 2.80 2.83 -5LX 285



2.88 2.07 2.88 2.93 2.94 2.95 2.96



299 (a) 50 LN. (b) 110%. 2.100 55 kN. 2.101 (a) 310.5 irN; 0.705 rma (b) 310.5 W, 4.205 mm. 2.102 (a) 310.5 lrN; 7 81 mm. (6) 310.5 W, 10.81 mm. 2.103 2.65 kips: 0.1117 in. 2.104 3.68 kip; 0.1552 in. 2107 (a) 23.9 W. (6) 250 MPa. (c) 0. 2.108 (a) 23.9 kN. (b) 250 MW (c) 0.3lOmm. 2.111 (a) 112.1 kips. (6) 82.9 h i . (c) 0.00906 in. 2.1 12 (a) 0.0309 in. (b) 64 ksi. (c) 0.00387 in. 2.113 (a) 0 1042 mm.(b) -65.2 MW. 2.114 (a) 0.00778 mm. (6) -6.06 MPa 2.115 8 ki. 2.116 18.78 ksi. 2.117 (a) -250 MPa. (6) 117.4 MW. 2.118 (a) 140.0' C. (b) 260.1DC 2.121 (a) u , = 2.50 MPa, urn= 124.3 MPa (6) 0.622 mm. 2.122 (a) urn = 2M MPa; u, = 233 MPa. (6) 1.322 mm. 2.123 (a) urn = -4.70 MW,UBS = 19.34 MW. (6) 0.0967 mm. 2.124 1.219 in. 2.125 (a) u, = 67.9 MPa, u , = -55.6 MPa. (6) 8, = 0.2425 mm; 8& = -0.1325 mm. 2.128 0.0455 in; 8.51" 9. 2.131 8, = 0.237 mm c ;8, = 0.2% mm +; 8,- 2.43mm +. 2.132 (a) -57.7% (6) 8c=0.M29mm +;&=0.0263mm +. 2.133 (a) 9 mm. (6) 62 kN. 2.135 (a) 0.00310 in. (b) -0.00l104 in. 2.C1 Pmb. 2.18: (a) 2.95 5.(6) 529 mm. 2.Pmb. 2.109: (a) 0.291 mm (b) q , = 250 MPa, u , = -307 MPa. (c) 0.027 mm. 2.C6 (a) -0.40083. (b) -0.10100. (c) -0.00405.



pgh2/6E. (a) 47.5 MPa (6) 0.1 I32 mm. (a) 75.9 kN. (6) I20 MW. u, = -8.34 L;si, u. = -1.208 ksi. 695 kips. (a) 0.W62 mm. (b) urn= 30.5 MW,u, = 38.1 MPa. (a) 26.2 ksi. (b) -9.82 ksi. (a) RA = 11.92 kips c :R, = 20.1 kips c. (b) 3.34 x 10-3 in. (a)RA=76.6W-r;RD=64.6~c. (b) -0.0394 nun. (a) R, = 47.3 kN + ;R,, = 35.3 kN c (6) -0.00605 mm. 177.4 lb. PA= 0.525P; P, = 0.UMP; PC= 0.275P. PA O.IP;P,= 0.2P:PC=0.3P,PD = O.4P. (a) -98.3 MPa. (6) -38.3 MPa. (a) 1.567 ksi. (b) -0.298 ksi. 75.4O C. u, = -9.47 MPa, uc= 0.391 MPa. (a) urn = -21.1 hi; uw = -6.50 ksi. (6) 0.00364 in. t. (a) u., = -44.4 MW, u~ = -100 MPa. (b) 0.500 mm I. (a) 217 kN. (6) 0.2425 mm. (a) 98.6' C. (b) 450.0266 mm. (a) -22.1 h i . (6) 0.01441 in. (a) -7.55 ksi. (b) 10.00467 in. (a) 0.00780 in. (6) -0.W021i6 in. 216 MPa, 74.5 MPs, 0.451. (a) -2.43 mm. (6) 0.0961 mm. (c) 0.00400 mm. (a) 1.324 x lo-' in. (6) -99.3 X 10.' in. (c) - 12.41 X lo-( in, ( d ) -12.41 X in*. (a) 352 X in. (6) 82.8 X loA6in. (c) 307 X in. 0.0269%. (a) 0.0754 mm.(b) 0.1028 mm. (c) 0.1222 mm. (a) -0.0724 mm. (b) -0.01531 mm. 10.26 MPa. 6.17 X I@ Wlm. 0.0187 in. 0.818 in.; 2.42 in. (a) 242 X 10": 18.40mm3. (b) 5 19 X lo-'; 39.4 mm3.
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CHAPTER 3 3.1 641 N. m. -



(a) 588 X lo-' in. (6) 33.2 X lo-' in3. (c) 0.0294%. (a) -0.0746 mm; 143.9 mm3. (b) -0.0306 mm; -521 mm3. 3.46 kips. 6.11. (a) 14.04 ksi. (b) 18.2 ksi. 5.71 kip. (a) 58.3 W. (6) 64.3 kN. (a) 87.0 MPa. (b) 75.2 MPa. (c) 73.9 MPa
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4.12 kip in. (a) 70.5 MPa. (6) 55.8 mm. (a) 10.74 kN m. (b) 228 kN m. (a) 56.6 Mw.(b) 36.6 MPP. 39.8 mm. (a) BC. (b) 9.66 ksi. (a) AB. (6) 10.06 ksi. 9.16 kip in. (a) 1.503 in. (b) 1.853 in.



.



.



.



 .



3.17 3.18 kN m. 3.19 (a) 50.3 mm. L' (b) 63.4 mm. 3.21 (a) 72.5 MPa. (b) 68.7 MPa. 3.22 (a) 59.6 mm. (b) 43.9 mm. 3.23 (a) 1.158 in; ( b ) 0.835 in. 3.25 1.189 kip in. 3.26 (a) 37.1 mm.(b) 31.7 mm. 3.27 515N. m. 3.29 (a) Tlw = (7,&p8)[g)[c: + 6)/c2]. (b) Tlw = (Tlw)o[l ( C ~ ~ C , ) ~ ] . 3.30 1.0; 1.025; 1.120; 1.200; 1.0. 3.31 (a) 4.21°. (b) 5.25O. 3.32 (a) 2.83 kip In. (b) 13.000. 3.33 9.38 ksi. 3.35 (a) 2 53'. (b) 3.4Z0. 3.37 (a) 0.741'. (b) 1.573". 3.38 (a) 24'. (b) 75.6'. 3.39 7.94". 3.40 4.52'. 3.41 3.12". 3.44 1.749". 3.45 (a) 82.1 mm. (b) 109.4 mm. 3.46 1.392 in. 3.47 62.9 mm. 3.48 42.1 mm. 3.52 (a) 73.6 MPa. (b) 34.4 MPa. (c) 5.07'. 3.53 4.13'. 3.54 (a) 4.72 ksi. (b) 7.08 ksi. (c) 4.35'. 3.55 7.37". 3.56 r,, = 39.6 MPa; 7, = 31.7 MPa. 3.57 r,, = 68 8 MPa; r,, = 14.75 MPa. 3.58 rrs = 10.34 MPa, rc, = 48.6 MPa. 3.61 12.24 MPa. 3.62 0.241 in. 3.65 (a) ~ 1 2 n r fatt r = rl. 3.66 (a) 73.7 MPa. (b) 0 510'. 3.67 d = 21.4 mm. 3.68 d = 0.265 in. 3.69 d = 1.528 in. 3.70 d = 6.69 mm. 3.71 dz = 58.2 mm. 3.73 25.6 kW. 3.74 1.89 mm. 3.76 8 mm. 3.77 (a) 5926 psi. (b) 1.940q. 3.78 (a) 0.685 in. (6)5.38". 3.81 (a) 16.02 Hz. (b) 27.7 Hz. 3.62 d = 74.0 mm. 3.83 4.91 Hz. 3.84 934 rpm. 3.87 313 kW. 3.88 268 kW. 3.89 0.225 in. 3.90 2076 rpm. 3.91 (a) 21.6 MPa. (b) 17.9 MPa.
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3.94



(a) 129.4 MPa; 27 mm. (b) 145 M a ; 23.4 mm. 3.95 (a) 18.1 l ksi; 0.75 in. (b) 21 ksi: 0.369 in. 3.96 21.2 N m. 3.97 47.7 ksi. 3.100 (a) 283 N m. (b) 12.95 mm. 3.101 145 MPa; 19.75'. 3.102 (a) 1.126 Cp, (b) 1.587 Cp, (c) 2.15 4, 3.103 21 hi: 21.0". 3.104 (a) 11.71 kN m; 3.44". (b) 14.12 kN m; 4.82". 3.105 (a) 8.04'. ( 6 ) 14.89 kN m. 3.111 2.32 kN m. 3.112 2.26 kN m. 3.113 44.9 MPa. 3.114 11.75 ksi. 3.115 (a) 40.5 MW. (b) 2.09". 3.1 18 5.77". 3.119 (b) 0.2217,~~. 3.120 3.1 lo. 3.121 9.45 kip in. 3122 (a) 10.40 ksi; 9.31". (b) 8.65 ksi; 6.77'. 3.123 (a) 1.730 kip in; 8.95". (b) 2.08 kip in: 7.82". 3.124 (a) 30.8 MPa; 0.535". (b) 37.9 MPa; 0.684". 3.125 (a) 1.300 kN m; 0.869". (b) 1.055 kN m. 0.902'. 3.128 (a) 1.193 in. (b) 1.170 in. (c) 0.878 in. 3.129 0.944. 3.130 1.223 mm. 3.131 1.356. 3.132 1.198. 3.133 (a) 157.0 1rN m. (b) 8.72". 3.136 (a) 925 N m. (b) 5.79". 3.137 8.47 MPa. 3.138 18.67 MF'a. 3.139 6.79 ksi: 4.53 ksi. 3.140 7.86 ksi; 5 2 4 ksi. 3.141 8.45 N m. 3.142 16.85 N m. 3.145 22.6 ksi; 15.04 ksi. 3.146 (a) 12.73 MPa. (b) 5.40 N m. 3.149 (a) l 1214c:. (b) 0.25%; 1%. 4%. 3.151 0.587". 3.1 54 3.79". 3.155 211 N - m . 3.158 (a) 2.16 kip. in. (b) 2.07 kip. in. (c) 1.92 kip in. 3.157 1.221. 3.159 (a) 0.347 in. (b) 37.2'.
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 3.161 3.C1 3.C2 3.C4 3.C5



39.4 MPa. Pmb. 3.150: (a) 8.55 ksi. (b) 9.13 ksi. Pmb. 3.42: 1.914". Pmb. 3.IM): (a) 2.78 h i at p = 0.5 in. (b) 5.68'. (a) . . -3.282%. (b) -0.853%. (c) . . -0.138%. (d) -0.0055%. 3.C6 (a) -1.883%. (b) -0484%. (c) -0.078%. (d) -0.0031%.



CHAPTER 4 4.1 4.2 4.3 4.4



4.5 4.6 4.7 4.8 4.9 4.12 4.15 4.16 4.17 4.18 4.19 4.20 4.21 4.24 4.25 4.26 4.27 4.30 4.31 4.32 4.33 4.34 4.35 4.36 4.37 4.38 4.39 4.40 4.43 4.44 4.45 4.46 4.47 4.48 4.49 4.50 4.53 4.54



(a) -2.38 ksi. (b) -0.650 ksi. (a) -116.4 MPa. (b) -87.3 MPa.



.



243 kN m. 56.3 kN m. (a) 1.405 kip in. (b) 3.19 kip -in. 2.38 kN m. 259 kip in. 187.1 kip in. 67.8 MPa: -81.8 MPa (a) 83.7 MPa. (b) -146.4 MPa. (c) 14.67 MPa. 2.22 kips. 2.05 kips. 1.957 kips. 2.57 kips. 7.67 k N m. 3.79 W m. 20.4 kip in. 1.372 kip in. (a) 105.5 1b. in. (b) 113.3 in. (a) 145 ksi. (b) 384 lb in. (a) 193.3 ksi. (b) 0.0483 lb in. (a) 53.6 MPa; 379 m. (b) 158.9 MPa; 127.5 m. (a) 9.17 kN m. (b) 10.24 kN m. 0,950. 0.949.
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(a) (b) 4. (a) 1007 in. (b) 3470 in. (c) 0.01320°. (a) 334 ft. (b) 0.0464'. (a) 139.6 m. (b) 481 m. (a) c')l2 pc.



(a,),V -



1.240 kN m. 1.043 kN m. 330 kip in. 685 kip in. (a) -56.0 MPa. (b) 66.4 MPa. (a) -56.0 MPa. (b) 68.4 MPa. (a) -1.179 ksi. (b) 9.94 h i . (a) - 1.526 ksi. (b) 17.67 ksi. 8.70 m. 8.59 m. 11.73 kN. 9.50 .&I



.



-



.



4.55 (a) 330 MPa. (b) -26.0 MF'a. 4.58 (a) 292 MPa.(b) -21.3 MPa. 4.57 (a) 29.0 ksi. (b) - 1.163 h i . 4.58 32.4 kip fi. 4.62 (a) uo = 6.86 ksi; ub = 6.17 h i : u, = 4.1 1 ksi. (b) 151.9n. 4.63 (a) u,= 8.%ksi:ua= 1.792ksi,ub=0.8%hi. (b) 349 ft. 4.64 (a) -22.5 h i . (b) + 17.78 ksi. 4.85 (a) 52.3 MPa. (b) 132.1 MF'a. 4.66 (a) 40.8 MF'a. (b) 145.2 MF'a. 4.67 (a) 6.15 MPa. (b) -8.69 MPa. 4.69 (a) 219 MF'a. (b) 176 MPa. 4.70 (a) 128 N m. (b) 142 N m. 4.71 (a) 6.79 kip in. (b) 5.59 kip in. 4.72 (a) 4.71 ksi. (b) 5.72 ksi. 4.75 (a) 144 N m. (6) 208 N m. 4.76 (a) 115.2 N m.(b) 171.2 N m. 4.77 (a) 284 Ib in. ( b ) 410 1b in. 4.79 8.94 R. 4.80 (a) 5.87 mm. (b) 2.09 m. 4.81 (a) 21.9 mm. (b) 7.81 m. 4.82 (a) 1260 1b in. (b) 1304 1b in. 4.89 (a) 5.76 kN m. (b) 8.32 W e m. 4.85 (a) 1759 kip in. (b) 2650 kip in. 4.88 (a) 3340 kip in. (b) 4730 kip in. 4.88 (a) 8.16 kN m. (b) 1.443. 4.89 (a) 2840 kip in. (b) 1.61 1. 4.90 (a) 4820 kip in. (b) 1.443. 4.91 19.01 kN m. 4.92 2.03 kN m. 4.93 20.7 kip in. 4.94 212 kip. in. 4.96 48.6 kN m. 4.97 120MW. 4.98 106.4 MPa 4.99 25.7 ksi. 4.1M) 18.62 ksi. 4.101 (a) 106.7 MPa. (b) f20.8 mm; 0. (c) 16.08 m. 4.102 (a) 99.6 MPa. (b) f21.2 mm; 0. (c) 15.77 m. 4.106 (a) 0.707pr. (b) 6 . 0 9 ~ ~ 4.108 (a) 292 MPa. (b) 7.01 mm. 4.109 (a) 4.69 m. (b) 7.29 W m. 4.111 (a) 43 ksi. (b) 10.75 kip in. 4.115 (a) -8.33 MPa; -8.33 MPa. (b) - 15.97 MPa, 4.86 MPa. 4.117 (a) - 102.8 MPa (b) 80.6 MPa. 4.118 (a) 13.52 ksi. (b) -11.52 ksi. 4.119 (a) 16.34 ksi. (b) -13.78 ksi. 4.121 (a) -37.5 MPa. (b) -11.62MPa. 4.123 10.83 mm. 4.124 (a) -0.75 hi. (b) -2.00 ksi. (c) -1.50 ksi. 4.125 94.8 kN 5 P 5 177.3 kN. 4.126 94.8 kN a P a 177.3 kN. 4.127 3.07 kips.
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