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N ( x, y ) =



∂N 1 = ∂x y
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ϕ´( y ) = e y ; ϕ( y ) = ∫ e y dy
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y = z3



2



dy 1 − 3 dz = z dx 3 dx



−2



  2  *  3z 3      



F. I.



e



−



1



∫ x dx



= e − ln x = x −1



1



d   1  ; z   = 3x 2  dx   x  



1 1 z  = ∫ 3x 2 dx ; z  = x 3 + c ; z = x 4 + cx  x  x



(



y 3 = x 4 + cx ; y ( x) = 3 x 4 + cx ⇒ y ( x) = 3 x x 3 + c



14.-



dy = ye x dx



y ( 0) = 2e



)



 1



∫ y dy = ∫e dx x



; ln y = e x + c ; y ( x ) = xe x



k = 2e



y ( x ) = 2e x +1



15.-



dy = 2 xy 2 + 3 x 2 y 2 dx



dy = xy 2 ( 2 + 3 x) ; dx −



1



∫y



2



y (1) = −1 dy = ∫ ( 2 x + 3 x 2 ) dx



1 1 = x 2 + x 3 + c ; y ( x) = − 3 y x + x2 + c 1 y ( x) = − 3 x + x2 −1



c = −1



dy = (1 − y ) cos x y (π ) = 2 dx 1 −1 senx +c ∫ (1 − y ) dy = ∫ cos xdx ; − ln(1 + y ) = senx + c ; −1 + y = e 1 y ( x ) = 1 + senx +c e



16.-



(



y ( x) = 1 +



17.- x



1 e



senx +1



dy + ( 2 x − 3) y = 4 x 3 dx



÷ x  2 x −3   dx x 



dy  2 x − 3  ∫ 2 + F. I. e  y = 4x dx  x  e 2 x dy ( 2 x − 3) e 2 x 4x 2 2x + = e x 3 dx x4 x3 d   e 2x  y dx   x 3



= e 2 x −3 ln x =



e2x x3



 4 2 x e 2 x  e2x  = e ; y  3  = 4 ∫ dx x  x x 



e 2 x  e 2x  e2x y  3  = 4∫ dx ; y  3  = 4 ∫ x −1e 2 x dx x x  x 



u =e 2 x



du = 2e 2 x dx



∫ dv = ∫ x



−1



v = ln x



[



e 2 x  y  3  = 4 ln xe 3 x − 2 ∫ ln xe 2 x dx x  y ( x) = x 3 2 + ce −2 x



[



18.-



)



]



]



2 dy = 2 xy + 3x 2 e x dx



y(0) = 5



dx



−1



 2 2 −2 xdx dy − 2 xy = 3 x 2 e x F. I. e ∫ = e −x dx 1 2 dy 2 2 d e −x − 2 xe − x = 3x 2 ; y e −x = 3x 2 dx dx



[ ]



[ ]



[ ( )]



y e − x = ∫ 3x 2 dx ; y ( x) e − x = x 3 + c 2



2



2



y ( x) = x 3 e x + ce x



19.- x 2



2



y ( x) = x 3 e x + 5e x ; y ( x) = e x ( x 3 + 5) 2



c =5



dy + 2 xy = 5 y 3 dx



÷



dy 2 5 + y = 2 y3 dx x x



2



2



x2



z = y 1− n z = y 1− 3



Bernulli



z=



z = y −2



−1 1 ; y= z 2 2 y 3



dy 1 − dz =− z 2 dx 2 dx 3 1 3 1 − dz 2 − 2 5  −  − z 2 + z = 2  z 2  2 dx x x   3



1



3



1 − dz 2 − 2 5 − − z 2 + z = 2 z 2 2 dx x x dz 4 10 − z=− 2 dx x x F. I. e



−



3



*



( − 2) z



3 2



4



∫ x dx



= e − 4 ln x = x − 4



( )



dz 4 −4 10 − x = 6 ; z x −4 = −10∫ x −6 dx dx x x 2 x4 z x − 4 = 5 + c ; z = 2 5 + cx 4 x x 1 2 1 1 = + cx 4 ; y = ⇒ y ( x) = 2 x y 2 2 + cx 5 + cx 4 x x x −4



( )



20.- ( x + y )



dy =1 dx



( x + y ) dy = dx



;



t ( dt − dx ) = dx ;



tdt −tdx = dx



tdt = (1 + t )dx ;



∫ 1 + t dt = ∫ dx







t=x+ y



t



1 



∫ 1 −1 +t dt = ∫ dx t − ln(1 + t ) = x + c ; x + y − ln(+xy + 1) = x + c y ( x ) = ln(+x + y + 1) + c 3 2 21.-  x + dx + ( y + ln x ) dy = 0



 



y x



dt = dx + dy ; dy = dt − dx



 M ( x, y ) = x 3 +



y x



N ( x, y ) = y 2 + ln x



∂M 1 = ∂y x



∂N 1 = ∂x x



⇒ EXACTA



y x4  f ( x, y ) = ∫  x 3 + dx + φ( y ) = + y ln x + φ( y ) x 4  ∂f = ln x + φ´( y ) = y 2 + ln x φ´( y ) = y 2 ∂y



φ( y ) = ∫ y 2 dy ; φ( y ) = c=



y3 +c 3



y3 x4 + y ln x + 4 3



22.- (1 + ye x )dx + (2 y + xe x )dy = 0 4



M ( x, y ) = 1 + ye xy ∂M = e xy + xye xy ∂y



N ( x, y ) = 2 y + xe xy ∂N = e xy + xye xy ⇒ EXACTA ∂x



f ( x, y ) = ∫ (1 + ye xy )dx + φ( y ) = x + e xy + φ( y )



∂f = xe xy + φ´( y ) = 2 y + xe xy ∂y



φ´( y ) = 2 y



φ( y ) = ∫ 2 ydy ; φ( y ) = y 2 + c c = x + e xy + y 2



23.- ( e x seny − tan y )dx − ( e x cos y − x sec 2 y )dy = 0 M ( x, y ) = e x seny − tan y



N ( x, y ) = e x cos y − x sec 2 y



∂M = e x cos y − sec 2 y ∂y



∂N = e x cos y − sec 2 y ∂x



(



)



⇒



EXACTA



f ( x, y ) = ∫ e x seny − tan y dx + φ ( y ) = e x seny − x tan y + φ ( y )



∂f = e x cos y − x sec 2 y + φ´( y ) = e x cos y − x sec 2 y ∂y φ( y ) = c c = e x seny + x tan y



24.-



+C  dy = ∫ dx ) ∫ ( y +1 y ) dy = ∫ dx ∫ Ay + By 1 + y   



(



dy y + y3 ; dx



3



A(1 + y 2 ) + ( By + C ) y = 1 A + Ay 2 + By 2 + Cy = 1 y 2 ( A + B) + y (C ) + A = 1 C =0



A = +1



1



∫ y dy − ∫ y ln y −



2



B = −1



y dy = ∫ dx +1



1 ln 1 + y 2 = ln x + ln c 2



2



  y ln   1 + y 2



(



)



  = ln( x − c) 1 2   2



  y   = ( x, c ) 2 1  2 2   1+ y  y = x 2c ⇒ y 2 = cx 2 (1 + y 2 ) 2 1+ y



(



)



(



)



(



 2  dy 2 25.- y  x + y  1 + x  dx 



(



)



1 2



=x



)



(



1  dy  y 2  x + y  1+ x4 2 = x ÷ y 1+ x4  dx  dy x x +y= ÷ x 1 4 2 dx y 1+ x



(



(



z= y



z=y



2



1− ( −2 )



)



1



−



(



)



1



( )



3x3



(1 + x ) 4



1



2



)



" Bernulli" 2 2



dy 1 − 3 dz = z dx 3 dx



1



)



1



2



2



(



1 3



1



* (3z 3 ) F. I. e



dz 3 3 3x 3 x − x z= dx x 1+ x4 −3



y=z



3



2



(



dz 3 3 − z= dx x 1+ x4



(



2



z= y



1



∫



2



dy 1 y −2 + y= dx x 1+ x4



;



1 − 3 dz 1 3 z 3 z + z = 3 dx x 1+ x4



 1  z 3  =  x 



1



)



dy 1 x + y= dx x xy 2 1 + x 4 1− n



)



−



3



∫ x dx



= e −3ln x = x −3 1



)



1



2



d   1  3x 3 ; z =   dx   x 3   1+ x4



(



 1  3 1 dx ; z  3  = ∫ 1 du  x  4 u 2



( )



 1  3 y3 3 z 3  = 1 + x4 + c ; −3 = 1 + x4 + c x 2 x 2  



( )



(



2 x3 y 3 = 3 1 + x 4 dy



)



1



2



+c



x − y −1



26.- dx = x + y + 3 ; ( x + y + 3)dy = ( x − y −1)dx x+ y+3= 0 x − y −1 = 0 2x + 2 = 0 xo = − 1 y o = − 2



x = −1 + r dx = dr y = −2 + s dy = ds



)



1



2



u = 1 + x 4 ; du = 4 x 3dx



 ( − 1 + r − 2 + s + 3) ds = ( − 1 + r + 2 − s − 1) dr (r + s)ds = (r − s)dr



r = vs



dr = vds + sdv



(vs + s) ds = (vs − s)(vds + sdv) s(v + 1)ds = s(v − 1)(vds + sdv) = s



[ ( v + 1) − v(v − 1)] ds = (v − 1)sdv



; (v + 1 − v 2 + v) ds = s(v − 1)dv



(1 + 2v − v 2 )ds = s(v − 1)dv 1



v −1



1



∫ s ds = − 2 ∫ (1 + 2v − v ) dv



u = 1 + 2v − v 2



2



du = (2 − 2v)dv 1 du = 2(1 − v)dv; du = (v − 1)dv 2 1



1 1



∫ s ds = − 2 ∫ u du r s x +1 v= y+2



r = x +1



v=



s = y+2



1 c ln s = − ln u + ln c ; ln s = ln 1 2 u 2 s=



c u



1



; c = su



1



2



; c = s(1 + 2v − v 2 )



2 1



2   x + 1   x + 1   2   −   c = ( y + 2) 1 + 2 ⇒ x 2 − 2 xy − y 2 − 2 x − 6 y = c   y + 2 y + 2      



dy



2 y − x +7



27.- dx = 4 x −3 y −18 ; (4 x −3 y −18)dy = (2 y − x + 7)dx



 4 x − 3 y − 18 = 0



4 x − 3 y − 18 = 0



− x + 2 y + 7 = 0 * ( 4)



− 4 x + 8 y + 28 = 0 5 y + 10 = 0 y = −2



x = 3+ r



dx = dr



r = x−3



y = −2 + s



dy = ds



s = y+2



[ 4( 3 + r ) − 3(−2 + s)] ds = [ 2(− 2 + s) − (3 + r ) + 7] dr [12 + 4r + 6 − 3s − 18] ds = [ − 4 + 2s − 3 − 3r + 7] dr (4r − 3s)ds = (2s − 3r )dr



( 4(vs) − 3s ) ds = ( 2s − 3(vs)) (vds + sdv) s(4v − 3)ds = s (2 − 3v)(vds + sdv)



[ ( 4v − 3) − v( 2 − 3v ) ] ds = s(2 − 3v)dv



r = vs



dr = vds + sdv



÷ s



(4v − 3 − 2v + 3v 2 )ds = s (2 − 3v)dv (4v − 3 − 2v + 3v 2 )ds = s (2 − 3v)dv (3v 2 + 2v − 3)ds = s(2 − 3v)dv 1 2 − 3v ∫ s ds = ∫ (3v 2 + 2v − 3)dv u = 3v 2 + 2v − 3 du = (6v + 2)dv du = 2(3v + 1)dv 1 du = (3v + 1)dv 2 1 3v − 2 ∫ s ds = − ∫ 3v 2 + 2v − 3dv 1 1 3v − 2 + 1 − 1 ∫ s ds = − 2 ∫ 3v 2 + 2v − 3dv 1 1 3v + 1 3 1 ∫ s ds = − 2 ∫ 3v 2 + 2v − 3dv + 2s ∫ 3v 2 + 2v − 3 dv 1 1 3v + 1 1 1 dv ∫ s ds = − 2 ∫ 3v 2 + 2v − 3dv + 2 ∫ 2  10  2 ( v + 1) −    5 



4 x + 6 − 18 = 0' 4 x = 12 x=3



 ln c + ln s = −



1 1 ln 3v 2 + 2v − 3 + 2 2



10 10 9 ln 9 10 v +3 + 9 v +3 −



ln(sc) = −



1 3 3v + 9 − 10 3v 2 + 2v − 3 + ln 2 2 10 3v + 9 + 10



ln(sc) = −



1 3 3v + 9 − 10 3v 2 + 2v − 3 + ln 2 2 10 3v + 9 + 10



cs =



(



)



 3v + 9 − 10  2    3v + 9 + 10   



(3v



)



3 10



v=



1 2



+ 2v − 3 x −3 3 + 9 − 10 y +2 x −3 3 + 9 + 10 c( y + 2) = y + 2 2



Donde Simplificando



r x −3 = s y +2



1



  x − 3 2  x −3   2 3  y +2   + 2  y +2   − 3        



tenemos : [ x + 3 y + 3] = c( − x + y + s ) 5



28.- y 2 cos xdx + (4 + 5 ysenx)dy = 0 M ( x, y ) = y 2 cos x N ( x, y ) = 4 + 5 ysenx ∂M ∂N = 2 y cos x = 5 y cos x ⇒ EXACTA ∂y ∂x ∂M ∂N − ∂y ∂x 2 y cos x −5 y cos x −3 y cos x 3 − g ( y) = − g ( y) = = 2 =− 2 M y y cos x y cos x fg ( y ) = −



3 y



g ( y) =



3 y



3



F. I.



e



∫ y dy



= e 3 ln y = y 3



y 5 cos xdx + ( 4 y 3 + 5 y 4 senx)dy = 0 ∂M ∂N = 5 y 4 cos x = 5 y 4 cos x ∂y ∂x



f ( x, y ) = ∫ x 5 cos xdx +φ´( y )



;



f ( x, y ) = y 5 senx +φ( y )



∂f = 5 y 4 senx +φ´( y ) = 4 y 3 +5 y 4 senx ∂y



φ( y ) = ∫ 4 y 3 dy ⇒φ( y ) = y 4 +c c = y 5 senx + y 4



29.- 4 ydx + xdy = 0



⇒ EXACTA



φ´( y ) = 4 y 3



 ∂M ∂N =4 = 1 ⇒ NO ES EXACTA ∂y ∂x ∂M ∂N − 4 −1 3 ∂y ∂x f ( x) = = = M x x 3



F. I .



∫ x dx



e



= e 3 ln y = x 3



4 x 3 ydx + x 4 dy = 0 ∂M ∂N = 4x 3 = 4x 3 ∂y ∂x



⇒ EXACTA



f ( x, y ) = ∫ 4 x 3 ydx + φ ( y ) = x 4 y + φ ( y )



∂f = x 4 + φ´( y ) = x 4 ∂y



φ( y ) = C



;



C = x4 y



30.- 2 xydx + ( y´−x´)dy = 0 ∂M = 2x ∂y



∂N = −2 x ⇒ NO ES EXACTA ∂x ∂M ∂N − 2x + 2x 4x 2 ∂y ∂x − g ( y) = − g ( y) = = = M 2 xy 2 xy y F. I.



e



−



2



∫ y dy



= e −2 ln y = y −2



2 xy 1 dx + 2 ( y 2 − x 2 ) dy = 0 2 y y 2 x   x 2  1 −   dy = 0 y   y 2   ∂M 2x =− 2 ∂y y



f ( x, y ) = ∫



∂N 2x =− 2 ∂x y



⇒ EXACTA



2x x2 dx + φ ( y ) = + φ( y) y y



∂f x2 x2 = − 2 + φ´( y ) = 1 − 2 ∂y y y x2 +y =c y2



φ´( y ) = 1



x 2 + y 2 = cy



31.- ( y ln y + ye x ) dx + ( x + y cos y )dx = 0



φ( y) = y + c



 ∂M ∂N = ln y +1 + e x =1 ⇒ NO ES EXACTA ∂y ∂x ∂M ∂N − ln y + e x +1 −1 (ln y + e x ) = 1 ∂y ∂x − g ( y) = − g ( y) = = M y ln y + ye x y (ln y + e x ) y  y2  −1 y´  y x   xy + y cos y  dy = 0  y ln + y e  dx +      x  ∂M = (ln y + e x )dx +  + cos y   dy = 0 ∂y y  ∂M 1 = ∂y y



∂N 1 = ∂x y



EXACTA



f ( x, y ) = ∫ (ln y + e x ) dx +φ( y ) = x ln y + e x +φ( y )



∂d x x = + e x +φ´= + cos y ∂y y y



φ´( y ) = cos y



φ( y ) = ∫cos ydy



φ( y ) = seny + c



c = x ln y + e x + seny



32.- 2 xdx + e x + x 2 cot gydy = 0 ∂M =0 ∂y



∂N = −x 2 sec 2 y ∂x 0 − 2 x cot gy − g ( y) = = −cot gy 2x



− g ( y) =



x 2 sec 2 y x sec 2 y = 2x 2



cos y



F. I. e



∫ seny dy



= e ln yseny = seny



2 xsenydx + x 2 cos ydy = 0 ∂M ∂N = 2 x cos y = 2 x cos y ∂y ∂x



⇒ EXACTA



f ( x, y ) = ∫ ( 2 xseny ) dx +φ( y ) = x 2 seny +φ( y )



∂f = x 2 cos y +φ´( y ) = x 2 cos y ∂y c = x 2 seny



33.- y 2 dx + ( x 2 − xy − y 2 )dy = 0



φ( y ) = c



 ∂M = 2y ∂y



∂N = 2x − y ∂x 2 y − 2x + y 3 y − 2x 1 1 − g ( y) = = = = 2 2 2 2 Mx + Ny xy + y ( x − xy − y 2 ) y y 1 1 1 = 2 = 2 2 2 3 3 2 xy + x y − xy − y xy − y y( x − y 2 )   1 1  2 dx + x 2 − xy − y 2 dy = 0 2  2 2 ( x − y ) y ( x − y )   y x 2 − xy − y 2 dx + dy = 0 (x 2 − y 2 ) y( x 2 − y 2 )



(



y2 y



)



x2 + y2 x2 + y2 ∂M ∂N = = ⇒ EXACTA 2 2 ∂y ∂x x2 − y2 x2 − y2 y 1 f ( x, y ) = ∫ 2 dx + φ ( y ) = y ∫ 2 dx + φ ( y ) 2 x −y x − y2



(



)



(



(



)



)



(



)



1 x−y 1 x−y f ( x, y ) = y  ln + φ( y)  + φ ( y ) = ln 2 x+y 2 y x + y 



(



 − ( x − y) − ( x − y)  ∂f 1 x 2 − xy − y 2 1 = + φ ´( y ) =   ∂y 2  x − i   ( x + y) 2 y x2 − y2    x+ y ∂f 1 − x − y − x + y x 2 − xy − y 2 = + φ ´( y ) = ∂y 2 x2 − y2 y x2 − y2



(



φ´( y ) = +2 x +



)



x − xy − y y 2



(



)



2



 x 2 − xy − y 2 φ ( y ) = ∫  2 x + y 



 



(



 1 x−y dy = ln + ln y = c 2 x+y 



1 x



xy 34.- M ( x, y )dx +  xe + 2 xy + dy = 0



)



)



 1  f ( x, y ) = ∫  xe xy + 2 xy + dy x  f ( x, y ) = x ∫ e xy dy + 2 x ∫ ydy + f ( x, y ) = e xy + xy 2 +



1 dy x∫



1 y + φ ( x) x



∂f y = ye xy + y 2 − 2 + φ´(x) = M ( x, y ) ∂x x y M ( x, y ) = ye xy + y 2 − 2 x y  1  xy  xy 2  ye + y − 2 dx +  ye + 2 xy + dy = 0 x x    ∂M 1 ∂N 1 = e xy + xye xy + 2 y − 2 = e xy + xye xy + 2 y − 2 ∂y ∂y x x



⇒ EXACTA



1



35.- Demostrar que Mx + Ny ; donde Mx + Ny ≠ 0 Es un factor int egrante M ( x, y ) dx + N ( x, y ) dy = 0 M N dx + dy = 0 Mx + Ny Mx + Ny  ∂   ∂  M N    = ∂x   Mx + Ny   ECUACIÓN ∂y  Mx + Ny      ∂  M  =  ∂y  Mx + Ny  



EXACTA



 ∂M ∂N  ∂M ∂N  −M  x −N + y yN − MN − yM   ∂y ∂y  ∂y ∂y  ∂y = 2 2 ( Mx + Ny ) ( Mx + Ny )



( Mx + Ny ) ∂M



 ∂   ∂  N N   − =    ∂x  Mx + Ny  ∂x  Mx + Ny  



 ∂N ∂N ∂M   ∂M Nx +y −M   y ∂x + ∂y ∂x   ∂x 



( Mx + Ny )



Por el teorema de Euler es idéndtico y nulo :



   



2



M x =− n x



=



N ( nM ) − M (nN )



xdx − xdy = 0



36.- Demostrar que la sustitución v = ax + by + c la Ecuación diferencial dy = F ( ax + by + c) es una ecuación diferencial con separación de variables: dx dy = ( x + y + 3) 2 dx 1 v = ax + by + c y = (v − ax − c ) b



Y Re solver



( Mx + Ny ) 2



≠0



 dy 1  dv  =  − a dx b  dx  1  dv dv  − a  = F (v); = [ F (v) + a ]b  b  dx dx  1 ∫ b [ F (v) + a] dx = ∫ dx Si v = x + y + 3 a =1 b =1 1 dv = ∫ dx; arctgv = x + c +1 v = tg ( x + c ) ; x + y + 3 = tg ( x + c ) y ( x) = tg ( x + c) − ( x + 3)



∫v



2



37.- Demostrar que la sustitución v = lny, transforma a la ecuación diferencial dy dv + P ( x) y = a ( x) y ln y en + p ( x ) = Q ( x )v dx dx dy Y resolver : x − 4 x 2 y + 2 y ln y = 0 dx dy dv v = ln y y = ev = ev dx dx dv ev + p ( x )e v = Q ( x ) e v v ÷ ev dx dv + p ( x ) = Q ( x )v dx dv xev − 4 x 2 e v + 2e v v = 0 ÷ ev dx dv x − 4 x 2 + 2v = 0 ÷ x dx dv 2 dv 2 − 4x + v = 0 ; + v = 4x dx x dx x 2



F .I . e x2



∫ x dx



= e 2 ln x = x 2



dv 2 x 2 + r = 4x 3 dx x



;



x2



dv + 2 xv = 4 x 3 dx



[ ( )]



∂ v x 2 = 4 x 3 ; v ( x 2 ) = ∫ 4 x 3 dx =v( x 2 ) = x 4 + c ∂x v = x 2 + cx −2 ln y = x 2 + cx −2 ; y ( x ) = e x



2



+cx −2



PAGINA 51 Ejercicios 2 .2 1.-



2  2 2 2    dx   dx    dx  dx  2  = x 2 − 2 xy dx + y 2  y 1 +          = x − y ; y 1 +  dy     dy    dy    dy  dy            



 2



2



 dx   dx  dx y 2 + y 2   = x 2 − 2 xy + y 2   dy dy    dy  dx dx dx y 2 = x 2 − 2 xy ; 2 xy ; 2 xy + ( y 2 − x 2 ) = 0 ; 2 xydx + ( y 2 − x 2 )dy = 0 dy dy dy x = vy dx = vdy + ydv



∴



2vy 2 (vdy + ydv) + ( y 2 − y 2 v 2 )dy = 0



÷



y2



2v(vdy + ydv) + (1 − v 2 ) dy = 0 ; 2v 2 dy + 2vydv + (1 − v 2 ) dy = 0



( 2v



2



)



− v + 1 dy + 2vydv = 0



(v 2 + 1)dy + 2vydv = 0 ; 1 dz ; 2



ln y = ∫



1



∫ y dy = ∫ v



2v dv +1



2



z =v 2 + 1 ; dz = 2vdv



+ ln y = − ln z + ln c x2  y = (cz ) ; y = c (v 2 + 1) ; y = c  2 + 1 y 



ln y = ln(cz ) x 2 + y 2 = cx x



x



x



2.- 3∫0 ydx = xy − ∫0 ydx ; 4 ∫0 ydx = xy ⇒ derivamos respecto a (x) 3(área cap) = área pag ∴4 y = y + x



dy dy 3y 1 3 ⇒ = ; ∫ dy = ∫ dx dx dx x y x ⇒ln y = ln x + ln c y = cx 2



3.x =a A = longitud de la ordenada x



π ∫ y 2 dx = k ( y + A)



πy 2 x = k ( y + A)



a



πy 2 = k x



a) π ∫



dy ; dx +k 2



y (c − πx ) = k ; y = dx =



( c − πx ) 2



a



k2 k2 − = k ( y − A) c − πx c − πa



x



b) π ∫ y 2 dx =k ( y − A) ; πy 2 = k a



4.-



2  dy   1 +     dx  



2



  = 2 x  



2



(



)



2



2



 dy   dy  1 +   = 4 x ;   = (4 x − 1) dx    dx  2  dy  4 x =  − x  ; dy = 2 x 2 − x dx dx  2 



(



y( x) =



2x 3 x 2 − 3 2



k c − πx



)



dy ; y (c − πx ) = k dx



 5.- x 2 + y 2 = 2 xc a) ( x −c) 2 + y 2 = 0 2( x − c ) + 2 y



dy =0 dx



dy − ydy = 0 dx 1 1 ∫ y dy = ∫ x −c dx ln y = ln( x − c ) ( x −c)



y ( x) = x − c b) ( x + y ) 2 = cx 2 x 2 + 2 xy + y 2 − cx 2 = 0 x 2 (1 − c ) + 2 xy + y 2 = 0



dy dy +2y =0 dx dx dy dy x (1 − c ) + y + x +y =0 dx dx dy x (1 − c ) + y + ( x + y ) =0 dx dx x (1 − c ) + y − ( x + y ) =0 dy dx − ( x + y) + y + x (1 − c ) = 0 dy dx ( x + y) − y − x (1 − c) = 0 dy ( x + y )dx − [ y + x (1 − c )]dy = 0 2 x (1 − c ) + 2 y + 2 x



÷ 2



dy dx =− dx dy



* ( −1)



y = vx ; dy = vdx + xdv



( x + vx)dx − [ vx + x (1 − c )][ vdx + xdv] = 0 x (1 + v) dx − x (v +1 − c )(vdx + xdv) = 0



÷



x



 (1 + v)dx − v(v + 1 − c)dx − x(v + 1 − c)dv = 0 (1 + v − v 2 − v + vc)dx = x(v + 1 − c)dv (1 + vc − v 2 )dx = x(v + 1 − c)dv 1



v +1 − c



∫ x dx = ∫ 1 + vc − v 1



v



∫ x dx = ∫ 1 + v − v



2



2



dv ; c = 1



u = 1 + v − v 2 ; du = (1 − 2r )dv



1 − 2v + 1 − 1 dv 2 ∫ 1 + v − v2 1 − 2v + 1 1 1 ln x = − ∫ dv + ∫ dv 2 2 1+v −v 2 1 + v − v2 1 1 1 ln x = − ln 1 + v − v 2 + ∫ dv 2 2 2 2  5 1     4  −  v 2   



dv ; ln x = −



∴ ( x + y ) 2 = cx 2 dy   2( x + y )1 +  = 2cx dx   dy   ( x + y )1 +  = cx dx  



÷



2



 dx   = cx ( x + y )1 − dy   dx ( x + y) − ( x + y) = cx dy dx + ( x + y ) = cx dy dx ( x + y) − ( x + y ) = −cx dy dx cx −1 = − dy ( x + y) dx cx + = dy ( x + y ) − ( x + y)



dx  cx   = 1 − dy  x +y   dx  x + y − cx   =  dy   x+y 



* (−1) ÷ ( x + y)



 dx x (1 − c ) + y = dy ( x + y) ∴ ( x + y ) dx = [ x (1 − c ) + y ]dy y = vx dy = vdx + xdv



∴ x(1 + v )dx = x{[1 − c ] + v}[ vdx + xdv] ÷ (1 + v )dx − v (1 − c + v )dx = {[1 − c ] + v} xdv



x



[1 + v − v(1 − c + v)]dx = (1 − c + v) xdv 1−c +v



1



∫ x dx = ∫ 1 + v − v + 2v − v v +1 − c



1



∫ x dx = ∫ 1 + cv − v



2



2



dv



dv



u = 1 + cv − v 2 du = (c − 2v) dv 2v + 2 − 2c + c − c dv 1 + cv − v 2 1 − 2v − 2 + 2c − c + c ln x = − ∫ dv 2 1 + cv − v 2 1 c − 2v ( c − 2) 1 ln x = − ∫ dv + dv 2 ∫ 2 1 + cv − v 2 1 + 2v − v 2 Integrando tenemos : 1



1



∫ x dx = 2 ∫



x 2 − y 2 = xc



Otro método para el inciso (b) del ejercicio 5 ( x + y ) 2 = cx 2 x 2 + 2 xy + y 2 = cx 2 ÷ x 2 2 xy y 2 cx 2 + 2 = 2 x2 x x 2 2y y 1+ + 2 =c x x 2 dy 2 y 2 y dy 2 y 2 − + 2 − 3 =0 x dx x 2 x dx x dy  2 2 y  2 y 2 2 y + = + 2 dx  x x 2  x 3 x dy  2 x + 2 y  2 y 2 + 2 yx = dx  x 2  x3 dy x[ x + y ] = y [ x + y ] ÷ ( x + y) dx 1+



dy dx = y ; −x =y dx dy dx x + y = 0 ∫ xdx + ∫ ydy = 0 dy x



x2 y2 c + = 2 2 2 x2 + y 2 = c



 6.-



dv =g dt



v(t ) = gt



∫ dv = ∫ gdt ;



g=



v(t ) = gt + c



t = 0; v = 0



c1 = 0



2 y 2 x 20 = t2 ( 2) 2



g = 10 ft / s 2 dv = 10t ∫ dv = ∫ 10tdt dt dy = 10t ; ∫ dy = ∫ 10tdt dt y (t ) = 5t 2 + c 3



;



v(t ) =



dy dt



y=0



t=0



c3 = 0



y (t ) = 5t 2 t=



4 200 = = 2 10 seg. 5 5



v (t ) = gt



⇒ v (t ) =10 * 2 10 = 20 10 ft / s



7.- v 0 = 100 ft



dv =g ; dt



∫ dv = ∫ gdt ; v(t ) = gt + c



1



t = 0 ; v = 0 ; c1 = 0



v o 160 ft / s = = 5 seg . g 32 ft / s 2 tr = 2to = 2(5) = 10 seg. v(t )0 gt →to =



dy dy = v(t ) = gt ; = gt ; dt dt Si t = 0 ; y = 0 ; c 2 = 0



∫ dy = ∫ gtdt



; y (t ) =



1 2 gt + c 2 2



1 2 1 gt o ⇒ y max = * 32 ft / s 2 * (5) 2 s 2 = 400 ft 2 2 y max = 400 ft y (t ) =



8.- y1 = 800 ft



dv =g ; dt



∫ dv = ∫ gdt



v(t ) = gt + c1



 t n = 2 seg y 2 = 400 ft Si t = 0 ; v = 0 ; c1 = 0 dy 1 = gt ; ∫ dy = ∫ gtdt ; y (t ) = gt 2 + c 2 dt 2 Si t = 0 ; v = 0 ; c 2 = 0



v (t ) = gt ;



y (t ) =



2y = g



1 2 gt ; t = 2



2 * 400 ⇒ t´= 5 seg . 32



t = t´−t 0 = (5 − 2) seg . = 3seg . dy = gt + c1 ; dt



Si v(t ) = gt + c1



1 2 gt + c1 t + c 3 2 1 y (t ) = gt 2 + c1 t ; 2 c1 = 184,33 y (t ) =



∫ dy = ∫ ( gt + c



1



) dt



y = 0 ; t = 0 ; c3 = 0 800 =



Si v 0 (t ) = gt + c1



1 * 32(3) + 3c1 2



t =0



v 0 = 0 + c1 v 0 = c1 v 0 = 181,33 ft / s



9.-



dv = −kv dt



∫



;



dv = −k ∫ dt v



ln v = −kt + c v(t ) = e −kt +c v(t ) = e c e −kt



e c = c1



v(t ) = c1 e −kt v(t ) = v0



t =0



v0 = c1 v(t ) = v0 e −kt dx = v0 e −kt ; dt x =0 t =0



c2 =



v0 x



−kt ∫ dx = v0 ∫ e dt ; x(t ) =



∴ x(t ) = − x(t ) =



v0 e kt v0 + k k



[



v0 1 − e kt k



]



Para t = ∞ x (∞ ) =



v0 k



v0  1 1 − ∞  ⇒ x(∞) = k  



v0 e −kt + c2 −k



 dv = −kv dt



10.-



dv = −∫ kdt ; ln v (t ) = −kt + c ; ln v = −kt + c v v(t ) = e c e −kt v (t ) = c1e −kt



∫



Si v0 = 40 ft / s v(t ) = 40 e 20 = 40 e



−kt



t =0



40 = c1



Si v(t ) = 20 ft / s



−kt



20 1 =e −10 k = =e −10 k 40 2 1 1  ln  = −10 ln e 2 k   1 ln k = 2 ⇒ k = 0.069 −10 v (t ) = 40e −0.069 t dx = 40e −0.069 t ; dy



∫ dx = 40∫ e



0.069 t



40 e 0.069 t +c 2 −0.069 x = 0 ; t = 0 ; c 2 = 579.7



x (t ) = Si



40 e −0.069 t +579.7 −0.069 x (∞) = 579.7 ft x (∞) =



3



dv = −kv 2 dt



11.-



∫



dv v



2v



3 2



−



3 2



= −∫ kdt ;



∫v



−



3 2



dv = −∫ dt



= kt + c



t = 0 ; v = 0 )c = 0 2 2 = kt ; v(t ) = 2 kt dx 2 2 −1 = ; ∫ dx = t 2 dt ∫ dt kt k x(t ) =



2  12  t  2t  ⇒ x (t ) = 4  k k



12.- R α v 2



dt



t =10



 dv 1 = −kv 2 ; ∫ 2 dv = −∫ kdt ; ∫ v −2 dv = −∫ kdt dt v 1 1 = +kt + c ; v (t ) = v = 0 t = 0 }c = 0 v kt + c 1 1 v(t ) = ⇒ k= kt t v (t ) Si v(t ) = v 0 dx − v (t ) dt



k=



1 t vo



dx 1 = dt kt



1 ln t + c2 k 1 x(t ) = ln t k



1



t = 0 x = 0 } c2 = 0



x(t ) =



kt 13.- N (t ) = N 0 e



2 N 0 = N 0 e kt



Si N (t ) = N 0 e kt SN 0 = N 0 e kt ln 2



2 = e 10 k



ln 5 = e



ln 2 = 10k ln e



ln 5 =



ln 2 = 10k



ln 5 = t



ln 5 = t



14.- 60%



1



∫ dx = x ∫ t dt



ln 2 10



dQ (T ) = kQ(t ) dt



10



t



ln 2



t ln e 10 ln 2 10



ln 5 ln 2 ln 5 t= 0.069 t = 10



 t=? k = 0.0001216 dQ(t ) = − ∫ kdt ; ln Q(t ) = − k (t ) + c1 Q(t ) ln Q(t ) = − kt + c1 Q = 0 t = 0 } c1 = 0



∫



ln Q(t ) = − kt Q(t ) = e



Q0 = 60%



− kt



Q0 = 0.06



10Q0 = Q0



100% → Q(t )



10Q0 = Q0 e



− kt



60% → Q0 100Q0 60 10 Q(t ) = Q0 6 ln 10 − ln 6 → t= k ln 10 − ln 6 t= = 4200,87 años 0.0001216 Q(t ) =



− kt = ln



10 6



15.- Año = 1992 # 60.000 personas # 1000000 habi tan P (t )



kt = P 0 e



t



; crecimient tes



= 0 P = 60000 0



1 = (365, 25) 20 1 (365, 25) P´(0) 20 = = P ( 0) 60000



P´(0)



K 10



= p (t ) = 60000 e



10 60000 T = = 25 años ; t = 25 años 365,25 20 * 60000 T1 = T + T0 = 25 + 1992 = 2017 ln



16.-



dt = −k (t − 30) dt



dt



∫ (t − 30) = ∫ − kdt



365 , 25 20*60000



365, 25 = 20 * 6000



 Aplicando Límites a la int egral tenemos : t 0 = 0 T1 = 100 t1 = 15 T2 = 70 15 dt = k ∫ dt ; ln T − 30 0 (T − 30) ln 40 = − ln 70 = 15k



∫



70



100



70 100



= −kt 15 0



4 4 = −15k ; 15k = ln = 0.56 ; 15k = 0.56 7 7 Si Tenemos que para T1 = 100 ; T2 = 40



ln



t1 = 0 40



dt



; t2 = t



t



∫ ( T − 30 ) = −k ∫ dt 100



0



ln 10 − ln 7 = −kt



⇔



15kt = 15 ln 7



10 = −kt 7 ln 7 = −kt



t=



ln



17.-



dv =g dt



15 ln 7 = t = 52 min . 0,56



g = gravedad cons tan te



Debido al peso : w = mg Debido a la cons tan te k = f = −kx Debidoi a la fuerza F = ma dv = gdt v(t ) = gt + c d 2x dx +k +x =0 dt dt d2y dy k m +k + y = 0 ; v (t ) = 2 gm − y 2 + mv0 dt dt m m



18.- Aplicando Química tendremos : C = k (c1 − c2 )



∫ dv = ∫ cdt v (t ) = k ∫ (c



1



− c2 ) dt



v (t ) = k (c1 − c2 )t + c3 v (t ) = k (c1 − c2 )t



v =0



t =0



∫c



3



=0



19.- Fuerza neta sobre el sistema = peso del sistema – resistencia del aire



 Fneta ⇒ F = ma FH , N = W Re sistencia aire ⇒ Faire =



Wv 2 256



v0 = 176 ft / s W dv ; a= g dt − FR



W = mg ; m = ∴ Fneta = FH , N



Wv 2 256 W dv Wv 2 =W − g dt 256 ma = W −



1 dv v2 =1− g dt 256  256 − v 2 256



∫ dv = g 



  dt 



v0 =170



t0 = 0



vf =v



t f =t



aplicando los límites



1 g dv = ∫ dt 2 256 − v 256 v 1 g t ∫176 v 2 − 256 dv = − 256 ∫0 dt ; v



∫



176



v



∫



176



1 1 t dv = − ∫ dt 2 v −16 8 0 2



v



1 v −16 1 ln =− t 2.16 v +16 176 8 1  v −16 150  1 ln − ln =− t   2.16  v +16 192  8 5  v −16  ln = −4t  − ln 6  v +16   v −16    ln  v +16  = −4t  5   6   



6( v −16 ) = e −4t 5( v +16 ) v −16 5 −4t 5 = e ; v −16 = [v +16]e −4t v +16 6 6



 5 −4 t 5.16 −kt ve + e 6 6 5.16 −4t  5  v 1 − e −4t  = 16 + e 6  6   6 − 5e −4t   5e −4t  v = 16  1 +  6 6     v − 16 =



[6 + 5e ] ⇒ v = 16 6 + 5e  6 − 5e [6 − 5e ] 



   Para t = 0 v = 16 (11) = 176 ft / s



v = 16



−4t



−4t



−4 t



−4t



20.- Un circuito eléctrico tiene una resistencia de 10 ohmios y una inductancia de 4 , con una fen = 100 sin 200 voltios. Si la corriente i = 0 para t = 0, a) encontrar la corriente que circule en t = 0.01 seg. b) la corriente a largo plazo. P, C , ε 0 = cttes Hallar q(t ) a) q = 0 t = ∞ i = 0 b) q = f (t ) = ? Si f (t ) = ε 0 senwt 1 R= Ω 2 c = 4F E + (t ) dt 1 + i (t ) = dt AC R dx 1 + i = 100senwt dt 2



ε 0 = 50 voltios 1



FI = e



∫ 2 dt



1



= e2



t



1 1 t  di t 1  e 2  + i = 100 senwt  e 2  dt 2  1



1



t



t



e 2 ; 100 senwt e 2 dt + c 1



1



t



t



e 2 ; 100 sen wt e 2 dt + c Integrando : 1



t



100 ∫ e 2 senwtdt udv = uv − ∫ vdu dv = senwt



 wt = s →wdt = ds = dt 0 dv = ∫ sen c v =−



ds w



ds 1 ⇒v = (cos s ) w w



1 cos wt w



1



u =e 2



t



1



u=



1 2t e 2 1



1



1



t 1 1 1 t 100 ∫ e senwtdt = − cos wte 2 − ∫ − cos wt e 2 dt w w 2 2



1



t



t



100 ∫ e 2 senwtdt = − 1



u = e2



1



1



t



⇒



du =



1 2t e dt 2



cos wtdt = dv ⇒ wt = s ⇒ wdt = ds ⇒ cos s =



1



t t 1 1 cos wte 2 + e 2 cos wtdt ∫ w 2w



ds w



ds 1 1 wt = dv ⇒ ∫ cos sdv = ∫ dv ⇒ cos w = v ⇒ sen =w w w w w



∫ udv = uv − ∫ vdu 1



t



100 ∫ e 2 senwtdt = −



1



1



1



t t senwt 1 1 senwt 1 2 t cos wte 2 + e2 −∫ * e dt ∫ w 2w w w 2 1



1



1 100 ∫ e 2 senwtdt = + 4 w2 t



1



1 1



1



t



1



t



1  2 senwt − 2 we 2 cos wt  e senwt = e 2 100 + 2 ∫ 4w  2 w2  t



t



1



t



1 t senwt − 2 we 2 cos wt  400 w2 + 1  12 t 2   e senwtdt = e  4 w2 ∫ 2 w2   1



t



 4 w2  12 t senwt − 2 we 2 cos wt 2 ∫ e senwtdt =  400w2 + 1 e 2 w2 1



1



t



t



∫ e 2 senwtdt =



t



e 2 senwt e 2 cos wt ∫ e 2 senwtdt = 2w2 − w t



1  12 t t  2 2   e senwt − 2 we cos wt 2  400 w + 1   



 Re mplazando en la ecuación original 1



t



ie 2 = 100



1  12 t t  2 2   e senwt − 2 we cos wt 2  ( 400 w + 1)  



1  1 t   t 200 senwt 2 we 2 cos wt  c 2 i (t ) = e −  + 1 1 1 2 t t (400w + 1)   e2t e2 e2   200 ( senwt − 2w cos wt ) + c1 i (t ) = 2 t (400w + 1) e2 200 i (0) = ( senw * 0 − 2w cos w * 0) + c1 = 0 2 t (400 w + 1) e2 200 400 w ( − 2w + c1 ) = 0 i (0) = c1 = 2 (400 w + 1) 400 w2 + 1 200 ( senwt − 2w cos wt ) + 4002w i (t ) = 2 (400w + 1) (400 w + 1)



Q (t ) = ∫ i (t )dt   200 Q (t ) = ∫  ( senwt − 2w cos wt ) + 4002w dt 2 (400 w + 1)   (400 w + 1) 200 400 w Q (t ) = senwtdt − ∫ 2 w cos wtdt +∫ dt 2 ∫ ( 400 w + 1) ( 400w2 + 1) 200 cos wt + 400 wsenwt 400w Q (t ) = + + c2 2 2 400w + 1 400 w + 1 400 w2 + 1 200 400 wsenw0 400 w Q (0) = cos w0 + + * 0 + c2 2 2 400 w + 1 400w + 1 400 w2 + 1 − 200 c2 = 400w2 + 1 Por lo tan to tenemos : 200 wsenwt 400 wt 200 Q (t ) = cos wt + 400 + − 2 2 2 400w + 1 400w + 1 400w + 1 400 w2 + 1 Por medio de : 1 iR + (a (t ) = E cos senwt (% R )) c 1 Esenwt i+ Q(t ) = RC R 1 i + Q(t ) = [100senwt − i ] * 2 2



(



)



 400   200 Q (t ) = 100senwt −  ( senwt − 2w cos wt ) +  *2 2 400 w2 + 1   400 w + 1  200senwt 400w cos wt 400   Q (t ) = 100senwt − + + 2 2 2 400 w + 1 400w + 1 400 w2 + 1  400senwt 800w cos wt 300w Q (t ) = 200 senwt − + − 2 2 400 w + 1 400 w + 1 400w2 + 1



 21.- Un circuito contiene una resistencia R, una capacitancia C y una fem E(t). Hallar la ecuación de la carga eléctrica q, si C y R son constantes, considerar una fem senoidal (Eo sen wt), si además t=0 cuando q = 0. Calcular también la corriente i(t) en el circuito. Datos : R= R C=C f .e.m. = E0 senwt t = 0→ q= 0 VR + VC = E (t ) 1   d  iR + ∫ i(t )dt = E (t ) c   di 1 R + i(t ) = E´(t ) ÷ R dt c di 1 E´(t ) + i(t ) = dt Rc R di 1 E cos wt + i(t ) = 0 dt Rc wR 1 t di 1 t 1 1 t E cos wt e RC + e RC i(t ) = e RC 0 dt RC wR 1 RCt 1 RCt E cos wt   0 ∫  e * i  = ∫ e wR 1 RCt 1 RCt E cos wt 0 e i(t ) = ∫ e dt wR 1 RCt 1 RCt E e i(t ) = 0 ∫ e cos wtdt wR De (1) : 1 ε0 e ∫ wR



RCt



cos wtdt = ∫ dv = ∫ cos wtdt v=



senwt w



u=e



1 RCt



du = e



1 RCt



1 dt RC



 1 RCt 1 RCt senwt ε0 senwt 1 RCt 1 e cos wtdt = e − ∫ w e RC dt wR ∫ w 1 RCt 1 RCt senwt 1 RCt ε0 1 e cos wtdt = e − e senwtdt wR ∫ w RCw ∫ 1 RCt 1 RCt senwt ε0 1  1 RCt cos wt 1 RCt 1  e cos wtdt = e − e ( − cos wt ) − − ∫ w e * RC dt  wR ∫ w RCw  1 RCt 1 RCt senwt 1 RCt cos wt 1 RCt ε0 1 e cos wtdt = e + e − e cos wtdt wR ∫ w RCwt R 2C 2 w2 ∫ 1 RCt 1 RCt 1 RCt ε0 1 + 2 2 2 ∫e cos wtdt = e cos wt * RC + e cos wt wR R C w



∫e



1 RCt



∫e



1 RCt



(t ) i e



 R 2C 2 w 2  e  cos wtdt =  2 E RwC + 1  0 



1 RCt



  1 RCw  e cos wtdt =  2 E RwC + 1  0 



1 RCt



=e



1 RCt



RCt



senwt * RC + e RCw



1 RCt



cos wt



senwt * RC + cos wt



 RCw  c   ( ) senwt * RC + cos wt +  1 RCt  2   E0 RwC + 1   e



 RCw  c ( RCsenwt + cos wt ) + 1 i (t ) =  2 RCt  E0 RwC + 1  e t→0  RCw  c ( RCsenw(0) + cos w(0) ) + 1 i (0) =  2 RC ( 0 )  E0 RwC + 1  e  RCw  (1) + c i (0) =  2  E0 RwC + 1  RCw Q= +c E0 RwC 2 + 1 c=



RCw E0 RwC 2 + 1



 RCw  RCw ( RC senwt + cos wt ) + i (t ) =  1 2  E0 RwC + 1  E0 RwC 2 + 1 e RCt



(



)



  RCw  RCw   ( ) q(t ) = ∫ i (t ) dt = ∫  RC senwt + cos wt + 1 2  E0 RwC + 1  E0 RwC 2 + 1 e RCt 



(



q(t ) =



 RCw 1  RC senwtdt + cos wtdt +  ∫ ∫ e 1RCt  dt E0 RwC 2 + 1  ∫



)



 1  RCw ( RC ) − cos wt + senwt + e − RCt  − 1   2 E0 RwC + 1  w w  RC  RCw 1 1 − 1 RCt   RC q (t ) = − cos wt − senwt − e  E0 RwC 2 + 1  w w RC  t=0



q (t ) =



q ( 0) =



 − R 2C 2 − w  RCw 1  RCw  RC   − − = − E0 RwC 2 + 1  w RC  E0 RwC 2 + 1  wRC 



 RCw R 2C 2 + w  q ( 0) = −  +  2 wRC   E0 RwC + 1



COEFICIENTES CONSTANTES 1.- y´´+ y´+3 y = 0



r 2 e rx + re rx + 3e rx = 0



y = e rx



(



)



y´= re rx



e rx r 2 + r + 3 = 0



r2 + r + 3 = 0



y´´´= r 2 e rx



e rx ≠ 0



r1 = α = −



2.- 4 y´´−12 y´+9 y = 0 3



x



3



y ( x) = c1e 2 + c2 e 2



4r 2 −12r + 9 = 0



x



r1 = r2 =



3.- y ( 4 ) − 8 y ( 3) + 16 y´´= 0



(



r=



1 2



− 1 ± 1 − 12 2 11 β= i 2



12 ± 144 − 144 8



3 2



r 4 − 8r 3 + 16r 2 = 0



)



r 2 r 2 − 8r +16 = 0 r1 = r2 = 0 ( r − 4)(r − 4) r3 = r4 = 4 y ( x ) : c1 + c 2 x +c 3 e 4 x + c 4 e 4 x



4.- 2 y´´−7 y´+3 y = 0 y ( x) = c1e + c2 e 3x



2r 2 − 7 r + 3 = 0



1 x 2



5.- y´´−6 y´+13 y = 0



r1 = 3 r 2 − 6r + 13 = 0



y ( x) = e 3 x [ c1 cos 2 x + c2 sen2 x ] 6.- 9 y ( 3) + 12 y´´+4 y´= 0



r=



7 ± 49 − 24 4



r2 = r=



α =3



9r 3 + 12r 2 + 4r = 0



r=



1 2



6 ± − 16 2



β = ± 2i



 (



)



r 9r 2 + 12r + 4 = 0 2 r1 = 0 r2 = r2 = − 3 y ( x) : c1 + c 2 e



−2 x 3



7.- y ( 4 ) = 16 y



+c 3 xe



−2 x 3



r 4 − 16 = 0



(r 2 − 4)(r 2 − 4) = 0 r1 ≠ r2 r3 = r4 y ( x ) : c1e 2 x + c 2 e −2 x +c 3 cos 2 x + c 4 sen 2 x r1 = 2



r = ±2i



r2 = 2



8.- y ( 4 ) + 2 y (3) + 3 y´´+2 y´= 0 (r 2 + r +1) 2 = 0



Sugerencia r 2 + r +1 = 0



r =−



1± 1−4 2



1 3 + i = r3 2 2 1 3 r2 = − − i = r4 2 2 1 1 1 − x  − x − x   −12 x  3 2   c3 e 2 + c 4 xe 2 sen 3 x y ( x) =  c e + c xe cos x + 1 2     2 2     r1 = −



y ( x) = e



1 − x 2



1



− x ( c1 + c 2 x ) cos 3 x + e 2 ( c3 + c4 x ) sen 3 x 2 2



9.- y´´−4 y´+3 y = 0



y (0) = 7



y ( x ) = c1e 3 x + c 2 e 3 x y´(x ) = 3c1e



3x



y ( x ) = 2e



+ 5e



3x



+ c2 e x



10.- y´´−6 y´+25 y = 0



y´(0) = 11



r 2 − 4r + 3 = 0



(r − 3)(r −1) = 0 r1 = 3 r2 = 1



Solución general



7 = c1 + c2 11 = 3c1 + c 2



3x



Solución particular



y ( 0) = 3



y´(0) = 1



c1 + c 2 = 7.....(1) * ( −1) 3c1 + c 2 = 11....( 2)



 6 ± 36 −100 ⇒α = 3 2 y ( x) = e 3 x ( c1 cos 4 x + c 2 sen 4 x ) Solución general



r 2 − 6r + 25 = 0



β = ±4i



r=



3 = c1



c1 = 3



y ( x) = e 3 x [ 3 cos 4 x − 2 sen4 x ] + e 3 x [ − 4c1 sen4 x + 4c 2 cos 4 x ] 1 = 3c1 + 4c 2



3c1 + 4c 2 = 1..........(2)



c 2 = −2



y ( x) = e



3x



( 3 cos 4 x − 2sen4 x )



11.- 3 y (3) + 2 y´´= 0



Solución particular



y (0) = −1



3r 3 + 2r 2 = 0



r 2 (3r + 2) = 0



y ( x) = c1 + c2 x + c3e



−



2 3



y´(0) = 0 r1 = r2 = 0



y´´(0) = 1 r3 = −



2 3



Solución general 13 4 2 3 c2 − c3 = 0....(2) c2 = 3 2 9 c3 = ...............(3) 4



− 1 = c1 + c3



c1 + c3 = 1......(1) c1= −



2 0 = c2 − c3 3 4 1 = c3 9 2



2 − y ( x) = c2 − c3e 3 3 2



4 − y ( x) = c3e 3 9 2



13 3 9 − x y ( x) = − + x + e 3 4 2 4



12.- y (3) + 10 y´´+25 y´= 0



Solución particular



r 3 + 10r 2 + 25r = 0 r1 = 0



y ( x) = c1 + c 2 e



−5 x



+ c3 xe



−5 x



y ( x) = − 5c 2 e



+ c3 e



−5 x



r2 = r3 = − 5



Solución general



3 = c1 + c 2 −5 x



r (r 2 + 10r + 25) = 0



− 5c3 xe



c1 + c 2 = 3........(1)



−5 x



4 = − 5c 2 + c3



− 5c 2 + c3 = 4........(2)



y ( x) = 25c 2 e − 5 x − 5c3 e − 5 x − 5c3 e − 5 x + 25c3 e − 5 x 5 = 25c 2 − 10c3



25c 2 − 10c3 = 5........(3)



 24 9 c2 = − c3 = −5 5 5 24 9 −5 x y ( x) = − e − 5 xe −5 x 5 5 1 y ( x) = ( 24 − 9e −5 x − 25e −5 x ) Solución particular 5



c1 =



13.- p´(x) y´´+ y ( x) y´+ p( x) y = 0



Si



y1 ( x) ; y 2 ( x)



Demostrar que : y ( x ) = c1 y1 ( x) + c2 y 2 ( x)



( principio de sup erposición)



y´(x) = c1 y1´(x) + c2 y 2 ´(x) y´´(x) = c1 y1´´(x) + c2 y 2 ´´(x)



∴ p ( x)[ c1 y1´´(x) + c2 y 2 ´´(x )] + q ( x )[ c1 y1´(x ) + c2 y 2 ´(x)] + r ( x)[ c1 y1 ( x ) + c2 y 2 ( x)] = 0 p( x )c1 y1´´(x) + p ( x)c2 y 2 ´´(x) + q ( x)c1 y1´(x) + q( x)c2 y 2 ´(x) + r ( x)c1 y1 ( x) + r ( x )c2 y 2 ( x) = 0



c1 [ p( x ) y1´´(x) + q ( x) y1´´(x ) + r ( x) y1 ( x)] + c2 [ p ( x) y 2 ´´(x ) + q( x) y 2 ´´(x ) + r ( x) y 2 ( x)] = 0 c1 ≠ 0 c2 ≠ 0



c1 (0) + c2 (0) = 0



14.- y ( 4 ) + 4 y´´= 0



r 4 + 4r 2 ⇒ r 2 (r 2 + 4) = 0 r1 = r2 = 0 r3 = r4 = ± 2i



y ( x) = c1 + c2 x + c3 cos 2 x + c4 sen2 x



15.- y ( 4) − 6 y ( 3) +13 y´´−12 y´+4 y = 0



r 4 − 6r 3 +13r 2 −12r + 4 = 0



−6 +2



+ 13 −8



− 12 + 10



+4 −4



+5 −3 +2



−2 +2 0



0



1



−4 +1 −3 +1 −2



−2



1



1 1



2 1



0



(r − 2)(r − 1)(r − 1)(r − 2) = 0 r1 = 2 r4 = 2



r3 = r2 = i



y ( x) = c1e + c2 e 2 x + c3e x + c4 e x 2x



16.- y ( 4) − 6 y ( 3) +12 y´´−8 y´= 0



r 4 − 6r 3 +12r 2 − 8r = 0



 r (r 3 − 6r 2 + 12r − 8) = 0 r1 = 0 −6 + 12 +2 −8 1 −4 +4 +2 −4 1 −2 ( r − 2)(r − 2)(r − 2) r2 = r3 = r4 = 2 1



r 3 − 6r 2 + 12r − 8 = 0



−8 +8 0



2



0



y ( x ) = c1 + c2 e 2 x + c3 xe 2 x + c4 x 2 e 2 x Si : r1 = 2 r2 = 2 r3 = 2 r4 = 2 La solución será : y ( x ) = c1e r1x + c2 e r1x + c3 xe r3 x + c4 x 2 e r4 x y ( x ) = c1e 2 x + c2 e 2 x + c3 xe 2 x + c4 x 2 e 2 x y ( x ) = c1 + c2 e 2 x + c3 xe 2 x + c4 e 2 x



17.- y (3) + 10 y´´+25 y´= 0



y ( 0) = 3



y´(0) = 4



r 3 + 10r 2 + 25r = 0 r (r 2 + 10r + 25) = 0 r1 = 0 r 2 + 10r + 25 = 0 − 10 ± 100 − 100 10 = − = −5 2 2 r2 = r3 = −5 r=



yh = c1e 0 x + c2 e −5 x + c3 xe −5 x yh = c1 + c2 e −5 x + c3 xe −5 x 3 = c1 + c 2



⇒



c1 = 3 − c2 (1)



y´(x) = −5c 2 e −5 x − 5c3 xe −5 x + c3 e −5 x



c1 = 3 +



9 24 = 5 5



y´´(0) = 5



 4 = −5c2 + c3 ...(2) y´´(x ) = 25c2e −5 x + 25c3 xe −5 x − 5c3e −5 x − 5c3e −5 x 5 = 25c2 − 5c3 − 5c3 5 = 25c2 − 10c3 10c3 = 25c2 − 5 5c2 − 1 ......(3) 2 (3) en (1) c3 =



4 = −5c2 +



−9 5  −1 − 9 −1 10  5  = =− = −5 2 2 2



⇒



5c2 − 1 − 10c2 + 5c2 − 1 5c2 − 1 = = ⇔ 5c2 − 1 = 8 2 2 2



9 5 24 9 −5 x y ( x) = − e − 5 xe −5 x 5 5 1 y ( x) = 24 − 9e −5 x − 25 xe −5 x 5



c2 = −



(



)



2 2 18.- ( x −1) y´´−2 xy´+2 y = x −1



yp = ?



yh = c1 x + c 2 (1 + x 2 )



y p = u1 x + u 2 (1 + x 2 ) y´ p = u + u11 x + u 2 2 x + u 12 (1 + x 2 ) u11 x + u 12 (1 + x 2 ) = 0 .... (1) y´ p = u1 + 2u 2 x y´´p = u11 x + 2u 2 + 2u 12 x



[



]



( x 2 −1)(u11 x + 2u 2 + 2u 12 x ) − 2 x( u1 + 2u 2 x ) + 2 u1 x + u 2 (1 + x 2 ) = ( x 2 −1) u1 x + 2u 2 x + 2u 2 ´x − u1´−2u 2 − 2u 2 ´x − 2u1 x − 4u 2 x + 2u1 x + 2u 2 + 2u 2 x 2 = ( x 2 −1) 2



2



3



2



∴( x 2 −1)u1´+2( x 2 −1)u 2 ´x = ( x 2 −1) − ( x 2 −1)



u1´x 2 + 2u 2 ´x 3 − u11 − 2u 2 ´x u´(x 2 +1) + 2u 2 ´x( x 2 −1) = ( x 2 −1)



u1´+2u 2 ´= 1...(2)



− u1´(1 − x ) − 2u 2 ´x(1 − x ) = x −1.......( 2) 2



2



2



u1´x + u 2 ´(1 + x 2 ) = 1 − u1´x (1 − x 2 ) − 2u 2 ´x 2 (1 − x 2 ) = x( x 2 −1) u1´x (1 − x 2 ) + u 2 ´(1 + x 2 )(1 − x 2 ) = 1



[ )( − 2 x



]



u 2 ´(1 − x 2 ) − 2 x 2 + (1 + x 2 ) = x 2 − x u 2 ´(1 − x 2



2



+1 + x 2 ) = x( x 2 −1)



u 2 ´(1 − x 2 )(1 − x 2 ) = x ( x 2 −1)



 (



)



(



)



u 2 ´ x 2 −1 = x x 2 −1 u 2 ´=



∫u´ = ∫ (



(



)=



x x −1



(x



2



)



2



(x



2



x −1



)



−1 x 1 du 1 du 1 ⇒u 2 ∫ = ∫ = en x 2 −1 2 x −1 u 2 2 u 2 2



)



(



)



( (



) )



u = x 2 −1 du = 2 xdx du = xdx 2 u1´x +



en (1) u1´= − u1´=



(



( (



) )



x x 1+ x2 1+ x2 2 1 + x = 0 ⇒ u ´ = − ⇒ u ´ = − 1 1 x 2 −1 x x 2 −1 x 2 −1



)(



)



1 x2 1 1  1 1    − 2 ⇒u1´= − 2 − 1 + 2 − ∫1 + 2  = ∫ u1´= −∫ 2 dx x −1 x −1 x −1  x −1  x −1 x −1   2



1 x −1 1 x −1 x −1 ln − x − ln + c ⇒u1 = −ln 2 x +1 2 x +1 x +1 x −1 1 = x 2 + (1 + x 2 ) ln( x 2 −1) x +1 2



y p = −x ln



COEFICIENTES INDETERMINADOS 1.- y´´−7 y´+12 y = 0



r 2 − 7 r + 12 = 0



(r − 4)(r − 3) = 1 r1 = 4 r2 = 3



;



y h = c1e 4 x + c2 e 3 x



φ ( x) = e x



;



y p = Ae x



φ´(x) = e x



;



y´ p = Ae x



φ´´(x ) = e x ;



y´´p = Ae x



Ae x − 7 Ae x + 12 Ae x = e x



A=



1 6



1 y p = ex 6 1 yG = y h + yQ = c1e 4 x + c2 e 3 x + e x 6



2.- y´´−7 y´+12 y = e 4 x



r 2 − 7 r + 12 = 0



;



(r − 4)(r − 3) = 1 r1 = 4 r2 = 3



y h = c1e 4 x + c2 e 3 x



φ( x) = e 4 x



y p = Axe 4 x



;



φ´(x) = 4e 4 x



;



φ´´(x) =16e 4 x ;



y´ p = Ae 4 x + 4 Axe 4 x y´´p = 4 Ae x + 4 Ae 4 x +16 Axe 4 x



8 Ae x +16 Axe 4 x − 7 Ae 4 x − 28 Axe 4 x +12 Axe 4 x = e 4 x A =1



y p = xe 4 x



yG = y h + yQ = c1e 4 x + c2 e 3 x + xe 4 x = e 4 x (c1 + x) + c2 e 3 x



 3.- y´´+16 y = sen3 x r 2 +16 = 0 r = ±4i y h = c1 cos 4 x + c2 sen4 x



φ( x) = sen3 x



y p = −Asen3 x + B cos 3 x



;



φ´(x ) = 3 cos 3 x ;



y´ p = 3 A cos 3 x −3Bsen3 x



φ´´(x) = −9 sen3 x ;



y´´ p = −9 Asen3 x −9 B cos 3 x



−9 Asen3 x −9 B cos 3 x +16 Asen3 x +16 B cos 3 x = sen3 x 7 Asen3 x = sen3 x 7 B cos 3 x = 0 1 A= B =0 7 1 y p = sen3 x 7 1 yG = y h + yQ = c1 cos 4 x + c2 sen 4 x + sen3 x 7



4.- y´´+16 y = sen4 x r 2 +16 = 0 r = ±4i y h = c1 cos 4 x + c 2 sen 4 x



φ( x ) = sen 4 x



;



φ´(x ) = 4 cos 4 x ; φ´´(x ) =16 sen 4 x ;



y p = ( Asen 4 x + B cos 4 x )



y´ p = Asen4 x + B cos 4 x + ( − 4 A cos 4 x − 4 Bsen4 x )



y´´p = 4 A cos 4 x − 4 Bsen4 x + ( − 4 A cos 4 x − 4 Bsen4 x ) + x ( −16 Asen4 x −16 B cos 4 x )



4 A cos 4 x − 4 Bsen4 x + 4 A cos 4 x − 4 Bsen4 x −16 Axsen4 x −16 Bx cos 4 x +16 Axsen 4 x +16 Bx cos 4 x 8 A cos 4 x = 0 −8 Bsen 4 x = sen 4 x 1 A =0 B =− 8 1 y p = − x cos 4 x 8 1 yG = y h + yQ = c1 cos 4 x + c 2 sen 4 x − x cos 4 x 8



5.- y´´+2 y´+2 y = x 2



 r 2 + 2r + 2 = 0 −2 ± 4 −8 2 −2± −4 r= 2 2 2i r =− ± 2 2 α = −1 β = ±i r=



y h = e − x ( c1 cos x + c 2 senx )



(



φ ( x) = x 2 ;



y p = Ax 2 + Bx + C



φ´(x) = 2 x ;



y´ p = 2 Ax + B



φ´´(x) = 2 ;



y´´ p = 2 A



)



∴ 2 A + 4 Ax + 2 B + 2 Ax 2 + 2 Bx + 2C = x 2



( 4 A + 2B ) x = 0



2 Ax 2 = x 2



1 B = −1 2 1 1 y p = x2 − x + 2 2



A=



2 A + 2 B + 2C = 0 C=



yG = y h + y Q = e − x ( c1 cos x + c 2 senx ) +



1 2



1 2 1 x −x+ 2 2



6.- y´´−7 y´+12 y = x 2 e x r 2 − 7 r +12 = 0 y h = c1e



4x



+ c2 e



(r − 4)(r − 3) = 0



r1 = 4



r2 = 3



3x



φ( x) = x e x 2



φ´(x) = 2 xe x + x 2 e x = e x ( 2 x + x 2 )



φ´´(x) = 2e x + 2 xe x + 2 xe x + x 2 e x = e x ( 2 + 4 x + x 2 ) y p = ( Ax 2 + Bx + C )e x



y´ p = ( 2 Ax + B ) e x + ( Ax 2 + Bx + C )e x



y´´p = ( 2 A) e x + ( 2 Ax + B ) e x + ( 2 Ax + B ) e x + ( Ax 2 + Bx + C )e x



2 Ae x + 2( 2 Ax + B ) e x + ( Ax 2 + Bx + C )e x − 7( 2 Ax + B ) e x − 7( Ax 2 + Bx + C )e x +12( Ax 2 + Bx + C )e x = x 2 e x 2 A −10 Ax − 5 B + 6 Ax 2 + 6 Bx + 6C = x 2 6 Ax 2 = x 2 1 A= 6



−10 A + 6 B = 0 5 B= 18



2 A − 5 B + 6C = 0 19 C= 108



5 19  x 1 y p =  x2 + x+ e 6 18 108   5 19  x 1 yG = y h + yQ = c1e 4 x + c2 e 3 x +  x 2 + x+ e 6 18 108  



7.- y´´´−y´´=3e x +4 x 2



 r3 − r2 = 0 r 2 (r + 1) r1 = r2 = 0 r3 = −1 y h = c1 + c 2 x + c3 e − x



φ ( x) = 3e x + 4 x 2 φ ´(x ) = 3e x + 8 x 2 φ ´´(x) = 3e x + 8 φ ´´´(x) = 3e x



(



)



y p = Ae x + Bx 2 + Cx + D x 2 y´ p = Ae + Bx + Cx + Dx 2 x



4



3



y´´p = Ae x + 4 Bx 4 + 3Cx 3 + 2 Dx 2 y´´´p = Ae x + 24 Bx + 6C Ae x + 24 B + 6C + Ae x + 12 Bx 2 + 6Cx + 2 D = 3e x + 4 x 2



2 Ae x + 12 Bx 2 + ( 24 B + 6C ) x + 6C + 2 A = 3e x + 4 x 2 2 Ae 2 = 3e 2



12 Bx 2 = 4 x 2



24 B + 6C = 0



3 1 A= B= 2 3 3 4 1  y p = e x +  x2 − x + 4x2 2 3 3   3 x 1 4 4 3 y p = e + x − x + 4x 2 2 3 3



4 C=− 3



3 1 4 y G = y h + y Q = c1 + c 2 x + c3 e − x + e x + x 4 − x 3 + 4 x 2 2 3 3



8.- y´´+ y = cos x y = e rx y´= re rx y´´= r 2 e rx r 2 e rx + e rx



[



]



e rx r 2 +1 = 0



y ( 0) = 1



y´(0) = −1



÷6



6C + 2 D = 0 D=4



÷2



 e rx ≠ 0 r 2 +1 = 0 r = ±i y ( x) = c1 cos x + c 2 senx



φ( x) = cos x φ´(x) = −senx φ´´(x) = −cos x



y p = ( Asenx + B cos x ) x



y´ p = ( A cos x − Bsenx ) x + ( Asenx + B cos x )



y´´ p = ( − Asenx − B cos x ) x + ( A cos x − Bsenx ) + ( A cos x − Bsenx ) − xAsenx − Bx cos x + A cos x − Bsenx + A cos x − Bsenx + Axsenx + Bx cos x = cos x 2 A cos x − 2 Bsenx = cos x 2 A cos x = cos x A= yp =



− 2 Bsenx = 0



1 2



B =0



1 xsenx 2



y G = y h + yQ = c1 cos x + c2 senx + 1 = c1



1 xsenx 2



c1 = 1



y´(x) = −c1 senx + c2 cos x + −1 = c2



1 x senx + cos x 2 2



c2 = −1



y ( x) = cos x − senx +



9.- y´´+ y = cos x



1 xsenx 2



y (0) = 1



y´(0) = −1



r 2 +1 = 0 r = ±i y h = c1 cos x + c2 senx



φ( x ) = cos x φ´(x ) = −senx φ´´(x ) = − cos x



y p = ( A cos x + Bsenx ) x



y´ p = ( − Asenx − B cos x ) x + ( A cos x + Bsenx )



y´´p = ( − Asenx − B cos x ) x + ( A cos x − Bsenx ) + ( A cos x + Bsenx ) x = cos x − Axsenx + Bx cos x + A cos x + Bsenx + Ax cos+ Bxsenx = cos x A cos x = cos x Bsenx = 0 A =1 / 2



 1 x cos x 2



yp =



yG = y h + yQ = c1 cos x + c2 senx +



1 x cos x 2



1 = c1 c1 = 1 y´(x) = −c1 senx + c2 cos x −



1 xsenx 2



− 1 = c2 c2 = −1 yG = cos x − senx



1 x cos x 2



10.- y ( 4) − 4 y´´= x 2



y (0) = y´(0) = y ( 2 ) (0) = y (3) (0) = −1



r 4 − 4r 2 = x 2 r 2 (r 2 − 4) = 0 r1 = r2 = 0 r3 = 2 r4 = −2 y h = c1 + c2 x + c3 e 2 x + c 4 e −2 x



φ ( x) = x 2 φ´(x ) = 2 x φ´´(x) = 2 φ´´´(x) = 0 φ IV ( x) = 0



(



)



y p = Ax 2 + Bx + C x 2 = Ax 4 + Bx 3 + Dx 2 y´ p = 4 x A + 3 x B + 2 xD 3



2



y´´p = 12 Ax 2 + 6 xB + 2 D y´´´p = 24 Ax + 6 B y IV p = 24 A



(



)



24 A − 4 12 Ax 2 + 6bX + 2 D = x 2 24 A − 48 Ax − 24 Bx − 8D = x 2 2



− 48 Ax 2 = x 2 − 24 Bx = 0 1 A=− B =0 48 1 1 yp = − x4 + x2 48 16



24 A − 8 D = 0 ÷ 8 1 D= 16



 y h = c1 + c 2 x + c 3 e 2 x + c 4 e −2 x y (0) = y´(0) = y´´(0) = y ( 3) = −1 1 4 1 2 x + x 48 16 − 1 = c1 + c 3 + c 4 yp =−



y´(x) = c 2 + 2c 3 e



2x



− 2c 4 e −2 x



− 1 = c 2 + 2c 3 − 2c 4 y´´(x ) = 4c 3 e



2x



+ 4c 4 e



− 1 = 4c 3 + 4c 4



c1 + c 3 + c 4 = −1...............(1) c 2 + 2c 3 − 2c 4 = −1............(2) −2 x



4c 3 + 4c 4 = −1...................(3)



y´´´(x ) = 8c 3 e 2 x − 8c 4 e −2 x − 1 = 8c 3 − 8c 4 y



IV



( x) = 16c 3 e



8c 3 − 8c 4 = −1....................(4) 2x



+ 16c 4 e −2 x



− 1 = 16c 3 + 16c 4



16c 3 + 16c 4 = −1..................(5)



c1 + c 3 + c 4 = −1..............( A) c 2 + 2c 3 − 2c 4 = −1..........( B ) 4c 3 + 4c 4 = −1.................(C ) 8c 3 − 8c 4 = −1.................( D) 8c 3 + 8c 4 = −2 8c 3 − 8c 4 = −1 16c 3 = −3 1 − c3 4 1 3 c4 = − + 4 16 c 2 = 2c 4 − 2c 3 − 1



c3 = −



3 16



c4 = −



c4 = −



1 16



3  1   3  c 2 = 2 −  − 2 −  −1 c 2 = − 4  16   16 



c1 = −c3 − c4 − 1  3  1  c1 = − −  −   − 1  16   16  1 3 c1 = − 1 c1 = − 4 4 3 3 3 2x 1 yh = − − x − e − e −2 x 4 4 16 16 3 3 3 2x 1 1 4 1 2 yG = − − x − e − e − 2 x − x − x 4 4 16 16 48 16



 11.- y ( 3) − 4 y´´= x − ex − x



y (0) = 1 y´(0) = 0



y ´´ (0) = 1



I det er min ado



r3 + r2 = 0 r 2 (r + 1) = 0 r1 = r2 = 0 r3 = −1 yh = c1 + c2 x + c3e − x



φ ( x) = x − e − x φ ´(x ) = 1 + e − x φ ´´(x ) = −e − x φ ´´´(x) = e − x



y p = ( Ax + B ) x 2 + De − x = Ax 3 + Bx 2 + Dxe − x y´ p = 3 Ax 2 A + 2 Bx + De − x − Dxe − x y´´p = 6 Ax + 2 B − De − x − De − x + De − x = 6 Ax + 2 B − 2 De − x + Dxe − x y´´´p = 6 A + De − x + De − x + De − x − Dxe − x = 6 A + 3De − x − Dxe − x



6 A + 3Be − x − Dxe − x + 6 Ax + 2 B = x − e − x De − x = − e − x



6 Ax = x



A=



1 6



6 A + 2B = 0



1 1 3 A + B = 0 B = −3 A = −3  = − 2 6 1 B=− 2



D = −1



1 1 y ( x) G = c1 + c2 x + c3e − x + x 3 − x 2 − xe − x 6 2 1 = c1 + c3 c1 + c3 = 1.........( I ) c1 = 1 y´(x ) = c2 − c3e − x + 0 = c2 − c3 − 1 −x



1 2 x − x − e − x + xe − x 2 c2 − c3 = 1........( II ) −x



−x



y´´(x ) = c3e + x − 1 + e + e − xe 1 = c3 − 1 + 2



÷2



−x



c3 = 0



1 1 y ( x) = 1 + x 3 − x 2 − xe − x 6 2 1 2 1 3 y ( x) = −3 + 3 x − x + x + 4e − x + xe − x 2 6



c2 = 1 c3 = 4



 VARIACIÓN DEL PARÁMETRO 1.- y´´+y = cot gx r 2 +1 = 0 = 0 r 2 (r +1) = 0 r = ±2i yh = c1 cos x + c2 senx



c1 = u1



c2 = u 2



y p = u1 cos x + u2 senx y´ p = u1´cos x − u1senx + u2 ´senx + u2 cos x u1´cos x + u2 ´senx.......(1) y´ p = −u1senx + u2 cos x y´´p = −u1´senx − u1 cos x + u2 ´cos x + u2 senx − u1´senx − u1 cos x + u2 ´cos x − u2 senx + y =



cos x senx



− u1´senx − u1 cos x + u2 ´cos x − u2 senx + u1 cos x + u2 senx =



cos x senx



cos x .......( 2) senx u1´cos x + u2 ´senx = 0...................( I ) − u1´senx + u2 ´cos x =



− u1´senx + u2 ´cos x =



cos x ..........( II ) senx



u2 ´= u1´tgx cos x senx 1 cos x 1 cos x u1´= − ⇒ u1´= − 2 2 sen x 2 sen 2 x z = senx dz = cos xdx − u1´senx =



u1´= −



1 cos x dx 2 ∫ sen 2 x



1 1 1 dz = − ∫ z −2 dz 2 ∫ 2 z 2 1 1 1 u1 = = = c sec x 2z 2 senx 2 1 1 1 u2 ´= c sec x u2 = − ∫ c sec xdx = − ln c sec x − ctgx 2 2 2 1 1 y p = c sec x cos x − ln c sec x − ctgx senx 2 2 1 1 yG = c1 cos x + c2 senx + c sec x cos x − ln c sec x − ctgx senx 2 2 u1 = −



2.- y´´+y =sec x



 r 2 +1 = 0 = 0 r 2 (r +1) = 0 r = ±i yh = c1 cos x + c2 senx y p = u1 cos x + u2 senx y´ p = u1´cos x −u1senx + u2 ´senx + u2 cos x u1´cos x + u2 ´senx.......(1) y´ p = −u1senx + u2 cos x y´´p = −u1´senx −u1 cos x + u2 ´cos x + u2 senx −u1´senx −u1 cos x + u2 ´cos x −u2 senx = sec x −u1´senx −u1 cos x + u2 ´cos x −u2 senx + u1 cos x + u2 senx = sec x u1´cos x + u2 ´senx = 0...................( I ) −u1´senx + u2 ´cos x = u2 ´= −u2 ´tgx



;



1 ..........( II ) cos x u2 ´tgxsenx + u2 ´cos x



1 cos x



 sen 2 x  1 u2 ´  xosx + cos x   = cos x   2 2  sen x + cos x  1  u2 ´   = cos x xosx   u2 ´=1



u2 = ∫ dx ⇒u2 = x



u1´= −tgx u1 = −∫tgxdx = ln cos x y p = ln cos x cos x + xsenx yG = c1 cos x + c2 senx + ln cos x cos x + xsenx



3.- y´´+3 y = 2 sec 3 x r 2 +3 = 0 r 2 ( r +1) = 0 r = ±3i y h = c1 cos 3 x +c2 sen3 x y p = u1 cos 3 x +u 2 sen3 x y´ p =u1´cos 3 x −3u1 sen3 x +u 2 ´sen3 x +3u 2 cos 3 x u1´cos 3 x +u 2 ´sen3 x.......(1) y´ p = −3u1 sen3 x +3u 2 cos 3 x y´´ p = −3u1´sen3 x −9u1 cos 3 x +3u 2 ´cos 3 x −9u 2 sen3 x



 − 3u1´sen3 x − 9u1 cos 3 x + 3u 2 ´cos 3 x − 9u 2 sen3 x + 9u1 cos 3 x + 9u 2 sen3 x = 2 sec 3 x 2 ..........( II ) cos 3 x u1´cos 3 x + u 2 ´sen3 x = 0...................( I ) − 3u1´sen3 x + 3u 2 ´cos 3 x =



u1´= −u 2 ´tg 3 x − 3[ − u 2 ´tg 3 x ] sen3 x + 3u 2 ´cos 3 x =



2 cos 3 x



2 cos 3 x 2 1 u 2 ´[tg 3 xsen3 x + cos 3 x ] = 3 cos 3 x 2 2  sen 3 x + cos 3 x  2 1 2 u 2 ´ u 2 ´= = cos 3 x 3   3 cos 3 x 3u 2 ´tg 3 xsen3 x + 3u 2 ´cos 3 x =



u2 =



2 2 dx = x ∫ 3 3



u1´= −u 2 ´tg 3 x u1´=



2 tg 3 x 3



u2 =



2 tg 3 xdx 3∫



z = 3x dz = 3dx 2 2 u1 = ∫ tgzdz = ln cos 3 x 9 9 2 2 y p = ln cos 3 x cos 3 x + xsen3 x 9 3 2 2 y G = c1 cos x + c 2 senx + ln cos 3 x cos 3 x + xsen3 x 9 3



4.- y´´+y = c sec 2 x r 2 +1 = 0 r 2 ( r +1) = 0 r = ±i y h = c1 cos x + c 2 senx y p = u1 cos x + u 2 senx y´ p = u1´cos x − u1 senx + u 2 ´senx + u 2 cos x u1´cos x + u 2 ´senx.......(1) y´ p = −u1 senx + u 2 cos x y´´ p = −u1´senx − u1 cos x + u 2 ´cos x − u 2 senx − u1´senx − u1 cos x + u 2 ´cos x − u 2 senx + u1 cos x + 9u 2 senx =1 / sen 2 x 1 ..........( II ) sen 2 x u1´cos x + u 2 ´senx = 0...................( I ) − u1´senx + u 2 ´cos x =



 u1´= −u2´tgx cos x senx * = − ∫ c sec xdx sen 2 x cox 1 u2 ´tgxsenx + u2 ´cos x = sen 2 x  sen 2 x + cos 2 x  1 u2 ´ = 2 cos x sen x   u1´= −



cos x senx 2 2 u2 = ∫ dx = x 3 3 1 1 −2 u2 = ∫ z dz = = − = −c sec x z senx u2 ´=



u1´= − ∫ c sec xdx = − ln c sec x − ctgx



y p = − ln c sec x − ctgx cos x′c sec xsenx = − ln c sec x − ctgx cos x − 1



5.- ( x 2 −1) y´´−2 xy´+2 y = ( x 2 −1) yh = c1 x + c2 (1 + x 2 ) yp = ?



y p = u1 x + u2 (1 + x 2 )



y´ p = u1´x − u1 + u2 ´(1 + x 2 ) + 2 xu2



u1´x + u2 ´(1 + x 2 ) = 0.......(1) y´ p = −u1senx + u2 cos x y´´p = −u1´+2 xu2 ´+2u2



( u1´+2 xu2´+2u2 ) ( x 2 −1) − 2 x( u1 2 xu2 ) + 2[u1 x + u2 (1 + x 2 )] = x 2 − 1



(x



2



− 1)u1´+2 x ( x 2 − 1)u2 ´= ( x 2 − 1)



÷ ( x 2 − 1)



u1´+2 xu2 ´= 1..................................( 2) u1´x + u2 ´(1 + x 2 ) = 0.....................(1) u1´= 1 − 2 xu2 ´



(1 − 2 xu2´) x + u2´(1 + x 2 )



 x  u1´= 1 − 2 x  2   x − 1 x 2 −1 − 2 x 2 ( x 2 + 1) = 0 u1´= =− 2 x 2 −1 ( x −1)



x + 2 x 2u2´+u2´(1 + x 2 ) = 0



[



]



u1´= −



(x (x



u2 ´ 1 + x 2 − 2 x 2 = −x * ( −1) u1´= −∫ u2 ´( x 2 − 1) = x



2 2



+ 1) − 1)



x2 +1 x 2 −1



u1 = ∫ − 1dx + 2∫



1 dx x −1 2



 x x −1 x 1 1 u2 = ∫ 2 dx = ∫ x −1 2 u 1 u2 = ln x 2 − 1 2 u2´=



2



[



]



1  x − 1 u1 = − x + 2 ln  2  x + 1



u1 = − x + ln



y p = − x 2 − x ln



x −1 1 x −1 + (1 + x 2 ) ln x +1 2 x +1



y p = − x 2 + x ln



1+ x 1 + (1 + x 2 ) ln ( x 2 + 1) 1− x 2



x −1 x +1



6.- y ( 3) − y´´= ln x r3 − r 2 = 0 r 2 (r −1) = 0 r1 = r2 = 0 r3 = 1 yh = c1 + c2 x + c3e x y p = u1 + u2 x + u3e x y´ p = u1´+u2 ´x + u2 + u3´e x + u3e x u1´+u2 ´x + u3´e x = 0.......(1) y´ p = −u2 cos x + u3e x y´´p = u2 ´+u3´e x + u3e x u3´e x + u3e x − u3e x = ln x u3´e x = ln x



.u3´=



ln x ex



u3 = ∫



ln x dx ex



u2´+u3´e x = 0 ln x x e =0 u2 ´= −ln x u2 = −∫ ln xdx ex ln x u1´−x ln x + x e x = 0 e u2´+



u1´−x ln x + ln x = 0



u1 = ∫ ln xdx − ∫ xdx



u1 = ∫ ln xdx − ∫ xdx = x( ln x − x −)



x2 x2 = x( x −1) − 2 2



u2 = −∫ ln xdx = −x ln x + x = x(1 − ln x ) u3 = ∫



ln x dx ex



 u3´e x + u3e x − u3e x = ln x u3´e x = ln x



.u3´=



ln x ex



u3 = ∫



ln x dx ex



u 2 ´+u3´e x = 0 ln x x e =0 u 2 ´= − ln x u 2 = −∫ ln xdx ex ln x u1´−x ln x + x e x = 0 e u 2 ´+



u1 = ∫ ln xdx − ∫ xdx



u1´−x ln x + ln x = 0



u1 = ∫ ln xdx − ∫ xdx = x( ln x − x −)



x2 x2 = x( x − 1) − 2 2



u 2 = −∫ ln xdx = −x ln x + x = x(1 − ln x ) u3 = ∫



ln x dx ex



 x2  ln x y p = x( ln x − x −)  + x 2 (1 − ln x ) + e x ∫ x dx 2 e  x ln x 3 1 y p = x 2 + x 2 − 4 x ln x + e x ∫ dx 1 ex 4 2



(



)



7.- Hallar y p = ? x 3 y ( 3) + 5 x 2 y´´+2 xy´= x 4 y h = c1 x + c2 x −1 + c3 x −3 y p = u1 x + u 2 x −1 + u 3 x −3 y´ p = u1´x + u1 + u 2 ´x −1 − u 2 x −2 + u 3 ´x −3 − 3u 3 x −4 u1´x + u 2 ´x −1 + u 3 ´x −3 = 0..........(1) y´ p = +u1 − u 2 x −2 − 3u 3 x −4 y´´ p = u1´x − u 2 ´x −2 + 2u 2 x −3 − 3u 3 ´x −4 +12u 3 x −5 u1´−3u 3 ´x −2 +12u 3 x −1 = 0........(2) y´´ p = 2u 2 x −3 +12u 3 x −5 y´´´p = 2u 2 ´x −3 − 6u 2 x −4 +12u 3 ´x −5 − 60u 3 x −6



[ 2 x[u



]



[



]



x 3 2u 2 ´x −3 − 6u 2 x −4 +12u 3 ´x −5 − 60u 3 x −6 + 5 x 2 2u 2 x −3 +12u 3 x −5 + 1



] [



−3



−4



−5



2 x x u 2 ´−6 x x u 2 +12 x x u 3 ´−60 x x 3



]



− u 2 x −2 − 3u 3 x −4 − 2 u1 x + u 2 x −1 + u 3 x −3 = x 4 3



3



3



−6



+



10 x 3 x −3 u 2 + 60 x 2 x −5 u 3 + 2 xu1 − 2 xx −2 u 2 − 6 xx −4 u 3 − 2u1 x − 2u 2 x −1 − 2u 3 x −3 = x 4



 2u 2 ´−6 x −1u 2 +12 x −2 u 3 ´−60 x −3 +10 x −1u 2 + 60 x −3 u 3 + 2 xu1 − 2 x −1u 2 − 6 x −3 u 3 − 2u1 x − 2u 2 x −1 − 2u 3 x −3 = x 4 .............(3) u1´x + u 2 ´x −1 −u 3 ´x −3 = 0.............(1)



x 4 u1´+u 2 ´x 2 + u 3 ´= 0.........( I )



u1´+u 2 ´x −2 − u 3 ´x −1 = 0.............( 2) −2



x 2 u1´−u 2 ´−3u 3 ´x = 0.........( II )



2u 2 ´+12 x u 3 ´= x ........................(3)



2 x u 2 ´+12u 3 ´= x .............( III )



4



2



6



x 4 u1´+u 2 ´x 2 + u 3 ´= 0 − x 4 u1´+u 2 ´x 2 + 3u 3 ´x 3 = 0 2u 2 ´x 2 + 3u 3 ´x 3 + u 3 ´= 0 2u 2 ´x 2 + u 3 ´(3 x 3 +1) = 0 2 x 2 u 2 ´+12u 3 ´= x 6



(



)



2 x 2 u 2 ´+u 3 ´ 3 x 2 +1 = 0



− 2 x 2 u 2 ´−12u 3 ´= −x 6



 x6  6 2 x 2 u 2 ´−12  2 =x 3 x − 11   4 4 6x x u 2 ´− 2 = 2 3 x −11 4 4 x 6x u 2 ´= + 2 2 3 x −11 1 1  u2 = ∫ x 4  + 2 dx 2 3 x − 11   2 x u1´−u 2 ´−3 xu 3 ´= 0



(



÷2 x 2



)



2 x 2 u 2 ´+u 3 ´ 3 x 2 +1 = 0



[



]



u 3 ´ 3 x 2 +1 −12 = −x 6 − x6 3 x 2 −11 x6 u 3 = −∫ 2 dx 3 x −11 u 3 ´=



x 4  −x6  6x 4  2 x2  + 2 + x u ´ − u ´ − 3 x 1 2   2  =0 3 x −11 2 3 x −11 x4 6x 4 3x 7 − − 2 + 2 + x 2 u1´= 0 2 3 x −11 3 x −11 2  3x 7 − 6 x 4  x 2 − +  3 x 2 −11   + x u1´= 0 2  



(



)



x 2 3x 2 x 5 − 2 x 2 + + x 2 u1´= 0 ÷x2 2 3 x 2 −11 1 3 x5 −2x 2 + + u1´= 0 2 3 x 2 −11 1 3 x5 −2x 2 3 x 2 −11 + 6 x 5 − 4 x 2 6 x 5 − 2 x 2 −11 u1´= + = = 2 3 x 2 −11 2 3 x 2 −11 2 3 x 2 −11 −



(



)



(



u1´= −



(x



)



(



)



)



(



 x 5 − 2 x 2 −11  − 2 x 2 −11 = u = 1 ∫ 2 3x 2 −11 dx 2 3 x 2 −11 5



(



)



cos 3 x + isen3 x = e 3 xi = ( cos x + isenx )



(



3



)



)



yp =



x4 90



8.-



 cos 3 x + isen3x = cos 3 x + 3i cos 2 xsenx + 3i 2 cos xsen 2 x + i 3 sen3 x cos 3 x + isen3x = cos 3 x + 3i cos 2 xsenx − 3 cos xsen 2 x − isen 3 x cos 3 x = cos 3 x − 3 cos xsen 2 x cos 3 x = cos 3 x − 3 cos x(1 − cos 2 x) cos 3 x = cos 3 x − 3 cos x + 3 cos3 x cos 3 x = 4 cos 3 x − 3 cos x isen3 x = i (cos 2 xsenx − isen 3 x) sen3 x = 3senx(1 − sen 2 x) − sen3 x sen3 x = 3senx − 3sen3 x − sen3 x sen3 x = 3senx − 4 sen3 x 1 3 cos 3 x + cos x 4 4 3 1 sen3 x = senx − sen3x 4 4



a) cos 3 x =



1 3 cos 3 x + cos x 4 4 3 1 y´´+4 y = sen3 x = senx − sen3x 4 4



b) Re solver : y´´+4 y = cos 3x =



r2 + 4 = 0 r = ±2i yh = c1 cos 2 x + c2 sen2 x 1 3 φ ( x) = cos 3 x + cos x 4 4 3 3 φ´(x) = − senx − sen3 x 4 4 9 3 φ´´´(x) = − cos 3 x − cos x 4 4 y p = A cos x + Bsenx + D cos 3x + Esen3 x y´ p = − Asenx + B cos x − 3Dsen3x + 3E cos 3 x y´´p = − A cos x − Bsenx − 9 D cos 3 x − 9 Esen3 x − A cos x − Bsenx − 9 D cos 3 x − 9 Esen3 x + 4 A cos x + 4 Bsenx + 4 D cos 3 x + 4 Esen3 x =



1 3 sen3 x + cos x 4 4 1 3 cos 3x + cos x 4 4 1 − 5 D cos 3 x = cos 3x 4



3 A cos x + 3Bsenx − 5D cos 3 x − 5Esen3x = 3 A cos x =



3 cos x 4



3Bsenx = 0



− 5E = 0



 1 4 1 1 y p = cos x − cos 3x 4 20



A=



B=0



D=−



1 20



E=0



1 1 y ( x) = c1 cos 2 x + c2 sen2 x + cos x − cos 3 x 4 20 3 1 3 A cos x + 3Bsenx − 5D cos 3x − 5Esen3 x = senx − sen3x 4 4 3 1 A = 0 D = 0 3Bsenx = senx − 5Esen3 x = − sen3x 4 4 1 1 B= E= 4 20 1 1 y p = senx + sen3x 4 20 1 1 y ( x) = c1 cos 2 x + c2 sen2 x + senx + sen3x 4 20



3  2 1 2 9.- x y´´+ xy´+  x + ÷ y = x 2 cos x 4 



c1 c cos x + 1 senx x x cos x senx y p = u1 + u2 x x y´ p = yh =



  1 −12 x − senx x − cos x 2 cos   y´( p ) =u1´ + u1  x x    cos senx u1´ + u2 ´ =0 x x u1´cos x + u 2 ´senx = 0.................(1)



( )



2 cos 3 x 1   x senx − cos x  − 2 x  + u1  x      



   − cos x   + u ´ senx + u  2 2  x      



−3[−u2 ´tg 3 x ]sen3 x + 3u 2 ´cos 3 x =  − y´( p ) =u1    



x cos x − x



1 2 x



 senx     



( x ) − senx 12 x 



x



1 − 2



       



   − 2 xsenx − cos x   − 2 x cos x − senx   y´ p = u1 + u2  3    x   2x 2   3 1  3 2 2   ( − senx − 2 x cos x ) x + ( 2 xsenx + cos x ) x   − 2 xsenx − cos x  2   y´´ p = u1´ + u 1 3 3     4 x 2x 2       3 1  3 2 2   ( ) ( ) x   cos x − 2 xsenx x + cos x − 2 xsenx − 2 x cos x − senx  2   + u 2 ´ + u 1 3 3     4 x 2x 2      



    3 − 2 xsenx − cos x  − 2 x cos x − senx    2 u1´ + u ´´ = x cos x 2 3 3     2 2 2x 2x    



3



÷ x2



u1´( − 2 xsenx − cos x ) + u 2 ´( 2 x cos x − senx ) = 2 cos x........( 2) u1´cos x + u 2 ´senx = 0................................................(1) u1´= −u 2 ´tgx = −



senx cos 2 x = − cos xsenx cos x x



u1´= − cos xsenx



− u1´= [ 2 xsenx + cos x ] + u 2 ´( 2 x cos x − senx ) = 2 cos x



u 2 ´tgx[ 2 xsenx + cos x ] + u 2 ´( 2 x cos x − senx ) = 2 cos x u 2 ´[ tgx( 2 xsenx + cos x ) + 2 x cos x − senx ] = 2 cos x u 2 ´=



2 cos x tgx ( 2 xsenx + cos x ) + 2 x cos x − senx



u 2 ´=



2 cos 2 x 2 cos 2 x = 2 xsen 2 x + senx cos x + 2 x cos 2 x − senx cos x 2 x sen 2 x + cos 2 x



u 2 ´=



(



2



cos x x



u1´= −cos xsenx u = ∫ − cos xsenxdx = ∫ zdz = u1´=



cos 2 x x



z2 2



z = cos dz = −senxdx



2



cos x 2 1 + sen 2 x u2 ´= x 1 sen 2 x u2 = ∫ dx + ∫ dx = ln ∫ x −1sen 2 xdx x x u1 =



u2 = ln x + cos sen 2 x − 2 ∫ ln xsenx cos xdx



)



 1



1 − 2 cos x x 2 cos x senx y p = u1 + u2 x x



u2 =



1



1



1 co 2 x − 2 1 − 2 senx y p = senx x + x cos x 2 cos 2 x 2 senx 1



1 senx 2 1 cos x yp = x + 2 x 2 2 x



( )



1  1 −  y p = x 2 senx + x 2 cos x     



10.- y´´´−4 y´=ctg 2 x r 3 − 4r = 0 r 2 ( r −1) = 0 r1 = 0 r2 = 2 r3 = −2 yh = c1 + c2 e 2 x + c3e −2 x y p = u1 + u2 e 2 x + u3e −2 x y´ p = 2u1´e 2 x + 4u 2 ´e 2 x + 2u2 e 2 x + u3´e −2 x − 2u3e −2 x u1´+u 2´e 2 x + u3´e −2 x = 0.......(1) y´ p = 2u2 e 2 x − 2u3e −2 x − 2u3e −2 x y´´p = 2u1´e 2 x + 4u 2´e 2 x − 2u3´e −2 x + 4u3e −2 x 2u2 ´e 2 x − 2u3´e −2 x = 0........( 2) y´´p = 4u2 e 2 x + 4u3e −2 x y´´p = 4u2 ´e 2 x − 8u 2e 2 x + 4u3´e −2 x − 8u3e −2 x 4u2 ´e 2 x − 8u2 e −2 x + 4u3´e −2 x − 8u3e −2 x − 8u2 e 2 x + 8u3e −2 x = cos 2 x .......(3) sen 2 x = 0..................( 2)



4u2 ´e 2 x + 4u3´e −2 x = 2u2 ´e 2 x − 2u3´e −2 x



u1´+u2 ´e 2 x + u3´e −2 x = ...............(1) ( 2) y (3) cos 2 x sen 2 x =0



4u 2´e 2 x + 4u3´e −2 x = − 4u2 ´e 2 x + 4u3´e −2 x



cos 2 x sen 2 x



 cos 2 x e2 x ; u3´= ctg 2 x sen2 x 8 1 2 u3 = ∫ e 2 x ctg 2 xdx ; 2u2 ´e 2 x − e 2 x ctg 2 x e − 2 x = 0 8 8 1 1 u2 = ∫ e − 2 x ctg 2 xdx ; 2u2 ´e 2 x − ctg 2 x = 0 8 4 1 1 1 u2 = ∫ ctg 2 xdx u1´+ ctg 2 x = 0 ; u1´= ∫ ctg 2 xdx 4 4 4 1 1 u1 = − u2 = ln sen2 x u3 = − cos 2 x ln c sec 2 x − ctg 2 x 8 8 1 y p = [ − 1 + ln sen 2 x ] − ( cos 2 x ) ln c sec 2 x − ctg 2 x 8 8u3´e −2 x =



[



11.- y´´− y =



]



ex x2



r 2 −1 = 0 r 2 (r − 1) = 0 r1 = 1 r2 = −1 yh = c1e x + c2 e − x y p = u1e x + u2 e − x y´ p = u1´e x + 4u1e x + 2u2 ´e x − 2u 2 e − x u1´e x + u 2 ´e − x = 0.......(1) y´ p = u1e x − u2 e − x y´´p = u1´e x + u1´e x − 2u 2 ´e − x + u2 e − x u1´e x + u1e x − u 2 ´e − x + u 2 e − x − u1e x − u 2 e − x = ex ........( 2) x2 = 0..........(1)



u1´e x − u2 ´e x = u1´e x − u2 ´e − x u1´= −u 2 ´



e −x = −u2 ´e − x ex



− u2 ´e − x e −2 x − u 2 ´e x = − u2 ´e − x − u2 ´e − x =



( )



− 2u 2 ´ e − x =



ex x2



ex x2



ex x2



ex x2



 u 2 ´=



1 e2x 2 x2



u2 =



 1 e2x 1 1 e 2 x −2 2 x dx = x e dx = + ∫ x −1e 2 x dx   ∫ 2 ∫ 2 x 2 2 x 



e2x 1 + ∫ x −1e 2 x dx 2x 2 2x 1e 1 1 u1´= − e −2 x = − 2 2 x 2 x2 1 u1´= − 2 2x 1 1 1 u1 = − ∫ 2 dx = 2 x 2x 2x 1 x 1e 1 yp = e − e − 2 x + ∫ x −1e 2 x e − x dx 2 2x 2 x 2 2x 1 1 e y p = 1 − x −1 − e − x ∫ dx 2 2 2x u2 = −



(



)



g l



12.- θ + θ = 0



Obtener una solución del péndulo



wx = wsenθ w y = w cosθ x = lθ ;



dx dθ =l dt dt



d 2x d 2θ = l dt 2 dt 2 d 2x m 2 = −mgsenθ dt



d 2θ = − gsenθ dt 2 d 2θ l 2 = − − gθ dt d 2θ g + θ =0 l dt 2 g r2 + = r = ± l l



si



senθ ≈ para ángulos pequeños



÷l lineal con coeficientes cons tan tes g i l



 g   g  θ (t ) = c1 sen t  + c 2 cos t  solución general l l    



2.- Cuando no existe rozamiento



 1 N kg ; k = 2 2 m x(t ) = ?



m=



x(0) =



1 m 2



x´(0) = 0 m



d 2x + kx = 0 dt 2 1 d 2x d 2x + 2 x = 0 ; + 4x = 0 r2 + 4 = 0 r = ±2i 2 dt 2 dt 2 x(t ) = c1 sen 2t + c2 cos 2t Solución general



m



x(t ) = c1 sen(0) + c2 cos 0 1 cos 2t 2



α =0



1 2 c1 = 0



c2 =



x´(t ) = 2c1 cos 2t − 2c2 sen2t x(t ) =



m



Solución particular



3.- Cuando existe rozamiento y resistencia del aire = c 1 1 x (0) = 2 2 x´(0) = 0 x (t ) = 2



c=



m



dx dt



d 2x dx +c + kx = 0 dt dt 2



1 d 2 x 1 dx d 2 x dx + + 2 x = 0 ; + + 4x = 0 2 dt 2 2 dt dt 2 dt r2 +r +4 =0 x (t ) = e



1 − t 2



r=



−1 ± 1 −16 2



α=



1 2



β =±



15 2



  15   15   t  Solución general t  + k 2 cos k1 sen   2   2   



GAUCHY 1.- x 2 y´´+xy´=0 z = ln x



D=



d dx



∂=



d dz



dz 1 = dx x xD = ∂ x 2 D 2 = ∂(∂ −1) x 3 D 3 = ∂(∂ −1)(∂ − 2) x2



 2 d2 d2y dy d   x y = 0 ; + x = 0 ; +x 2 2 dx dx dx   dx



(x



2



)



D 2 + xD = 0



β = ±2i



 [ ∂(∂ − 1) + δ ] y = 0 δ2 −δ +δ = 0 δ2 =0



δ=



d2y =0 dy 2



d dz r =0



r1 = r2 = 0



y (2) = c1e r1 z + c2 e r2 z y ( z ) = c1 + c2 z y ( x) = c1 + c2 ln x



2.- 2 x 2 y´´+5 y = x 3



z = ln x



x = e3 z



 2 d2  d2y 3 + 5 y = x ; + 5 y = x 3 2 x 2 2 dx dx   3z 2 [ 2δ (δ −1) + 5] y = e ; 2δ − 2δ + 5 y = e 3 z 2x 2



[



[2 x



2



]



d d  2 2 − 2  y = e 3 z dz   dz



;



2r 2 − 2r + 5 = 0



; r=



2 ± 4 − 40 2 ± − 36 2 ± 6i = = 4 4 4



2 1 = 4 2



β =± i



2



α=



;



]



D2 + 5 y = x3



2



z



d y dy −2 + 5 y = e3z dz dz 2



3 2



1



1



z  3 3  3 3  y (2) h = e 2 k1 cos z + k 2 sen z  = x 2 k1 cos (ln x) + k 2 sen (ln x ) 2 2  2 2   



φ( z ) = e 3 z φ´( z ) = 3e 3 z φ´( z ) = 9e 3 z y p = Ae 3 z y´ p = 3 Ae 3 z y´´ p = 9 Ae 3 z 2(9 Ae 3 z ) − 2(3 Ae 3 z ) + 5 Ae 3 z = e 3 z 12 Ae 3 z − 6 Ae 3 z + 5 Ae 3 z = e 3 z 1 17 1 3z 1 3 yp = e = x 17 17 1 3 3   1 3 yG = x 2 k1 cos (ln x) + k 2 sen (ln x)  + x 2 2   17



A=



3.- x 2 y´´+7 xy´+25 y =0



  2 d2  d2y dy d + 7 x + 25 y = 0 ; +7x + 25 = 0 x 2 2 dx dx dx  dx  2 2 x D + 7 xD + 25 y = 0 ; [ (δ −1) + 7δ + 25] y = 0 1 1 x(0) = e 0 [ k1 sen0 + c2 cos 0] = = k 2 k2 = 2 2 1 1 − t  15 15 15 15  1 −2 t  15 15  x´(t ) = e 2 k1 cos t − k2 sen t  − e k1 sen t + k 2 cos t 2 2 2 2  2 2 2    x2



[



]



15 1 k1 − k 2 = 0 2 2 x(t ) = e



1 − t 2



c1 =



1 2 15



 1  15  1  15   t + cos  sen   2  2  2 t  Solución 2 15       



4.- L = iA R = 2Ω 1 c= F 2 E (t ) = Sol. i (t ) =?



VR = iR 1 Vc = ∫ i ( x)dt i(0) = i ( A) c di Vl = L i (0) = 0 A s dt di 1 L + Ri + ∫ i (t )dt = E (t ) Derivamos dt c d 2i di 1 L 2 + R + i = E (t ) ÷ L dt dt c 2 d i R di 1 E (t ) + + i= Re emplazamos los datos 2 dt L dt cL L d 2i di −2± 4−8 + z + 2i = cos t ; r 2 + 2r + 2 = 0 r= dt 2 dt 2 α = −1 β = ±2i



( )



ih = e − t [ c1sen2t + c2 cos 2t ] Solución Homogénea i p = A cos t + Bsent i´(t ) = − Asent + B cos t i´´´(t ) = − A cos t − Bsent



particular



 i´´(t ) + 2i´(t ) + 2i (t ) = cos t − A cos t − Bsent − 2 Asent + 2 B cos t + 2 A cos t + 2 Bsent = cos t − A + 2 A + 2B = 1 − B − 2 A + 2B = 0 A + 2B = 1 −2A + B = 0 1 2 A= B= 5 5 1 2 i p = cos t + sent Solución particular 5 5 1 i (t ) = ih + i p = et (c1sen 2t + c2 cos 2t ) + (cos t + 2 sent ) Solución General 3



5.- x 2 y´´+7 xy´+25 y =ln 2 x  2 d2  d2y dy d 2 + 7 x + 25 y = ln x ; x + 7 x + 25 y = z 2  2 2 dx dx dx  dx  2 2 2 x D + 7 xD + 25 y = z ; [δ (δ − 1) + 7δ + 25] y = 0 δ 2 − δ + 7δ + 25 y = z 2



x2



[



]



[



d  d 2  2 + t dx + 25 y = z dx   2



r 2 + 6r + 25 = 0



;



r=



2



d y dy − 6 + 25 y = z 2 2 dt dz − 6 ± 36 − 100 2



α = −3



β = ±4i



y ( z ) = e −3 z { k1 cos 4 z + k 2 sen 4t}



y ( x) = x −3 [ k1 cos 4(ln x ) + k 2 sen 4(ln x )]



φ( z ) = 2 z φ´(z ) = 2 z φ´´(z ) = 2



y ( p ) = ( Az 2 + Bz + D) y´( p ) = 2 Az + Bz y´´´(p ) = 2 A



2 A + 6(2 Az + Bz ) + 25( Az 2 + Bz ) = z 2 2 A +12 Az + 6 Bz + 25 Az 2 + 25 Bz + 25 D = z 2 1 12 2z A= B =− 2 C= 3 25 25 25 1 2 12 2z yp = z − 2 z+ 3 25 25 25 1 12 2z 1 2 12 2z yp = (ln x ) 2 − 2 (ln x) + 3 = ln x − 2 ln x + 3 25 25 25 25 25 25 1 2 12 2z y G = x 3 [ k1 cos 4(ln x ) + k 2 sen 4(ln x)] + ln x − 2 ln x + 3 25 25 25



6.- ( 2 x +1) 2 y´´−2( 2 x +1) y´−12 y = 6 x 2



y



dx



2



( 2 x + 1) 2 d



− 2( 2 x + 1)



dy − 12 y = 6 x dx



]



 2   d 2 d ( ) 2 x + 1 − 2( 2 x + 1) − 12 y  = 3(e 2 − 1)  2 dx dx  



[( 2 x +1)



2



]



D 2 − 2( 2 x + 1) D − 12 y = 3(e 2 − 1)



[2 ∞(∞ −1) − 2 * 2∞ −12] y = 3(e −1) [4∞ − 4∞ − 4∞ −12] y = 3(e −1) 3 [∞ − 2∞ − 3] y = 34 (e −1) ; ddz y − 2 dy − 3 y = (e dz 4 2



2



2



2



2



2



2



2



r 2 − 2r − 3 = 0 ; ( r − 3)( r + 1) = 0 y ( z ) = c1e



+ c2 e



3z



y ( x) = c1 ( 2 x + 1) 3 + c2 (2 x + 1) −1 y ( p ) = ( Ae z + B )



φ´(z ) = 3e z



y´( p ) = Ae z



φ´´(z ) = 3e z



y´´´(p ) = Ae z 3 3 Ae z − 2 Ae z − 3 Ae z − 3B = e z − 4 4



3 1 B= 16 4 3 1 3 1 y p = − e z + = − (2 x +1) + 16 4 16 4 3 1 y G = c1 (2 x +1) 3 + c 2 (2 x +1) −1 − (2 x +1) + 16 4



A=−



7.- ( 4 x −1) 2 y´´−16( 4 x −1) y´+96 y = 0



( 4 x −1) 2 d



2



dy + 96 y = 0 dx dx 2   ( 4 x −1) 2 d 2 −16( 4 x −1) d + 96 y  = 0 dx dx  



[( 2 x +1)



2



y



2



−16( 4 x −1)



]



D 2 − 2( 2 x + 1) D −12 y = 3(e 2 −1)



[4 ∞(∞ −1) −16 * 4∞ + 96] y = 0 [∞ − 5∞ + 6] y = 0 2



÷16



2



d2y dy −5 +6y = 0 2 dz dz r 2 − 5r + 6 = 0 ; ( r − 3)(r − 2) = 0 y ( z ) = c1e



3z



+ c2 e



2z



y ( z ) = c1e 3 ln( 4 x +1) + c 2 e 2 ln( 4 x +1) y ( x ) = c1 (4 x + 1) 3 + c 2 (4 x +1) 2



8.- x 3 y´´´−2 x 2 y´´+5 xy´−45 y =0



− 1)



r1 = 3 ; r2 = −1



−z



φ( z ) = 3(e z − 1)



2



r1 = 3 ; r2 = 2



 2 d3y dy 2 d y − 2 x + 5x − 45 y = 0 3 2 dx dx dx 2  3 d3  d 2 d x − 2 x + 5x − 45 y = 0  3 2 dx dx  dx 



x3



[x D



]



− 2 x 2 D 2 + 5 xD − 45 y = 0 [∞(∞ −1)(∞ −1) − 2∞(∞ −1) + 5∞ − 45] y = 0 3



3



[(∞ − 3∞ + 2) − 2∞ + 2∞ + 5∞ − 45] y = 0 [∞ − 3∞ + 2∞ − 2∞ + 2∞ + 5∞ − 45] y = 0 [∞ − 5∞ + 9∞ − 45] y = 0 2



2



3



2



3



2



2



 d3  d2 d − 5 +9 − 45 y = 0  3 2 dx dx  dx 



d3y d2y dy − 5 + 9 − 45 y = 0 3 2 dx dx dx 3 2 r − 5r + 9r − 45 = 0 r1 = 5 r2 = r3 = ±3i y ( z ) = c1e 3 z + c2 cos 3 z + c3 sen3 z y ( x) = c1e 5 ln x + c2 cos 3 ln x + c3 sen3 ln x y ( x) = c1 x 5 + c2 cos 3(ln x) + c3 sen3(ln x)



9.- xy´´+2 y´=6 x P0 = x



P1 = 2



P0 ´= 2



P1´= 0



P2 = 0



P0 ´´= 0 P2 − P1´+ P0 ´´= 0 ; 0 − 0 + 0 = 0 NO ES EXACTA u ( 0 ) − [ u ( 2)]´+(ux 2 )´´= 0



− [ u1´(2) + 0] + (u´x 2 + 2 xu )´= 0 − 2u1´+u´´x 2 + 2 xu´+2 xu´+2u = 0



u´´x 2 + u´[ 4 x − 2] + 2u = 0



10.- ´xy´´+2 y´=6 x



P0 y´+( P1 − P0 ´) y



− xy´´+2 y´ + xy´´´+2 xy´



(2 − 2 x ) + (0) y ES EXACTA



 P0 − P1´+P0 ´´= 0



xy´´+2 y´



0 −0 +0 = 0



− xy´´+ y´



0 = 0 EXACTA



y´+0( y )



xy´+1 = ∫ 6 xdx



− y´+0( y )



xy´+ y = (3 x 2 + c1 ) y´+



P0 y´+( P1 − P0 ´)



÷x



0 =0



EXACTA



c 1 y = (3x + 1 ) x x 1



F. I. e



∫ x dx



= e ln x = x



xy´+ y = (3 x 2 + c1 ) dy + y = (3 x 2 + c1 ) dx d [ y ( x)]´= (3x 2 + c1 ) dx



x



y ( x ) = ∫ (3 x 2 + c1 ) dx



y ( x ) = x 3 + c1 x y ( x ) = x 2 + c1 + y( p ) = x 2 +



c2 x



c0 + c1 x



11.- x 2 y´´+( x +1) y´−y = 0 P0 = x 2



P1 = x +1 P2 = −1



P0 ´= 2 x



P1´=1



− x 2 y´´+( x + 2) y´− y x 2 y´´+(2 x) y´



P0 ´´= 2



(1 − x ) y´− y



P2 − P1´+P0 ´´= 0



− (1 − x ) y´− y



1 −1 + 2 = 0 0 = 0 Exacta



0 Exacta



x 2 y´+(1 − x) y = ∫φ( x) dx x 2 y´+(1 − x) y = C (1 − x ) y´+ y = Cx −2 x e



1 − x



x



y´+



1 − x



÷ x2  1



F. I. e



1



∫ x 2 − x dx 1



− e (1 − x) y = Cx −3 e x 3 x



12.- xy´´+( x 2 + x + 2) y´+(2 x + 1) y = c1



=e



1 − −ln x x



=



e



−



1 x



x



x 2 y´+(1 − x ) y



 P0 = x



P1 = x 2 + x + 2 P2 = 2 x +1



P0 ´=1



P1´= 2 x +1



− xy´´+( x 2 + x + 2) y´+(2 x +1) y xy´´+(1) y´



P0 ´´= 0



( x 2 + x + 2) y´+(2 x +1) y



P2 − P1´+P0 ´´= 0



− ( x 2 + x + 2) y´+(2 x +1) y



2 x +1 − 2 x +1 + 0 = 0 0 = 0 Exacta



( xy´+( x (x y´+



P0 y´(P1 − P0 ´) y



0 Exacta



)



xy´+ x 2 + x + 2 −1 y = ∫ c1 2



2



F .I . e



xe xe



∫



x2 +x 2 x2 +x 2



) + x +1) y =c



+ x +1 y = c1 x + c2



(x



1



x



2



)



+x +1 dx x



y´+



xe



y´+e



x2 +x 2



x2 +x 2



+ c2 x −1







=e



÷x



1



∫  x +1+ x dx



x2



=e 2



+x +ln x



x2



= xe 2



+x



x2



x2



+x +x ( x 2 + x + 1) y = c1 xe 2 + c2 x −1 xe 2 x



( x + x + 1) y = c1 xe 2



x2 +x 2



+ c2 e



x2 +x 2



13.- x 2 y´´+(2 x − x 2 ) y´2 xy = 4 x 3 P0 = x 2



P1 = 2 x − x 2 P2 = −2 x



P0 ´= 2 x



P1´= 2 − 2 x



− x 2 y´´+( 2 x − x 2 ) y´−2 xy



P0 ´´= 2 P2 − P1´+P0 ´´= 0 −2x −2 + 2x + 2 0 = 0 Exacta x 2 y´−x 2 y = ∫ 4 x 3 dx x 2 y´−x 2 y = x 4 + c1 ÷ x 2 y´−y = x 2 + c1 x −2



14.- x 2 y´´+( x 2 + 6 x ) y´+(3 x + 6) y = 4e x



x 2 y´´+(2 x) y´ x 2 y´−2 xy − x 2 y´−2 xy 0 Exacta



x 2 y´+( 2 x − x 2 − 2 x ) y



 P0 = x 2



P1 = x 2 + 6 x P2 = 3 x + 6



P0´= 2 x



P1´= 2 x + 6



x 2 y´´+( x 2 + 6 x ) y´+(3 x + 6) y − x y´´+(2 x) y´



P0´´= 2



( x + 4 x ) y´+( 3x + 6) y −( x + 4 x ) y´+( 3 x + 6 ) y



P2 − P1´+P0´´= 0



2



3x + 6 − 2 x − 6 + 2 = 0 x + 2 ≠ 0 No es Exacta



2



( x + 2) ≠ 0



x y´−x y = ∫ 4 x dx 2



2



3



x 2 y´−x 2 y = x 4 + c1



÷ x2



y´− y = x 2 + c1 x −2



( uP2 ) − ( uP1 )´+( uP1 )´´= 0 u[3 x + 6] − [u ( x 2 + 6 x )]´+(ux 2 )´´= 0



3ux + 6u − (u´x 2 + 2 xu + 6u´+6u ) + (u´x 2 + 2 xu )´= 0 3ux + 6u − u´x 2 − 2 xu − 6u´x − 6u + u´´x 2 + u´2 x + 2 xu´+2u = 0 u´´x 2 + u´( − x 2 − 2 x ) + u ( x + 2 ) = 0 u =x u´= 1 0 x 2 + (−x 2 − 2 x) + x( x + 2) = 0 − x2 − 2x + x2 + 2x = 0 0 = 0 Exacta



x 3 y´´+( x 3 + 6 x 2 ) y´+(3 x 2 + 6 x ) y = 4 xe x



P0 = x 3



P1 = x 3 + 6 x 2



P0´= 3 x 2



P1´= 3 x 2 + 12 x



P2 = 3 x 2 + 6 x



P0´´= 6 x 3 x 2 + 6 x − 3 x 2 −12 x + 6 x = 0 0 = 0 Exacta x 3 y´+( x 3 + 6 x 2 − 3 x 2 ) y = ∫ 4 xe x dx x 3 y´+( x 3 + 3 x 2 ) y = 4 ∫ xe x dx u =x du = dx



∫ dr = ∫ e r =e



x



dx



x



∫ udv = uv − ∫ vdu



u´´= 0



[



x 3 y´+( x 3 + 3 x 2 ) y = 4 xe x − ∫ e x dx



]



x 3 y´+( x 3 + 3 x 2 ) y = 4 xe x − 4e x + c1 x 3 y´+( x 3 + 3 x 2 ) y = 4e x ( x −1) + c1 y´+



P0 y´(P1 − P0 ´) y



2



÷ x3



( x 3 + 3x 2 ) 4e x ( x −1) y = + c1 x −3 3 3 x x 



3



3 4e ( x −1) ∫1+ x dx  −3 y´+1 +  y = + c x F . I . e = e x +3ln x = x 3e x 1 3 x x   3  x 3e x y´+1 + x 3e x y = 4e x ( x −1) + c1e x x  x



No es Exacta



 15.- y´´+e x y´−y =0 P0 = 1



P1 = e x P2 = −1



P0 ´= 0



P1´= e



− y´´+e x y´− y



P0 y´(P1 − P0 ´) y



y´´+(0) y´



x



P0 ´´= 0



e x y´− y



P2 − P1´+ P0 ´´= 0



− e x y´+e x y



−1 − ex + 0 = 0



− y (1 + e x ) ≠ 0 No es Exacta



− (e x + 1) ≠ 0 No es Exacta ( uP2 ) − ( uP1 )´+( uP0 )´´´= 0 uP2 − u´P1 − uP1´+(u´P0 + uP0 ´)´= 0 uP2 − u´P1 − uP1´+u´´P0 + u1 P0 ´+u´P0 ´+uP0 ´´= 0 − u − (ue x ) + (u )´´= 0



u = ex



− u − u´e x − ue x + u´´= 0



u´= −e x



u´´−u´(e x ) − u (1 + e x ) = 0



u´´= e − x



u = ex



e x − e 2 x − e x (1 + e x ) = 0



u´= e



e −e



x



u´´= e



x



2x



−e −e x



e− x + 1 − e− x − 1 = 0 0 = 0 Exacta



=0



− 2e x ≠ 0



x



−x



2x



e − x + e − x e x − e − x (1 + e x ) = 0



−x



Exacta



−x



e y´´+e e y − e y = 0 x



P0 y´+( P1 − P0 ´) y = ∫ φ ( x) dx



e − x y´´+ y´−e − x y = 0 P0 = e x P0 ´= −e − x P0 ´´= −e



P2 = −e − x



P1 = 1 P1´= 0



−x



e − x y + (1 + e − x ) y = c1 − e − x



F. I . e∫



y´+e x (1 + e x ) y = c1e x x



e x (1+e x ) dx



x



e x e e y´+e 2 x (1 + e − x )e e y = c1e 2 x e e



[



] = c ∫ e e dx 1 y ( x) = (e e ) [c ∫ e e dx] y ( x) e x e e



x



2x



ex



1



2x



x



ex



ex



1



16.- x 2 y´´+( x 2 + 2 x ) y´+( 3 x − 2 ) y = 0



x



= e∫



( e x +1) dx



= ee



x



+x



= e x ee



x



 [



]



u (3 x − 2) − u ( x 2 + 2 x) ´+(ux 2 )´´= 0 3ux − 2u − u´(x + 2 x) − u ( 2 x + 2) + (u´x 2 + 2ux )´= 0 2



3ux − 2u − u´x 2 − 2 xu´−2ux − 2u + u´´x 2 + 2u´x + 2u´x + 2u = 0 3ux − 2u − u´x 2 − 2 xu´−2ux − 2u + u´´x 2 + 2u´x + 2u´x + 2u = 0 u´´x 2 − u´(x 2 − 2 x) + u ( x − 2) = 0 u =x



0 x 2 − ( x 2 − 2 x) + x( x − 2) = 0



u´=1 u´´= 0



0 − x2 + 2x + x2 − 2x = 0 0 = 0 Exacta



x 3 y´´+( x 3 + 2 x 2 ) y´+(3 x 2 − 2 x) y = 0 P0 = x 3



P1 = x 3 + 2 x 2



P0 ´= 3 x 2



P1´= 3 x 2 + 4 x



P0 ´´= 6 x



(



P2 = 3 x 2 − 2 x



)



3x 2 − 2 x − 3x 2 + 4 x + 6 x 3x − 2 x − 3x − 4 x + 6 x 0 = 0 Exacta 2



2



P0 y´+( P1 − P0 ´) y = ∫φ( x) dx



( ) x y´+( x − x ) y =c ( x − x ) y =c x y´+



x 3 y´+ x 3 + 2 x 2 − 3 x 2 y = c1 3



3



2



1



3



2



÷ x3



−3



1



3



x 1  y´+1 −  y = c1 x −3 x  x e 1  ex ex  y´+1 −  y = c1 x −3 x x x x  ex ex  1 y´+ 1 −  y = c1e x x −4 x x  x x e  y ( x)   = ∫ c1e x x −4 dx x



(



[



)



]



x c1 ∫ e x x −4 dx x e 1 y ( x) = c1e x x −4 dx ex  ∫   x     y ( x) =



[(



17.- y´´+ y = 0



) ]



y ( x ) = c1 senx + c2 cos x



 z = y´ dz dz ; z + y =0 dy dy



y´´´= z



zdz = − ydy



;



∫ zdz 0 − ∫ ydy



;



z2 y2 c2 =− + 2 2 2 z 2 = c2 − y2 ; z = c2 − y2 1



∫



c −y 2



2



dy = ∫ dx ;



dy = c2 − y2 dx



; y2 = c2 − y2



arcsen



x = x + c1 c



y = sen( x + c1 ) = senx cos c1 + cos xsenc1 c Si _ : c cos c1 = c1 csenc1 = c2 y (1) = c cos c1senx + csenc1 cos x y ( x) = c1senx + c2 cos x



18.- x 2 y´´+( x +1) y´−y = P2 − P1´+P0 ´´= 0 P0 = x



x 2 y´´+( x +1) y´− y = 0



P1 = x +1



2



P0 ´= 2 x



P1´= 1



P0 ´´= 2



P2 = −1



− x y´´+(2 x) y´ (−x + 1) y´− y − (−x +1) y´− y



1 −1 − * + 2 = 0 0 = 0 Exacta



0 = 0 Exacta



x 2 y´+( x + 1 − 2 x) y = ∫ (0)dx + c x 2 y´+(1 − x) y = c



÷ x2



x  c  1 y´+ 2 − 2  y = 2 + x  x x x 2 y´+(1 − x) y = c



F. I. e 1



−



x −1



∫ x2 1



e ex y´− x x x



dx



=e



⇔ y´− 1  −  + x − 2  dx x 



∫



( x − 1) x2



P0 y´(P1 − P0 ´) y



2



( x −1) y = cx −2 x2



=e 1



y=



cx − 2 x e x



− ln x −



1 x



1



= e x e ln x



1 −1



ex = x



 1



1



1



e x dy e x ( x −1) ce x − y = x dx x3 x   1 d  ex y dx   x   



´



1   ce x  = x  



 1x  ce y  x  1 u= x



  −1  = c ∫ x dx   1 du = − 2 dx x dx 1 − xdu = x= x u 1    x   y ( x ) =  1 c ∫ − xe x du   x   e   x y ( x) =  1   x e



   u  c − xeu du = − cx  e du 1    ∫  x ∫ u  e 



[



]



19.- xy´´+( x 2 + x + 2) y´+(2 x +1) y = c1 P2 − P1´+ P0 ´´= 0 P0 = x



xy´´+( x 2 + x + 2) y´+(2 x + 1) y



P1 = x + x + 2



P0 ´= 1



(



( x 2 + x + 1) y´+(2 x + 1) y



)



xy´+ x 2 + x + 1 y = c1 x + c2 ÷ x y´+



(x



2



F. I. e xe xe



∫



 x2   +x   2     x2   +x   2   



)



− ( x 2 + x + 1) y´+(2 x + 1) y



+ x +1 c x + c2 y= 1 x x



( x + x+1) dx







2



x



(x y´+ (



2



P0 y´(P1 − P0 ´) y



− xy´´+( y´)



2



=e



0 = 0 Exacta



1



∫  x+1+ x  dx



)



+ x +1 xe x



)



y´+ x 2 + x + 1 e



=e



 x2   +x   2   



 x2   +x   2   



x2 + x +ln x 2



= xe



x2 +x 2  x2







 +x   2  c x + c2  y= 1 + xe x



y = ( c1 x + c2 ) e



20.- x 2 y´´+( 2 x 2 − x 2 ) y´−2 xy = 4 x 3



 x2   +x   2   



 P0 = x 2



P1 = 2 x 2 − x 2



P0 ´= 2 x



P1´= 2 − 2 x



P0 ´´= 2



P2 = −2 x



P2 − P1´+ P0´´= 0 − 2x − 2 + 2x + 2 = 0 0 = 0 Exacta x y´+ (2 x 2 − x 2 − 2 x) y = ∫ 4 x 3dx + c 2



x 2 y´+ (− x 2 ) y = x 4 + c x 2 y´− x 2 y = x 4 + c



÷ x2



c   y´− y =  x 2 + 2  x  



− dx F . I . e∫ = e−x



c   e − x y´− e − x y = e − x  x 2 + 2  x   d c  y (e − x ) = e − x  x 2 + 2  dx x  



[



]



[ ]



c   y e − x = ∫ e − x  x 2 + 2  dx x   y (e − x ) = ∫ e − x x 2 dx + c ∫ e − x dx y (e − x ) = − ce − x + ∫ x 2e − x dx



21.- y´´+e x y´−y =0 P0 =1



P1 = e x



P0 ´= 0



P1´= e x



P0 ´´= 0



P2 = −1



P2 − P1´+P0 ´´= 0 −1 − e x ≠ 0



No es Exacta



uP2 −u1´P1´−uP1´+u´´P0 + 2u´P0 ´+uP0 ´´= 0 Es Exacta −u −u´−e x + u´´(0) + 2u´(0) + u (0) = 0 −u −u´−e x u = 0 u =ex u´= e x u´´= e



No es Exacta x



 u = e −x



Adjunta



e −x y´´+e x e −x y´−e −x y = 0 e −x y´´+ y´−e x y = 0 e −x y´+(1 + e −x ) y = c y´+



÷ e −x



(1 + e −x ) y = ce x −x e F. I . e∫



y´+(e x +1) y = ce x x



x



e x e e y´+e x e e (e x +1) y = ce x e e



[



] [



y e x e e = c ∫ e x e e dx x



x



(



( e x +1) dx



= ee



x



+x



= e x ee



x



x



]



)



22.- x 2 y´´+ x 2 + 6 x y´+( 3 x + 6 ) y = 4e x



(



)



x 2 y´´+ x 2 +6 x y´+( 3 x +6 ) y = 4e x



P0 y´(P1 − P0 ´) y



− x y´´+2 xy´ 2



( x 2 + 4 x ) y´+(3 x +6) y −( x 2 + 4 x ) y´+(3 x +6) y



(



)



( x + 2) y ≠ 0 No es exacta



x 2 y´´+ x 2 +6 x y´+( 3 x +6 ) y = 4e x Adjunta P2 − P1´+P0´´= 0 (uP2 ) −(uP1 )´+(uP0 )´´= 0 uP2 −u´P1 −uP1´+2u´P0 ´+uP0 ´´= 0 P0 = x 2



P1 = x 2 +6 x



P0´= 2 x



P1´= 2 x +6



P2 = 3 x +6 u (3 x + 6) − u´( x 2 + 6 x) − u ( 2 x + 3) + u´´(x 2 ) + 2u´(2 x) + 2u = 0 3ux + 6u − x 2u´−2ux − 3u + x 2u´´+4 xu´+2u = 0 x 2u´´−2 xu´−x 2u´´+3u − ux = 0 x 2u´´−u´(x 2 + 2 x) + u ( 2 + x) = 0 u =x u´=1 u´´= 0 P2 − P1´+P0 ´´= 0 (0) x 2 − ( x 2 + 2 x) + x − x2 − 2x + 2x + x2



(2 + x) = 0



 0 = 0 Exacta x y´´+( x + 6 x 2 ) y´+(3 x 2 + 6 x) y = 4 xe x 3



3



x 3 y´+( x 3 + 6 x 2 − 3 x 2 ) y = ∫ 4 xe x dx



[



]



∴ 4 xe x − e x = 4 ∫ xe x dx x 3 y´+( x 3 + 3 x 2 ) y = 4 ∫ xe x dx



x 3 y´+( x 3 + 3 x 2 ) y = 4e x [ x − 1] + c ÷ x 3 



3



3 ∫ 1+ x dx dy ( x 3 + 3 x 2 ) 4e x ( x − 1) + c + y = F . I . e = ee x +ln x = x 3e x 3 3 dx x x 3 3 2 dy x ( x + 3 x ) 4e x ( x − 1) + c x 3e x x x 3e x + e y = dx x3 x3 dy x 3e x + ( x 3 + 3 x 2 )e x y = e x 4e x ( x − 1) + c dx



[



[



]



]



ADJUNTAS 1.- x 2 y´´+(2 x − x 2 ) y´−2 xy = 4 x 3 P0 = x 2



P1 = 2 x − x 2



P0´= 2 x



P0´= 2 − 2 x



P2 = −2 x



P0´´= 2 P2 − P1´+P0 ´´= 0 − 2 x − (2.2 x ) + 2 = 0 − 2x − 2 + 2x + 2 = 0 0 = 0 Ecuación Exacta se puede reducir de orden x y´´+(2 x − x 2 ) y´−2 xy 2



− x 2 y´´+2 xy´ (2 x − x 2 ) y´´−2 xy´−2dyxy 2 xy´´−x 2 y´−2 xy´−2 xy − x 2 y´−2 xy x 2 y´−2 xy − x 2 y´−2 xy x 2 y´+2 xy 0 =0 x y´−x y = ∫ 4 x 3 dx + c 2



2



x 2 y´−x 2 y



 dy − x2 y − x4 + x ÷ x2 dx dy c − y = x2 + 2 dx x c P( x) = x 2 + 2 x − dx P( x) = e ∫ = ( x) = e − x x2



∫



e−x



dy − x c e y = ( x 2 + 2 ) (e − x ) dx x



e−x



 2 − x ce − x dy ce − x − e −x y = x 2e−x + 2 ; y e −x = ∫  x e + x2 dx x 



[ ]



  dx 



2.- x 2 y´´+( x 2 + 6 x ) y´+(3 x + 6) y = 4e x P0 = x 2



P1 = x 2 + 6 x



P0 ´= 2 x



P2 = −2 x



P0 ´´= 2 P2 − P1´+P0 ´´= 0 − 3x + 6 − 2 x − 6 + 2 = 0 x = −2 No es Exacta u ( x) P2 − u ( x) P1´+u ( x) P0 ´´= 0 uP0 ´´= (ux 2 )´´= (u´x 2 + 2ux)´= u´´x 2 + 2u´x − 2u´x + 2u



[



ux 2 = u´´x 2 + 4u´x + 2u



]



uP1´= u ( x 2 + 6 x) ´ uP1´= (ux )´´−u´´x 2 + 2ux + 6u´x + 6u 2



uP2 = u (3x + 6) − 3ux + 6u Re emplazando 3ux + 6u − (u´x 2 + 2ux + 6u´x + 6u ) + u´´x 2 + 4u´x + 2u = 0 3ux + 6u − u´x 2 − 2ux − 6u´x − 6u + u´x + 4u´x + 2u = 0 u´´x 2 + u´(−x 2 − 2 x) − u ( x + 2) = 0 u ( x) = x + 2 u´(x) = 1 u´´(x) = 0



 Re emplazando en la ecuación diferencial tenemos :



[



]



u ( x) x 2 y´´+( x 2 + 6 x) y´+(3 x + 6) y = 4e x x y´´+( x + 6 x ) y´+(3 x + 6 x) y = 4 xe x 3



3



P0 = x 3



2



2



P1 = x 3 + 6 x 2



P0 ´= 3 x 2



P2 = 3 x 2 − 6 x



P1´= 3 x 2 +12 x



P0 ´´= 6 x P2 − P1´+P0 ´= 0 3 x 2 + 6 x − (3 x 2 +12 x) + 6 x = 0 3 x 2 + 6 x − 3 x 2 −12 x + 6 x = 0 0 = 0 Exacta P0 y´+( P0 − P0 ´) y = ∫φ( xdx) x 3 y´+( x 3 + 6 x 2 − 3x 2 ) y = 4 ∫ xe x x 3 y´+( x 3 + 3 x 2 ) y = 4e x ( x −1) + c1



÷ x3



  ( x 3 + 3x 2 )   e x ( x −1)  x 3e x  y´+ y = 4 + c1 x −3 * x 3e x  3 3   x x     



F .I . e



3



∫1+ x dx



3



= e x +3 ln x = e x +ln x = x 3e x



 4e x ( x −1)  3 x y ( x 3e x ) = ∫  + c1 x −3  3  x e dx x   y ( x 3e x ) = ∫ 4e 2 x ( x −1) dx + c1 ∫ e x dx



3.- x 2 y´+( x 2 + 2 x ) y´+(3x − 2) y = 0 x 2 y´+ ( x 2 + 2 x) y´+ (3x − 2) y



P0 y´(P1 − P0´) y



− x y´+ (2 x + 2) y´ 2



( x 2 + 2 x) y´− (2 x + 2) y´+ (3x − 2) y − ( x 2 + 2 x − 2 x − 2) y´´+ (3x − 2) y ( x 2 − 2) y´+ (3 x − 2) y − ( x 2 − 2) y´+ (3x − 2) y (3x − 2) y − (2 x) y = 0 (3x − 2 − 2 x) y = 0 x − 2 ≠ 0 No es exacta x = 2 Adjunta



 P2 − P1´+P0 ´= 0 3x − 2 − 2 x − 2 + 2 x −2 =0 x =2



u[ P2 − P1´+P0 ´´] = 0



No es exacta



x − 2 − (−2 x + 2) + 2 = 0 x − 2 + 2x − 2 + 2 = 0 3 x − 2 ≠ 0 No es exacta x u´´+(−x + 2 x)u´+( x − 2)u = 0 2



2



0 = 0 Exacta P0 = x



P2 = x −2



P1 = −x + 2 x



2



2



P0 ´= 2 x



P1´= −2 x + 2



P0 ´´= 2 u ( x) = x u´(x) = 1 u´´(0) ux 2 y´´+u ( x 2 + 2 x) y´+u (3 x − 2) y = 0 x 3 y´´+( x 3 + 2 x 2 ) y + (3 x 2 − 2 x ) y = 0 P0 = x 3



P1 = x 3 + 2 x 2



P0 ´= 3 x 2



P2 = 3 x 2 − 2 x



P1´= 3 x 2 + 4 x



P0 ´´= 6 x Re emplazando 3 x 2 − 2 x − (3 x 2 + 4 x) + 6 x = 0 3x 2 − 2 x − 3x 2 − 4 x + 6 x = 0 0 = 0 Es Exacta x 3 y´+( x 3 + 2 x 2 − 3 x 2 ) y = ∫φ( x)dx + c x 3 y´+( x 3 − x 2 ) y = c y´+



÷ x3



( x3 − x 2 ) y = c1 x −3 x3



F. I. e



∫



( x3 −x 2 ) x3



dx



=e



 1  ∫ 1− dx   x 



= e x −ln x =



ex e x ( x3 − x 2 ) c1 x −3 x y´+ y = e x x x3 x  ex  y  = 3∫ c1 x −4 e x dx = c1 ∫ x −4 e x dx  x 



[



]



ex x



u = ex



∫ dv = ∫ x



du = e x dx



−4



v =−



dx



1 4x3



  ex y   x



 1 1 1    = c1 e x + ∫ 3 e x dx  3 4 x 4 x   



 ex y   x



 c ex c  = − 1 3 + 1 ∫ e x x 3dx 4 x 4 



∫ dv = ∫ x



u = dx du = e x dx



 ex y   x  ex y   x  ex y   x  ex y   x  ex y   x  ex y   x  ex y   x



v =−



−3



1 3x 2



  c ex c  ex 1  = − 1 3 + 1  2 + ∫ x − 2e x dx  u = ex dv = ∫ x − 2 dx ∫ 4 x 4 3 x 3    x x   c e c c e 1  = − 1 3 + 1 2 e x + 1  + ∫ x − 2e x dx  du = e x dx v =− 4 x 12 x 12  x x     c ex c c  ex 1  = − 1 3 + 1 2 e x + 1 − + ∫ x −1e x dx  u = e x ∫ dv = ∫ dx 4 x 12 x 12  x x   x  c e c c c  = − 1 3 + 1 2 e x + 1 e x + 1 ∫ e x x −1dx du = e x dx v = ln x 4 x 12 x 12 x 12   c ex c c c  = − 1 3 + 1 2 e x + 1 e x + 1 e x ln x − ∫ e x ln xdx 4 x 12 x 12 x 12    ex ex ex e x ln x  c1  = −c1  3 + + + e x ln xdx − 2 ∫ 4 x 12 x 12 x 12 12    x  − c1e  1 1 1 ln x  c1  = + + + − ∫ e x ln xdx 3 2   4 4x 12 x 3x 3  12 



[



SERIES 2 1.- (1 − x) y´´+xy´+ x y = 0



P ( x ) =1 − x = 1 P ( x) =1 −1 = 0



x0 = 0 ; x0 = 1



Punto ordinario Punto sin gular



2.- (1 − x ) 2 y´´+(2 x − 2) y´+ xy = 0 P ( x ) = (1 − x ) 2 =1



Punto ordinario



P ( x ) = (1 −1) = 0



Punto sin gular



2



2 2 2 3.- ( x − 9) y´´+ xy´+( x − 4 ) y = 0



P ( x) = ( x 2 − 9) = −9



x0 = 0 ; x0 = 1



x0 = 0 ; x 0 = 1



Punto ordinario



P ( x) = 0 − 9 = −8



Punto ordinario



4.- e x y´´+2 y´−5 x 3 y = 0



x 0 = 0 ; x0 = 1



P( x) = e x = 1



Punto ordinario



P( x) = e ≠ 0



Punto ordinario



]



 5.- cos xy´´+e x y´−5 x 3 y = 0 P( x) = cosx = 1 P( x) = cos1 = 0



x0 = 0 ;



Punto ordinario Punto sin gular



6.- senxy´´+ y´−4 y = 0



x0 = 0



x0 = 1



;



P( x ) = senx = 0



Punto sin gular



P( x ) = sen1 = 0



Punto sin gular



7.- xy´´−xy + e x y = 0 P( x) = x = 0 P( x) = e =1



x0 = 0 ;



x0 = 1



Punto sin gular Punto ordinario



x 8.- y´´− xy + e y = 0



P( x) = x =1 P( x) = e = 1



x0 = 0 ;



x0 = 1



Punto ordinario Punto ordinario



9.- x 2 y´´− xy + e x y = 0



x0 = 0 ;



P( x) = x 2 = 0



Punto sin gular



P( x) = x = 1



Punto ordinario



2



10.- ( x −1) y´´−xy + 4 y = 0 P ( x ) = x −1 = −1 P ( x ) = x −1 = 0



x0 = 1



x0 = 0 ;



Punto ordinario Punto sin gular



11.- 4 y´´+2 y − y = 0 P( x) = 4 = 4 P( x) = 4 = 4



x0 = 0 ;



x0 = 1



Punto ordinario Punto ordinario



RESOLVER APLICANDO SERIES 1.- y´´−y = 0



x0 = 1



x0 = 0



x0 = 1



 P ( x ) =1



P( xo ) =1



P (o) =1 ≠ 0



∞



y ( x ) = ∑an( x − x0 ) n



y ( x ) = ∑an( x −0) n



n =0 ∞



y ( x ) = ∑anx n



Punto ordinario ∞



n =0



∞



∞



n =1



n =2



; y´(x ) = ∑na n x n −1 ; y´´(x ) = ∑n( n −1) anx n −2



n =0



Re emplazando ∞



∑n(n − a)anx



n −2



n =2



∞



− ∑anx n = 0 n =0



∞



∑(n + 2)(n −1 + 2)an + 2 x



n −2 +2



n =0 ∞



∑(n + 2)(n +1)an + 2 x



n



n =0



∞



− ∑anx n = 0 n =0



∞



− ∑anx n = 0 n =0



∞



∑[(n + 2)(n +1)an + 2 − an ] x n



=0 ;



n =0



∞



∑x



n



≠0



n =0



( n + 2)( n +1) an + 2 − an = 0 an + 2 = n =1 n =2 n =3 ∞



∑x n =0



n



an ( n +1)(n + 2) a a a3 = 1 = 1 3* 2 3! a2 a a3 = = 1 4*3 4! a3 a1 a3 = = 5* 4 5!



n =0 a0 a an + 2 = ; a2 = 0 (0 + 2) 2



= a0 + a1 x + a 2 x 2 + a3 x 3 + a 4 x 4



y ( x ) = a 0 + a1 x +



a 2 2 a3 3 a0 4 a1 5 x + x + x + x +............ 2! 3! 4! 5!



    x2 x4 x3 x5   y ( x) = a0  1 + + + ..... + a x + + + .........  1    2! 2! 3! 5!     y ( x) = a0 cosh x + a1 senhx



2.- y´´−xy´−y = 0



x0 = 0



 P( x) = 1



P( xo ) = 1



P (o) ≠ 1



∞



y ( x ) = ∑an ( x − x0 ) n



Punto ordinario ∞



∞



n =0



n =0



y ( x) = ∑an ( x − 0) n → ∑an x n = y ( x)



n =0 ∞



∞



y´(x) = ∑nan x n −1 ; y´´(x) = ∑n( n −1) an x n −2 n =1



n =2



∞



∞



∞



n =2



n =1



n =0



∑n(n −1)an x n −2 − x∑an x n −1 + ∑an x n = 0 ∞



∑(n + 2)(n −1 + 2)a n =2 ∞



∑(n + 2)(n +1)a n =2



∞



x n −2 +2 − x ∑nan x n −+11 + ∑an x n = 0 n =1



n =0



∞



∞



n =1



n =0



x n − x ∑nan x n + ∑an x n = 0



∞



( 2)(1) a2 2 a2



n +2



∞



n +2



∞



+ ∑(n + 2)(n +1) an +2 x n + ∑nan x n − a0



n =0



n =1



n =1



∞



n =0



+ ∑[ (n + 2)(n +1)an +2 − nan − an ] x n = 0 ; n =1



a0 = 2a2 an + 2 = n =0 n =1 n =2 n =3



[(n + 2)(n +1)an +2 − nan − an ] = 0



nan + an an ( n +1) ; (n + 1)(n + 2) (n + 1)(n + 2) a0 a a2 = = 0 0 +2 2! a a a3 = 2 = 1 1+2 3! a3 a1 a4 = = 4 4! a3 a a5 = = 1 3+2 5!



an ( n + 2)



∞



n =0 ∞



− ∑an x n = 0



∑x



n =1



n



≠0



n =1



; an +2 =



∞



an ( n + 2)



y ( x ) = ∑an x n = a0 + a1 x + a2 x 2 + a3 x 3 + a4 x 4 + a5 x 5 + ............ n =0



a0 2 a1 3 a0 4 a1 5 x + x + x + x + ............ 2! 3! 4! 5! 2 4 3     x x x x5   y ( x ) = a0  1 + + + ..... + a x + + + .........  1    2! 2! 3! 5!     y ( x ) = a0 + a1 x +



3.- y´´−xy´−y = 0



x0 =1



 ∞



y ( x) = ∑a n ( x −1) n n =0 ∞



y´(x) = ∑na n ( x −1) n −1 n =1



∞



y´´(x) = ∑n( n −1) a n ( x −1) n −2 n =2



∞



∑n(n −1)a n =2



∞



n



∞



( x −1) n −2 − x ∑na n ( x −1) n −1 −∑a n ( x −1) n = 0



∞



n =1



n =0



∞



∞



n =1



n =1



x ∑na n ( x −1) n −1 −∑na n ( x −1) n −1 + ∑na n ( x −1) n −1 n =1



2a 2 a0



∞



n =0



∞



+ ∑( n + 2)(n +1)a n +2 ( x −1) n − ∑na n ( x −1) n −1 − a1 n =1



n =1



∞



n =0



− ∑( n +1) a n +1 ( x −1) n n =1



∞



n =0



− ∑a n ( x −1) n −1 = 0 n =1



2a 2 − a1 − a0 = 0



;



∞



∑(1 −1) [ (n + 2)(n +1)a n =1



n



n +2



− na n − (n +1) a n +1 = a n ] = 0



( a n + an+1 )(n +1) ; an + a n+1 ; a = a0 + a1 a n ( n +1) + ( n +1)a n +1 2 (n +1)(n + 2) (n +1)( n + 2) (n + 2) 2 a + a 2 3a1 + a 0 n =1 a3 = 1 = 3 6 a + a3 n =2 a4 = 2 4 a3 + a 4 n =3 a5 = 5 a + a5 n =4 a6 = 4 6 y ( x) = a0 + a1 ( x −1) + a 2 ( x −1) 2 + a3 ( x −1) 3 + a 4 ( x −1) 4 + a5 ( x −1) 5 + ............ a n +2 =



a  a + a1   3a + a0  a 2 3 y ( x) = a0 + a1 ( x −1) +  0 ( x −1) +  1 ( x −1) +  1 + 0 6 6  2    4 a a a a y ( x) = a0 + a1 ( x −1) + 1 ( x −1) 2 + 0 ( x −1) 2 + 1 ( x −1) 5 + 0 ( x −1) 3 2 2 2 6 2  1 ( x −1) ( x −1) 3   1  y ( x) = a0 1 + ( x −1) 2 + ( x −1) 2  + a1 ( x −1) + +  6 2 2   2  



4.- ( x − 2) y´+ y = 0



x0 = 0



 4 ( x −1) + ............ 



 P( x ) = ( x − 2) P( x0 ) = −2 ≠ 0



Punto ordinario



∞



y ( x) = ∑a n x n n =0



∞



y´(x ) = ∑na n x n −1 n =1



∞



∞



( x − 2)∑na n x n −1 +∑a n x n = 0 n =1



n =0



∞



∞



∞



n =1



n =1



n =0



x ∑na n x n −1 −2∑na n x n −1 + ∑a n x n ∞



∑na n =1



∞



n



∞



∑na n =1



n



n =0



x n −2a1



− 2a1 + a 0 a1 =



∞



x n−1 −2 x ∑(n +1) a n +1 x n + x ∑a n x n



a0 2



n =0



;



n =0



∞



n =0



− 2∑(n +1) a n +1 x n + a 0 n =0



∞



n =0



+ ∑a n x n = 0 n =1



=0 ∞



∑x [ na n



n =1



n



− 2( n +1)a n +1 + a n ] = 0



( a n + a n+1 )(n +1) ; − a n (n +1) na n − a n ( n +1) (n +1)(n + 2) 2(n +1) a a a n +1 = n = a1 = 0 2 2 a a1 n =1 a2 = = 0 2 4 a a2 n =2 a3 = = 0 2 8 a n =3 a4 = 3 2 y ( x) = a 0 + a1 x + a 2 x 2 + a3 x 3 + a 4 x 4 + a5 x 5 + ............ − 2a n +1 =



a0 a a a x + 0 x + 0 x 2 + 0 x 3 + ............ 2 2 4 8 2 3  x x x  y ( x) = a 0 1 + + +  2 4 8   y ( x) = a0 +



Integrando ( x − 2)



dy + y =0 dx



( x − 2) dy = − ydx dy dx ∫ y = ∫ ( x − 2) ln y = − ln( x − 2) + ln c1 ln y = ln c − ln( x − 2) 2c0 ln y = ln ( x − 2) 2c0 y( x) = 2c0 = c1 ( x − 2)



;



 5.- 2( x +1) y´= y



x0 = 0



P ( x) = 2 x + 2 P ( x0 ) = 2(0) + 2 = 2 ≠ 0



Punto ordinario



∞



y ( x ) = ∑a n x n n =0



∞



y´( x ) = ∑na n x n −1 n =1



∞



∞



2 x + 2∑na n x n −1 +∑a n x n = 0 n =1



n =0



∞



∞



∞



2 x ∑na n x n −1 +2∑na n x n −1 + ∑a n x n = 0 n =1



n =1



n =0



∞



∞



∞



n =1



n =1



n =0



∞



∞



∞



n =1



n =0



n =0



∞



∞



2∑na n x n + 2∑na n x n −1 − ∑a n x n 2∑na n x n + 2∑na n x n −1 − ∑a n x n ∞



2∑na n x n + 2∑( n +1) a n +1 x n −1 − ∑a n x n = 0 n =1



n =0



∞



2∑na n x +2a1 n



n =1



2a1 − a 0 ∞



n =0



∑x [ 2na n



n =1



a n +1 = a1 =



n



n =0



+ 2∑( n +1) a n +1 x n + a 0 n =0



=0 + 2( n +1) a n +1 − a n ] = 0



a n − 2a n n ( 2n +1)



a0 2



n =0



∞



a n (1 − 2n) ( 2n + 2)



∞



n =0



− ∑a n x n = 0 n =0



 a1 a =− 0 4 8 a0 3a 2 n =2 a3 = =− 6 16 5a 5a n =3 a4 = 3 = − 0 7 112 y ( x) = a0 + a1 x + a 2 x 2 + a3 x 3 + ............ n =1



a2 = −



y ( x) = a0 +



a0 a a x + 0 x 2 + 0 x 3 + ............ 2 8 16



Integrando dy ( 2 x + 2) − y =0 dx 2 x + 2dy = ydx dy dx ∫ y = ∫ 2x + 2 1 dx ln y = ∫ 2 ( x +1) 1 ln y = ln( x +1)c0 2 1



y ( x) = c0 ( x +1) 2



6.- y´´+ k 2 x 2 y = 0 P ( x ) =1 P ( x0 ) =1



x0 = 0



KER



Punto ordinario



∞



y ( x ) = ∑a n x n n =0



∞



y´(x ) = ∑na n x n−1 n =1



∞



y´´(x ) = ∑( n −1) a n x n −2 n =2



∞



∞



∑(n −1)a n x n−2 + k 2 x 2 ∑nan x n = 0 n =2



2a 2



n =1



n =0



+6a3



2a 2 = 0 a2 = 0



7.-



n =0



∞



∞



n =1



n =2



+2∑(n + 2)( n +1)a n +2 x n + k 2 ∑a n −2 x n = 0



6a3 = 0 a3 = 0



 4 xy ''+ 2(1 − x ) y '− y = 0 P( x) = 4 x



xo = 0



p (0) = 0



punto sin gular



µ



y ( x ) = ∑ an x n + r n =0 µ



y '( x) = ∑ (n + r )an x n + r −1 n =0 µ



y ''( x) = ∑ (n + r )(n + r − 1)an x n + r − 2 n =0



4 xy ''+ 2 y '− 2 xy '− y = 0 µ



µ



µ



µ



4 x ∑ (n + r )(n + r − 1)an x n + r − 2 + 2∑ (n + r )an x n + r −1 − 2 x ∑ (n + r )an x n + r − 2 − ∑ an x n + r = 0 n =0



n =0



n =0



n=0



µ



µ



µ



µ



n =0



n=0



n =0



n=0



µ



µ



µ



µ



n=0



n =0



4∑ (n + r )(n + r − 1) an x n + r −1 + 2∑ ( n + r ) an x n+ r −1 − 2∑ ( n + r )an x n+ r −1 − ∑ an x n+ r = 0 4∑ (n + r )(n + r − 1) an x n + r −1 + 2∑ ( n + r ) an x n+ r −1 − 2∑ ( n + r )an x n+ r −1 − ∑ an x n+ r −1 = 0 n =0



n =1



∞



µ



4r (r − 1)a x r −1 + 4∑ (n + r )(n + r − 1) an x n + r −1 + 2r a x r −1 + 2∑ ( n + r )an x n + r −1 0 0 n=0 n =0 n =1 n =1 µ



µ



−2r a x r −1 − 2∑ (n + r ) an x n + r −1 − a0 ∑ an −1 x n + r −1 = 0 0 n =0 n =1 n =1 4r (r − 1)a0 x r −1 + 2ra0 x r −1 − 2ra0 x r −1 = 0 a0 x r −1 ≠ 0 ; 4r (r − 1) = 0 r1 = 0



r2 = 1



µ



µ



µ



µ



n =1



n =1



n= 0



n =0



∴ 4∑ (n + r )(n + r − 1)an x n + r −1 + 2∑ (n + r )an x n + r −1 − 2∑ (n + r )an x n + r −1 − ∑ an −1 x n + r −1 = 0 an x



n + r −1



{ [ 4(n + r )(n + r − 1) + 2(n + r ) − 2(n + r )] a } − a n



an x n + r −1 ≠ 0 4(n + r ) (n + r − 1)an = an −1 an −1 4(n + r ) (n + r − 1) para r1 = 0



an =



an −1 4n(n − 1) para r2 = 1



an =



an =



an −1 4(n + 1)(n)



n −1



=0



 an −1 an−1 an = 4n(n − 1) 4n( n + 1) a a n = 1 a1 = 0 n = 1 a1 = 0 = 0 2 8 a a a n = 2 a2 = 1 n = 2 a2 = 1 = 0 8 24 8* 24 a0 a a n = 3 a3 = 2 n = 3 a3 = 2 = 24 48 48*8* 24 a a a0 n = 4 a4 = 3 n = 4 a4 = 3 = 48 80 80* 48*8* 24 y ( x) = x1  a0 + a1 x + a2 x 2 + a3 x 3 + a4 x 4 + ......... an 2 =



    x x2 x x2 y ( x) =  a0 + a0 + 2 a0 + ... = a0 1 + + 2 + ... 2*1 2 *2    2*1 2 * 2!  a a a1   y ( x) 2 = x  a1 + 1 x + 1 x 2 + x3  8 8* 24 8* 24* 48   1   x x 2  12 x x2  2 y ( x) 2 = a1 x 1 + + x = a x 1 + + 1   1*3 1* 2*5   1*3 1* 2*5    2 2     12 x x x x y ( x) = a0 1 + + 2 + ... + a1 1 + + x  2*1 2 * 2!   1*3! 1* 2*5!



 8.xy ''+ (5 − x ) y '− y = 0 P( x) = x



xo = 0



p (0) = 0



punto sin gular



µ



y ( x ) = ∑ an x n + r n =0 µ



y '( x ) = ∑ (n + r )an x n + r −1 n =0 µ



y ''( x) = ∑ (n + r )(n + r − 1)an x n + r −2 n =0



µ



µ



µ



x ∑ ( n + r )(n + r − 1)an x n + r −2 + (5 − x )∑ ( n + r )an x n + r −1 − ∑ an x n + r = 0 n =0



n =0



n =0



µ



µ



µ



µ



n =0



n=0



n =0



n =0



µ



µ



µ



n=0



n =1



∑ (n + r )(n + r − 1)an x n+ r −1 + 5∑ (n + r )an x n+r −1 − ∑ (n + r )an x n+r − ∑ an x n+r = 0 µ



∑ (n + r )(n + r − 1)an x n+ r −1 + 5∑ (n + r )an x n+r −1 − ∑ (n + r − 1)an−1x n+ r −1 − ∑ an−1x n+r −1 = 0 n =0



∞



n =1



µ



r ( r − 1)a x r −1 + ∑ (n + r )(n + r − 1)an x n + r −1 + 5r a x r −1 + 5∑ (n + r )an x n + r −1 0 0 n=0 n =0 n =1 n =1 µ



µ



n =1



n =1



−∑ (n + r )an −1 x n + r −1 − ∑ an −1 x n+ r −1 = 0 µ



a0 x r −1 [ r (r − 1) + 5r ] + ∑ x n+ r −1 [ (n + r )(n + r − 1)an + 5(n + r )an − (n + r − 1)an −1 − an −1 ] = 0 n =1



a0 x



r −1



≠0



∴ (n + r )(n + r − 1)an + 5( n + r )an − (n + r − 1)an −1 − an −1 = 0



r ( r − 1) + 5r = 0



an [ (n + r )(n + r − 1) + 5(n + r ) ] − an −1 [ (n + r − 1) + 1] = 0



r 2 − r + 5r = 0



an =



an −1 (n + r ) an−1 = (n + r ) [ n + r − 1 + 5] (n + r − 4)



an =



an −1 (n + r − 4)



para r = −4



an =



an −1 n



para r = 0



an =



an −1 n+4



r 2 + 4r = 0 r ( r + 4) = 0 r1 = 0 r2 = −4



 para r = −4



an =



an −1 n



a0 2 a a n = 2 a2 = 1 = 0 2 2



y ( x) = x1  a0 + a1 x + a2 x 2 + a3 x 3 + a4 x 4 + .........



n = 1 a1 =



a a   y ( x) = x −4  a0 + a0 x + 0 x 2 + 0 x 3  2 6   1 1   y ( x ) = a0 x −4 1 + x + x 2 + x 3  2 6  



a2 a0 = 3 6 a a n = 4 a4 = 3 = 1 4 4*6 n = 3 a3 =



para r = 0



an =



a0 5 a a n = 2 a2 = 1 = 0 6 5*6 n = 1 a1 =



n = 3 a3 =



a2 a = 1 7 6*7



n = 4 a4 =



a3 a1 = 8 6*7 *8



a0 a = 1 5*6 6 a a3 = 1 6*7 a1 a4 = 6*7 *8 a2 =



an −1 n+4 y ( x) = x r  a0 + a1 x + a2 x 2 + a3 x 3 + a4 x 4 + ......... a a a1   y ( x) = 5a1 + a1 x + 1 x 2 + 1 x 3 + x3  6 6*7 6*7 *8     1 2 1 x4 3 y ( x ) = a1 5 + x + x + x + 2*3 2*3*7 2*3*7 *8   ∞  xn  y ( x) = a1 1 + 24∑  n =1 n + 4  



 9.-



∞



∑x



n + r −1



≠0



n =1



5( n + r )(n + r − 1)an + 30(n + r ) an + 3(n + r − 1)an −1 + 3an −1 = 0 an [ 5(n + r )(n + r − 1) + 30(n + r ) ] + 3(n + r − 1)an −1 + 3an −1 = 0 an =



−an −1 [ 3(n + r − 1) + 3] an −1 (3n + 3r − 3 + 3) =− 5(n + r )(n + r − 1) + 30(n + r ) (5n + r ) [ 5(n + r − 1) + 30 ]



an = −



an −1 (3n + 3r ) 3an −1 (n + r ) =− (n + r )(5n + 5r − 5 + 30) (n + r ) [ 5n + 5r + 25]



an = −



3 an −1 5 [ n + r + 5]



para r = −5 3 an −1 3a an = − = − n −1 5 (n + 5) + 5 5 n 3 n = 1 a1 = − a0 5 3a 3a n = 2 a2 = − 1 = − 0 10 50 3a 27 n = 3 a3 = − 2 = − a0 15 250 3a 3* 27 81 n = 4 a4 = − 3 = − a0 = − a0 20 1000 1000 3a 3  27 81  n = 5 a5 = − 4 = −  a0  = − a0 25 25 1000  1000 y ( x) = x r  a0 + a1 x + a2 x 2 + a3 x 3 + a4 x 4 + a5 x 5  3 9 27 81   y ( x) = x −5  a0 − a0 x − a0 x 2 − a0 x3 + a0 x 4  5 50 250 1000   9 27 3 81 4   3 y ( x) = a0 x −5 1 − x − x 2 − x + x 50 250 1000   5 para r = 0 3 an −1 an = − 5 [ n + 5] a 3 n = 1 a1 = − a0 = − 0 ⇒ a0 = −10a1 = 5* 2a1 5 10 3a 3a 3a 3a n = 2 a2 = − 1 = 1 = a2 = − 1 = − 1 5 7 5*7 35 5*7 3 a  3a 3  3 9a1  n = 3 a3 = −  2 ÷ = − 2 ⇒ a3 = − − a1  =  5 8  5*8 5*8  3*5  5*8*5*7



 3a 3 a  3  3*3a1  n = 4 a4 =  3  = − 3 ⇒ a 4 = 5 9  5*9 5*3*3  5*8*5*7  3 a4 = − a1 5*5*5*7 *8 3a 9 3 y ( x) = a1 (−5* 2) + a1 x − 1 x 2 + a1 x 3 − a1 x 4 57 5*5*7 *8 5*5*5*7 *8 n ∞  ( −1) 3n x n  3 9 3   y ( x) = a1  −10 + x − x 2 + x3 − x 4  = a1 1 + 120∑  n 35 25*56 5* 25*7 *8   n =1 ( n + 5)5  



 10.xy ''+ y = 0



xo = 1



P ( x ) = x P (0) = 0



punto ordinario



µ



y ( x) = ∑ an ( x − 1) n n =0 µ



y '( x ) = ∑ an n( x − 1) n −1 n =1 µ



y ''( x) = ∑ an (n − 1)n( x − 1) n − 2 n=2



sustituyendo en la ecuación µ



µ



x ∑ an ( n − 1)n( x − 1) x n − 2 + ∑ an ( x − 1) x n n =2



n=0



µ



∑ a (n − 1)n( x − 1) x n=2



n



n −1



µ



+ ∑ an ( x − 1) x n n =0



µ



µ



n=2



n =1



∑ an (n − 1)n( x − 1) x n−1 + ∑ an − 1( x − 1) x n−1 µ



∑ [ a (n − 1)n + a ] ( x − 1) n −1



n=2



n



an = −



n −1



+ a0



a0 = 0



an −1 n(n − 1)



a1 2! a a n=3 a3 = − 2 = 1 6! 2!3! a a n=4 a4 = − 3 = 2 12 3!4! a a a a   y ( x) =  a1 x − 1 x 2 + 1 x 3 − 1 x 4 + 1 x 5 ÷ 2! 2!3! 3!4! 4!5!   n=2



a2 = −



 x x2 x3 x5 5  y ( x) = a1 x  1 − + − + x ÷  2! 2!3! 3!4! 4!5! 



 1.- ECUACIONES DE SISTEMAS a)  1 1 1 0 A= I = ÷ ÷  0 1 0 1 del [ A − λ I ] = 0, 1  1 − λ  ÷ = 0;  0 1− λ  r  1   u = 11  ÷   0  u1 = 1



 1 1 1 0  1 1   −λ  ÷− λ  ÷ = 0;  ÷+   0 1 0 1  0 1  0



0  ÷= 0 −λ 



(1 − λ ) 2 = 0 λ1 = λ2 = λ = λ 1 − 1 0   u1   0 0   u1   ÷ ÷ =  ÷ ÷ =  0 1   u2   0 1   u 2 



u2 = 0  −1 2 2  1 0 0  ÷  ÷ b) A =  2 2 2 ÷ I = 0 1 0÷  −3 −6 −6 ÷ 0 0 1÷      −1 2 2   −1 0 0   ÷ del [ A − λ I ] = 0;  2 2 2 ÷ ÷+  0 −1 0 ÷ = 0  −3 −6 −6 ÷  0 0 −1÷        ÷  ÷  −1 − λ 2 2  2 2 ÷  −1− λ  ÷  ÷ 2−λ 2 ÷ = 0;  2 2−λ 2 ÷  2  −3  −3 −6 −6 − λ ÷ −6 −6 − λ ÷    ÷ 2 2 ÷  −1 − λ  2 2−λ 2 ÷   12 − 6λ + 14λ − 7λ 2 + 2λ 2 − λ 3 + 6λ + 12 − 12 − 12λ + 24 + 4λ = 0 −λ 3 + 5λ 2 − 6λ = 0



− ( λ 3 + 5λ 2 + 6λ ) = 0



λ1 = 0



λ 2 + 5λ + 6 = 0 (λ + 2)(λ + 3) = 0



λ (λ 2 + 5λ + 6) = 0



λ1 = 0; λ2 = −2; λ3 = −3 autovalores



 −7 −6  c) A =  ÷  15 12   −7 −6   λ 0   ÷+  ÷= 0  15 12   0 λ 



1 0 I = ÷ 0 1 −6   −7 − λ  ÷= 0 12 − λ   15



( −7 − λ )(12 − λ ) + 6(15 − λ ) = 0 − 84 + 7λ − 12λ + λ 2 + 90 − 6λ = 0



λ 2 − 5λ + 6 = 0



 λ 2 − 5λ + 6 = 0 λ −3 = 0 λ −2=0



(λ − 3)(λ − 2) = 0



λ1 = 3  autovalores λ2 = 2 



λ1 = 3 − 6   u1   −7 −3  ÷ ÷ = 0  15 −12 − 3   u2  −10u1 − 6u2 = 0



 −10 −6   u1   ÷ ÷ = 0 9   u2   15



−15u1 + 9u2 = 0 si α = u1



α =1



u1 = 1 − 10 − 6u2 = 0 u2 = −



ur   1   u1 31  ÷   −53   −6  −7 − 2   u1   ÷ ÷ = 0 −12 − 2   u2   15 −9u1 − 6u2 = 0



5 3



 −9 −6   u1   ÷ ÷ = 0  15 10   u2 



−15u1 + 10u2 = 0 si u1 = α u1 = 1 uur  1   u2  21  ÷   −32  



α =1 − 9 − 6u2 = 0 u2 = −



3 2



 2). − a ) y ''(t ) + 5 y '(t ) + 6 y (t ) = 0 y (0) = 1 y '(0) = 3 x1 (t ) = y (t ) x '(t ) = (0) x1 (t ) + x2 (t )........1 x '1 (t ) = y '(t ) = x2 (t )



x ''(t ) + 5 x2 (t ) + 6 x1 (t )



x '1 (t ) = y ''(t ) = x '2 (t ) = x3 (t );



x ''(t ) − 6 x1 (t ) + 5 x2 (t )...........2



0 1 A= ÷  −6 −5   0 1   −λ  ÷+   −6 −5   0



1 0 I = ÷ 0 1 0  1   −λ ÷= 0  ÷= 0 −λ   −6 −5 − λ 



λ (5 + λ ) + 6 = 0 5λ + λ 2 + 6 = 0



λ 2 + 5λ + 6 = 0 para λ1 = −3



(λ + 3)(λ + 2) = 0



λ1 = −3; λ2 = −2 autovalores



1   u1   3  −6 −2 ÷ u ÷ = 0   2  3u1 + u2 = 0 −6u1 − 2u2 = 0 si u1 = α u1 = 1



α =1 u2 = −3



ur   1   u1  −31  ÷ outopar   −3   λ2 = −2 2u1 + u2 = 0 1   u1   3  −6 −2 ÷ u ÷ = 0 −6u1 − 3u2 = 0   2  uur   1   u2  −21  ÷ outopar   −2   ur uur x(t ) = C1 u1eλ1t + C2 u2 e λ2t ur uur x(t ) = y (t ) = C1 u1eλ1t + C2 u2eλ2t



u1 = α



α =1 u1 = 1 α = −2



 1  1 y (t ) = C1  ÷e −3t + C2  ÷e −2t solución general  −3   −2  x(t ) = C1eλ1t + C2 eλ2t y (t ) = C1e −3t + C2 e −2t 2C1 + 2C2 = 2 1 = C1 + C2 ........(1)



C1 + C2 = 1..... ( I ) 3C1 − 2C2 = 3



y '( f ) = 3C1e −3t − 2C1e −2t



3C1 − 2C2 = 3...( II ) 5C1 = 5 C1 = 1 C2 = 0



3 = 3C1 − 2C2  1 y (t ) =  ÷e −3t solucion particular  −3 



s/m/m



 b) y ''− 4 y + 2 y = 0 x1 (t ) = y (t )



x '(t ) = (0) x1 (t ) + x2 (t )........1



x '1 (t ) = y '(t ) = x2 (t )



x ''(t ) − 4 x2 (t ) + 2 x1 (t ) = 0



x ''1 (t ) = y ''(t ) = x '2 (t ) = x3 (t );



x ''(t ) − 2 x1 (t ) + 4 x2 (t )...........2



 0 1 1 0 A= I = ÷ ÷  −2 4  0 1 1   0 1   −λ 0   −λ  ÷+  ÷= 0  ÷ = 0 − λ (4 − λ ) + 2 = 0  −2 4   0 −λ   −6 4 − λ  −4λ + λ 2 + 6 = 0



λ 2 − 4λ + 2 = 0



λ=



−4 ± 16 − 8 4 ± 8 4 ± 2 2 = = 2 2 2



λ1 = 2 + 2



λ = 2± 2



λ2 = 2 − 2



autovalores



para λ1 = 2 + 2  −2 − 2   −2 



  u1  ÷ ÷ = 0 4−2− 2 ÷   u2  1



 −2 − 2   −2 



u1 ( −2 − 2) + u2 = 0



si u1 = α



−2u1 + ( −2 − 2 )u2 = 0



u1 = 1



  u1  ÷ ÷ = 0 2− 2 ÷   u2  1



α =1 u2 = 2 + 2



ur   1  u1  2 + 2  ÷ outopar 2 + 2    



λ2 = 2 2  −2 − 2   u1  u1 (−2 + 2) + u2 = 0 si u1 = α α = 1 1  ÷ ÷ = 0  −2 4−2− 2 ÷ 2u1 + (2 + 2)u2 = 0 u1 = 1 u2 − 2 − 2 = 1    u2  uur   1  u2  2 − 2  ÷ outopar  2 − 2    1 1 ( 2+ 2 ) t x (t ) = y (t ) = C1 e + C2 solución general 2+ 2 2− 2



 c).y '''− 8 y ''+ 5 y '− y = 0 x1 (t ) = y (t )



x '(t ) = (0) x1 (t ) + x2 (t ) + (0) x3 (t )........1



x '1 (t ) = y '(t ) = x2 (t )



x ''(t ) = (0) x1 (t ) + (0) x2 (t ) + x3 (t )........2



x ''1 (t ) = y ''(t ) = x '2 (t ) = x3 (t );



x '''(t ) − 8 x1 (t ) + 5 x2 (t ) − x1 (t ) = 0



x '''1 (t ) = y '''(t ) = x ''2 (t ) = x '3 (t ) = x4 (t ); x IV (t ) = x1 (t ) − 5 x2 (t ) + 8 x3 (t )..............3 x IV 1 (t ) = y IV (t ) = x '''2 (t ) = x ''3 (t ) = x '4 (t ) = x5 (t ); 0 A =  0 1  0 1  0 0  1 −5      −λ   0  0   −λ  0 



0 0 1÷ ÷ −5 8 ÷  0   −λ ÷  1 ÷+  0  8÷   0 1



1 0 I =  0 1 0 0  0 0  ÷ −λ 0 ÷ = 0 0 −λ ÷ 



 ÷ ÷ 1 0 ÷ ÷ −λ 1 ÷= 0 −5 8 − λ ÷ ÷ 1 0 ÷ −λ 1 ÷ 



−λ 3 + 8λ 2 + 5λ + 1 = 0



λ 3 − 8λ 2 − 5λ − 1 = 0



0 0÷ ÷ 1÷   −λ   0  0 



0  ÷ −λ 1 ÷= 0 −5 8 − λ ÷  1



λ 2 (8 − λ ) + 1 + 5λ = 0 8λ 2 − λ 3 + 1 + 5λ = 0



*(−1)



 d) 2 1 0   ÷ x ' =  0 2 0 ÷x  0 0 −1 ÷   2 1  0 2 0 0     2−λ   0  0  2−λ  0 



  −λ ÷  ÷+  0  −1 ÷   0 0 0



1 2−λ 0 1 2−λ



0 −λ 0



 2  ÷ x(0) =  0 ÷ 3÷   0  2−λ ÷  0 ÷= 0  0  0 −λ ÷  



 ÷ ÷ 0 ÷ ÷ 1 ÷= 0 −1 − λ ÷ ÷ 0 ÷ ÷ 1 



1 2−λ 0



 ÷ ÷= 0 −1 − λ ÷  0 1



(2 − λ )(2 − λ )(−1 − λ ) = 0



λ1 = 2



λ2 = −1 autovalores



λ1 = 2           



 ÷ ÷ si 0 1 0 ÷ u1  u2 = 0 ÷ ÷ 0 0 1 ÷ u2 ÷ = u1 + u2 + u3 = 0 0 0 −2 ÷ u3 ÷ u +u +u = 0 ÷  1 2 3 0 1 0÷ 0 0 0÷   1   ur  ÷ u1 =  −11  0 ÷ ÷÷autopolar  0 ÷÷     si u1 = α  0 1 0   u1  u1 + u2 = 0  ÷ ÷ 0 0 1 u = 0 2  ÷ ÷ u2 = 0  0 0 −2 ÷ u ÷   3  u1 + u2 + u3 = 0



u1 = 1 u2 = 0 u3 = 0



α =1 u1 = 0 u2 = 0 u3 = 1



 0 uur  ÷ u2 =  −11  0 ÷ ÷÷autopolar 1 ÷÷    



λ1 = −1



λ3 = 2



1  ur  ÷ u1 =  0 ÷ 0÷   0 uur  ÷ u3 =  0 ÷ 1 ÷  



λ2 = 2



0 ur  ÷ u1 =  0 ÷ 1 ÷  



 1 0 0 ur uur uur l =  0 0 0 ÷ si C u + C u + C u 1 1 2 2 3 3 = x0 ÷ 0 1 1÷    C1  1 0 0   2   ÷ ÷  ÷  C2 ÷ 0 0 0 ÷ =  0 ÷  C ÷ 0 1 1 ÷  −3 ÷     3  −1



C1 = +1



 C1  1 0 0  2   ÷ ÷  ÷  C2 ÷ 0 0 0 ÷ =  0 ÷  C ÷ 0 1 1 ÷  −3 ÷     3  C1 + 0C2 + 0C3 = 2



C1 = 0 C1 = −3



0C1 + 0C2 + 0C3 = 0 C1 + C2 + C3 = −3 1 0 0  ÷ x(t ) = C1 0 e − t + C2 0 e 2 t + C3  0 ÷l 2t 9÷ 0 1   0 0 −t x(t ) = −3 0 e + C2 0 e 2t + e2t 1 1



e) 1  ÷ x(0) = 1÷ 1÷   C1 = 1



 C1   1 0 0  1  ÷ ÷  ÷  C2 ÷ 0 0 0 ÷ = 1÷  C ÷ 0 1 1 ÷ 1÷     3  C1 = 1



C2 = 1



C3 = 2



C2 + C3 = 1



C2 = 1



f)  3 −2 0   ÷ x ' =  −1 3 −2 ÷x  0 −1 3 ÷    3 −2 0   −λ  −1 3 −2 ÷+  0  ÷   0 −1 3 ÷  0   



0 −λ 0



 2  ÷ x(0) =  0 ÷ 6÷   0  0   3 − λ −2 ÷  0 ÷ = 0  −1 3 − λ −2 ÷ ÷= 0  0 −λ ÷ −1 3 − λ ÷   



    ÷  ÷  3 − λ −2 0 ÷  ÷  −1 3 − λ −2 ÷ = 0  0 −1 3 − λ ÷  ÷ −2 0 ÷ 3− λ  −1 3 − λ −2 ÷   0   u1  3− 3 − 2  ÷ ÷ − 2 ÷ u2 ÷ =  −1 3 − 3  0  ÷ 0 −1 3 − 3 ÷    u3  2u2 = 0



si u1 = α



−u1 − 2u3 = 0



u1 = 1



−u 2 = 0



u2 = 0 u3 = −



(3 − λ )3 − 2(3 − λ ) + 2(3 − λ ) = 0 3 − λ = 0 λ1 = λ2 = λ3 − 1 autovalores



0   −1  0 



−2 0 −1



0   u1  ÷ ÷ − 2 ÷ u2 ÷ = 0  ÷ 0 ÷   u3 



α =1



1 2



     1 ÷÷ ur uur uur   ÷÷ u1 = u2 = u3 =  31  0 ÷÷autopasos   1 ÷÷   − ÷÷   2  1  ur  ÷ λ1 = 3 u1 =  0 λ2 = 3 ÷  −1/ 2 ÷   1 1   1  ÷ l = 0 0 0 ÷  −1/ 2 −1/ 2 −1/ 2 ÷   C1 + C2 + C3 = 0 0C1 + 0C2 + 0C3 = 0



1  ur  ÷ u1 =  0 λ3 = 3 ÷  −1/ 2 ÷   1 1   C1   0   1  ÷ ÷  ÷ 0 0 ÷  C2 ÷ =  2 ÷  0  −1/ 2 −1/ 2 −1/ 2 ÷  C ÷  6 ÷   3   ur λ t uur λ t uur x(t ) = C1 u1e 1 + C2 u2e 2 + C3 u3e λ3t



1  1  1   ÷ λ1t  ÷ λ2t  ÷ λ3t x(t ) = C1  0 ÷e + C2  0 ÷e + C3  0 ÷e  −1/ 2 ÷  −1/ 2 ÷  −1/ 2 ÷      



1 1 1 − C1 − C2 − C3 *(−2) 2 2 2 3C1 + 3C2 + 3C3 = −12 C1 = 0 0C1 + 0C2 + 0C3 = −2 C1 + C2 + C3 = 0



1  uur  ÷ u3 =  0 ÷  −1/ 2 ÷  



C2 = 0 C1 = 0



x(t ) = 0



 g) x '1 = 5 x1 + x2 + 3 x3 x '2 = x1 + 7 x2 + x3 x '3 = 3x1 + x2 + 5 x3 5 1  1 7 3 1     5 − λ   1  3  5 − λ  1 



3   −λ ÷  1 ÷+  0  5÷   0



0 −λ 0



 5 1 3 1 0 0  ÷  ÷ A =1 7 1÷ I = 0 1 0÷  3 1 5÷  ÷   0 0 1 0  1 3  5 − λ ÷  ÷ 0 ÷= 0  1 7−λ 1 ÷= 0  3 −λ ÷ 1 5−λ÷   



 ÷ ÷ 1 3 ÷ (5 − λ ) 2 (7 − λ ) + 3 + 3 − 9(7 − λ ) − (5 − λ ) − 1(−λ ) = 0 ÷ 7−λ 1 ÷= 0 (5 − λ ) 2 (7 − λ ) + 6 − 9(7 − λ ) − 2(5 − λ ) = 0 1 5−λ÷ ÷ 1 3 ÷ 7 − λ 1 ÷ (25 − 10λ − λ 2 )(7 − λ ) + 6 − 63 + 9λ − 10 + 2λ = 0



175 − 25λ − 70λ + 10λ 2 + 7λ 2 − λ 3 − 4 − 63 + 9λ + 2λ = 0 −λ 3 + 10λ 2 − 84λ = 0



λ 3 − 10λ 2 + 84λ − 108



*(−1)



λ1 = 9



λ2 = 6



λ3 = 2



x1 = C1e9t + C2e 6t + C3e 2t x2 = C1e9t − 2C2e6t x3 = C1e9t + C2 e6t − C3e 2t



4.-resolver dx dy dz + +3 = 0 dt dt dt dx dy dz + 2 − = 6e t dt dt dt dx dy dz 3 + + = 4e t dt dt dt



D=



d dt



Dx =



dx dt



Dx + Dy + 3Dz = 0 Dx + Dy + 3Dz = 6et 3Dx + Dy + Dz = 4et



D 3D   0  6et 2 D − D ÷  ÷  4et D ÷ −16 D 2et et D  = x= = 3; −16 D3 D  D D 3D   ÷  D 2D − D ÷  3D D D ÷  



xD 3 = et d 3x = et 3 dt



Dy =



dy dz Dz = dt dt



 0 3D  D  ÷ t  0 6e − D ÷  3D 4et D ÷ −32 D 2et 2 D 2 et = y= = ; 3 −16 D −16 D3 D3 0 0  D  t ÷  D 2 D 6e ÷  3D D 4et ÷ 16 D 2 et D 2 et = z= = − ; −16 D 3 −16 D 3 D3



D3 y = 2et d3y = 2et 3 dt



zD 3 = −et d 3z = −et dt 3



 d 3x = et  3 dt  d3y t y ⇒ 3 = 2e  solución dt  d 3z t  z ⇒ 3 = −e  dt  x⇒



5.- a) dx = 4 x + 2 y − 8t Dx − 4 x − 2 y = −8t (d − 4) x − 2 y = −8t dt dy = 3 x − y + 2t + 3 Dy − 3x + y = (2t + 3) − 3x + (0 − 1) y = (2t + 3) dt −2   8t  2t + 3 D + 1 ÷ 6 − 12t  = −8t ( D + 1) + 2(2t + 3) = −16t + 4t + 6 = x=  2 2 ( D − 4)( D + 1) − 6 D − 3D − 4 − 6 D − 3D − 10  D − 4 −2   ÷  −3 2t + 3  x( D 2 − 3D + 2) = 6 − 12t d 2x dx − 3 − 10 x = (6 − 12t ).........(1) 2 dt dt  D − 4 −8t   ÷ −3 2t + 3  (2t + 3) + ( D − 3) − 24t −6t − 9 − 24t 30t − 9 y=  = = 2 = 2 2 ( D − 4)( D + 1) + 6 D − 3D − 10 D − 3D − 10 D − 3D − 10



(D



2



− 3D − 10 ) y = −30t − 9



d2y dy − 3 − 10 y = −30t − 9...........................(2) 2 dt dt 0 0  ÷ 0 0  z= =0 ( D − 4)( D + 1) + 6



 d 2x dx − 3 − 10 x = (6 − 12t ) r 2 − 3r − 10 = 0 2 dt dt 2 d y dy − 3 − 10 y = −30t − 9 r 2 − 3r − 10 = 0 2 dt dt r1 = −2 yn = C1e −2t + C2 e5t



∴



(r − 5)(r + 2) = 0 (r − 5)( r + 2) = 0



r1 = 5



ϕ (t ) = 6 − 12t ϕ '(t ) = −12 ϕ ''(t ) = 0 xp = −



x p = B + At x 'p = B x '' p = 0



−3B − 10 A − 10 Bt = 6 − 12t −3B − 10 A = 6...............(1) 10 Bt = 12t 6 −24 B= A= 5 25



24 6 t+ 25 5



y p = At + B ϕ (t ) = −30t − 9 y 'p = A ϕ '(t ) = −30 y '' p = 0 ϕ ''(t ) = 0 y p = 3t



−3 A − 10 B = −9 *(−1) −3 A − 10 At − 10 B = −30t − 9 3 A + 10 B = 9 10 At = 30t 9 + 10 B = 9 A= B B=0



b) dx dx = 4x + 2 y − 4 x − 2 y = 0 ( D − 4) x − 2 y = 0 dt dt dy dy = 3 x − y + e 2t − 3 x + y = e 2t − 3x + ( D + 1) y = e 2t dt dt −2   0  e 2t D − 1÷ 2e 2t 2e 2t   x= = =  D − 4 −2  ( D − 4)( D + 1) − 6 D 2 − 3D − 10  ÷ D + 1  −3



( D2 − 3D − 10 ) x = −2e2t ;



d 2x dx − 3 − 10 x = 2e 2t ........(1) 2 dt dt



D−4 0   −3 e 2 t ÷ 2t −2 e 2 t  = ( D − 4)e y=  =  D − 4 −2  D 2 − 3D − 10 D 2 − 3D − 10  −3 D + 1÷   d2y dy 2 2t − 3 − 10 y = −2e 2t ........(2) ( D − 3D − 10 ) y = −2e ; 2 dt dt



 d 2x dx − 3 − 10 x = 2e 2t 2 r 2 − 3 x − 10 = 0 dt dt r =5 d2y dy − 3 − 10 x = −2e 2t 1 2 dt dt xh = C1e5t + C2e −2t ϕ (t ) = 2e 2t yh = C1e5t + C2 e −2t



(r − 5)(r + 2) = 0 r2 = −2 x p = Ae 2t



ϕ '(t ) = 4e 2t



x ' p = 2 Ae 2t



ϕ ''(t ) = 8e 2t



x '' p = 4 Ae 2t



4 Ae 2t − 6 Ae 2t − 10 Ae2t = 2e 2t ; − 12 A = 2 1 x p = − e2t 6 ϕ (t ) = −2e 2t



y p = Ae 2t



ϕ '(t ) = −4e 2t



y ' p = 2 Ae 2t



ϕ ''(t ) = −8e 2t



y '' p = 4 Ae 2t



4 Ae 2t − 6 Ae 2t − 10 Ae2t = −2e 2t ; 1 y p = e2t 6



Ejercicio Nº 6 circuitos R = 10Ω



RL = ra



L = 10 H



rL = L



a )i (t ) = ?



rc =



di dt



1 i (1)dt c∫



b)i1 = i2 = 0 t =? i1 = ? i2 = ? E (1) = 100v dit = E (t ) dt di 10i1 + 10i1 − 10i2 + 10 t = 100 dt 20i1 + 10i1 − 10i2 = 100 R1i1 + R3i1 − R3i2 + L



d )i1 − 10i2 = 100 dt (20 + 10 D)i1 − 10i2 = 100 (20 + 10



d =D dt /10



(2 + D)i1 − i2 = 10...............(1)



A=



A=−



1 6



1 6



 di2 + R3i2 − R3i1 = 0 dt di 10i2 + 10 2 + 10i2 − 10i1 = 0 dt di 20i2 + 10 2 − 10i1 = 0 dt di −10i1 + 20i2 − 10 2 = 0 dt d −10i1 + (20 + 10 )i2 = 0 dt −10i1 + (20 + 10 D)i2 = 0



∴ R2i2 + L



/10



−i1 + (2 + D)i2 = 0.................(2) ecuaciones malla I : (2 + D )i1 − i2 = 10



malla II :



− i1 + (2 + D)i2



−1   10  ÷ 0 (2 + D)  10(2 + D) 20 + 10 D 20  i1 = = = = 2 2 2 −1  (2 + D) − 1 4 + 4 D + D − 1 D + 4 D + 3  (2 + D )  ÷ (2 + D)   −1 ( D 2 + 4 D + 3)i1 = 20;



 d2  d  2 + 4 + 3 ÷i1 = 20 dt  dt 



d 2i1 di + 4 1 + 3i1 = 20 2 dt dt i1 ''+ 4i1 '+ 3i1 = 20 i1 = e rt



r 2 e rt + 4re rt + 3e rt = 0



i1 ' = re rt i1 '' = r e



2 rt



e rt (r 2 + 4r + 3) = 0



e rt ≠ 0



r 2 + 4r + 3 = 0 (r + 3)(r + 1) r +3= 0 r1 = −3 r +1 = 0



r2 = −1



ih = C1e + C2 e r2t r1t



ih = C1e −3t + C2e − t solucion particular



ϕ (t ) = 20



ip = A



ϕ '(t ) = 0



i 'p = 0



ϕ ''(t ) =



i '' p = 0



ip =



0 + 4*(0) + 3 A A=



20 3



20 solucion particular 3



i1 = ih + i p ⇒ i1 = C1e −3t + C2 e − t +



20 3



  (2 + D) 10   −1 0÷ 10 10   = i2 = = 2 2 −1  (2 + D) − 1 D + 4 D + 3  (2 + D)  −1 (2 + D) ÷   10 ; D + 4D + 3 d 2i2 di + 4 2 + 3i2 = 10 2 dt dt i2 ''+ 4i2 '+ 3i2 = 10 i2 =



2



(D



2



+ 4 D + 3) i2 = 10



ih = C1e −3t + C2e − t solución hom ogenea



ϕ (t ) = 10 ϕ '(t ) = 0 ϕ ''(t ) = 0 ip =



ip = A ip = 0 ip = 0



0 + 4(0) + 3 A 10 A= 3



10 3



i2 = ih + i p ⇒ i2 = C1e −3t + C2e − t +



10 3



b) i1 = C1e −3t + C2e − t +



10 como i1 = i2 = 0 t = 0 3



0 = C1 + C2 + 20 i1 '(9) = 3C1e −3 + C2e − t 0 = −3C1 − C2 20 3 −3C1 − C2 = 0



C1 + C2 = − 20 3 −3C1 − C2 = 0



C1 + C2 = −



10 −3t 20 e − 10e− t + 3 3 10 −3t i1 = ( e + 2 ) − 10e− t 3 10 i2 = Ce −3t + C2e − t + 3 10 0 = C1 + C2 + 3 −3t i2 ' = −3Ce + C2e − t i1 =



0 = −3C1 − C2



20 3 10 C1 = 3



−2C1 = −



20 10 − 3 3 C2 = −10 C2 = −



 10 3 −3C1 − C2 = 0



C1 + C2 = − 10 3 −3C1 − C2 = 0



C1 + C2 = −



10 3 5 C1 = 3



−2C1 = −



10 3 10 + 5e − t + 3



i2 ( t ) = C1e −3t + C1e − t +



5 i2 ( t ) = e −3t 3 5 i2 ( t ) =  e −3t + 2  − 5e − t 3



Ejercicio Nº 7 hallar i1; i2 ; i3 = 0



nodoA : i2 + i3 − i1 = 0



−i1 + i2 + i3 = 0.......... ( 1) di2 = E ( t) dt 10i1 + 20 Di2 = 10.......... ( 2 ) malla I i1R1 + L



1 l i3 ( t ) dtL 2 = 0 ∫ 2 dt 2 di 1 di R3 3 + i3 − L 22 = 0 dt C dt 1 5 Di3 + i − 20 D 2i2 = 0 1 3 30 2 − 20 D i2 + 5Di3 + 30 Di3 = 0 malla II : i3 R2 +



− 20 D 2i2 + [ 5 D + 30] i3 = 0........ ( 3)



−i1 + 12 Di2 + i3 = 0..................... ( I )



10i1 + 20 Di2 + ( 0 ) i3 = 10............ ( II )



( 0 ) − 20D 2i2 + ( 5D + 30 ) i3 = 0.... ( III )



10 − C1 3 10 5 C2 = − − 3 3 C 2 = −5 C2 = −



 0 1   10 20 D  0 −20 D 2 l1 =  1  −1   10 20 D  0 −20 D 2  i1 =



1  ÷ 0 ÷ 5 D + 30 ( ) ÷



0 − 200 D 2 + 0 − 0 + 0 + 10 ( 50 + 30 ) 



= 1  −20 D ( 50 + 30 ) − 200 D 2 + 0 − 0 + 0 + 10 ( 50 + 30 )  ÷ 0 ÷ ( 5D + 30 ) ÷



− ( 50 D + 300 ) −300 = 2 2 −100 D − 600 D + 200 D − ( 50 D + 300 ) −300 D + 650 D + 300 2



−300 ; ( 300 D 2 + 650 D + 300 ) i1 = 300 −300 D + 650 D + 300 ( 30 D2 + 65D + 30 ) i1 = 6 2



d 2i1 di + 13 1 + 6i = 6 2 dt dt 6i1 ''+ 13i1 '+ 6i1 = 6 6



i1 = e rt i '1 = re



6r 2 r rt + 13rert + 6e rt = 0



rt



e rt ( 6r 2 + 138 + 6 ) = 0



i ''1 = r e



2 rt



e rt ≠ 0



6r 2 + 13r + 6 r=



r=



−13 ± 132 − 4 ( 6 ) ( 6 ) 2*6 −13 ± 5 12



−13 ± 169 − 144 −13 ± 25 = 12 12 −13 − 5 −18 3 r1 = = =− 12 12 2 −13 + 5 −8 2 r1 = = =− 12 12 2 =



i1h = C1e r1t + C2e r2 t ih1 = C1e



3 − t 2



+ C2 e



2 − t 3



φ ( t) = 6



φ '( t ) = 0



φ '' ( t ) = 0



ip = A



0 + 0 + 6A A =1



i 'p = 0 i '' p = 0



ip = 1 i ( t ) = ih + i p ⇒ como : i ( 0 ) = 0 0 = C1 + C2 + 1



i1 ( t ) = C1e t =0



3 − t 2



+ C 2e



2 − t 3



+1



i ' ( 0) = 0 2 3 − t − t 3 2 2 i '1 ( t ) = − C1e − C2e 3 + 1 2 3



/10



 3 2 0 = − C1 − C2 2 3 C1 + C2 = −1............. ( 1) C1 + C2 = −1



3 2  2 − C1 − C2 = 0....... ( 2 ) *  ÷ 2 3  3



s/m/m 4 −C1 − C2 = 0 5



9 − 4 C2   = −1  9 



 4 C2 1 −  = −1  9 8 C2 = − 5 C1 = −1 − C2 = −1 +



9 5



C1 = −



5 C2   = − 1 9



5+9 4 = 5 5



4 5



C1 =



3 − 3t 8 − 2t i1 ( t ) = e 2 − e 3 + 1 5 5  −1 0 1   ÷ 0  10 10 ÷  0 0 ( 5D + 30 ) ÷ −300  = −10 ( 50 + 30 ) + 0 = i1 =  2 2  −1 1 1  −300 D − 650 D − 300 − ( 300 D + 650 D + 300 )  ÷ 0  10 20 D ÷  0 −20 D 2 ( 5D + 30 ) ÷   300 300 D + 650 D + 300 ( 300D2 + 650 D + 300 ) i2 = 300 i2 =



2



/10



( 30 D + 65D + 30 ) i = 30 ( 6D + 13D + 6) i = 6 2



/5



2



2



2



2



d i1 di + 13 1 + 6i2 = 6 2 dt dt 6i2 ''+ 13i2 '+ 6i2 = 6 6



6r 2 + 13r + 6 = 0 ih = C1e



3 − t 2



+ C2e



2 − t 3



r1 = −



3 2



r2 = −



2 3



 ϕ ( t) = 6



ip = A



ϕ '( t ) = 0



0 + 0 + 6A



i 'p = 0



ϕ '' ( t ) = 0



i '' p = 0



i2 ( 1) = in + i p



i2 ( t ) = C1e



ip = 1



A =1 3 − t 2



+ C2e



2 − t 3



+1



1 0  −1  ÷  10 20 D 10 ÷  0 −20 D 2 0 ÷ 0  = i3 =  2 2 −300 D − 650 D − 300 −300 D − 650 D − 300 * ( −1) ( 300 D2 + 650 D + 300 ) i3 = 0



( 300 D + 650 D + 300 ) i = 0 ( 30 D + 65D + 30 ) i = 0 ( 6 D + 13 D + 6 ) i = 0 2



/10



3



2



/5



3



2



3



d 2i3 di + 13 3 + 6i3 = 0 2 dt dt 6i3 ''+ 13i3 '+ 6i3 = 0 6



6r 2 + 13r + 6 = 0 ih = C1e



3 − t 2



+ C2e



r2 = −



ip = 0



ϕ '( t ) = 0



i 'p = 0



ϕ '' ( t ) = 0 3 − t 2



3 2



2 − t 3



ϕ ( t) = 0



i3 = C1e



r1 = −



ip = 1



i '' p = 0 + C2e



2 − t 3



0 = C1 + C2 2 3 − t − t 3 2 2 i '3 ( t ) = − C1e − C2e 3 2 3 3 2 0 = − C1 − C2 2 3



C1 + C2 = 0........................... ( 1) 3 2 − C1 − C2 = 0.................. ( 2 ) 2 5 2 − 3t 2 − 2t i3 ( t ) = e 2 + e 3 5 5



2 5 2 C1 = 5



C1 =



2 3



 i2 + i3 − i1 = 0 i1 = i2 + i3 3 − 32 t 8 − 23 t 1 − 32 t 6 − 23 t 2 − 32 t 2 − 23 t e − e = e − e + e − e 5 5 5 5 5 5 2 2 3 3 3 − 2t 8 − 3t 3 − 2t 8 − 3t e − e = e − e 5 5 5 5



Ejercicio 1) F ( s ) = 2



(S



2) F ( s ) = 3) F ( s ) = 4) F ( s ) = 5) F ( s ) = 6) F ( s ) = 7) F ( s ) =



(S (S (S (S (S (S



1 +a



)



2 2



S2 2



+a S2



2



+a



)



2 2



)



2 2



+ a2 ) + a2 )



2



+a



11) y ''+ y ' = f ( t )



⇒ F ( t) =



sen ha t + a t cos h at 8a 5



3



⇒ F ( t) =



3



( 1 + a t ) sen a t − a t cos at ⇒ F ( t) =



8a 3



t sen a t + a t 2 cos at 8a 3 2 2



+ a2 )



S3



sen a t + a t cos at 2a



3



S2 2



⇒ F ( t) =



2 2



S



2



t sen a t 2a



( 3 − a t ) sen a t − a t cos at ⇒ F ( t) =



1



2



⇒ F ( t) =



)



2 3



8a 3



⇒ F ( t) = y ( 0) = 0



3t sen a t + a t cos at 8a y ' ( 0) = 1



L { y ''} + L { y} = L { f ( t ) }



h( t) = f ( t) ^ =



S 2 L { y ( t ) } − 5 y ( 0 ) − y ' ( 0 ) + L { y ( t ) } = L { 1 − uπ / 2 ( t ) } 1



0≤t ≤π /2



donde : 1 π / 2 ≤ t ≤ ∞ = 1u0 ( t ) − 1uπ / 2 ( t ) = 1 − uπ / 2 ( t )



u0 = 1 S 2 y ( s ) − 5 y ( 0) − y ' ( 0) + y ( s ) = π − s



1 e 2 y ( s )  S 2 + 1 = 1 + − 5 5



π − s 2



1 e − 5 5



1 0≤t ≤π /2 1 π / 2≤ t ≤ ∞



 π − s   1 1 e 2  1 y ( s) = 2 + −− ( S + 1)  5 5  ( S 2 + 1) 1 1 1 1 1 y ( s) = 2 + − 2 2 ( S + 1) 5 ( S + 1) 5 ( S + 1)



 1     1 1  − π2 s −1  −1  1 L { y ( s)} = L  2 + L  −L  e 2 2  ( S + 1)   S ( S + 1)   S ( S + 1)  π  1   − s   1  −1  2 y ( t ) = L−1  2 + L 1 − e    ÷ 2    ( S + 1)   S ( S + 1)  −1



−1



  π  y ( t ) = sen t + ( 1 − cos t ) − 1 − sen  t − ÷ uπ ( t )  2  2  12) y ''+ y = u2 ( t ) ( t − 2 ) G ( t ) = u2 ( t ) ( t − 2 )



y ( 0) = 0



2



y '( 0) = 1



2



2! S3



L { y ''} + L { y} = e −2 s



S 2 y ( s ) − Sy ( 0 ) − y ' ( 0 ) + y ( s ) = e −2 s



2! S3



2! S3 1  2!  1 1 y ( s) = 2 1 + e −2 s 3  = 2 + 3 2 e −2 s 2!  S  ( S + 1) S ( S + 1) ( S + 1)  y ( s )  S 2 + 1 = 1 + e −2 s



y ( s) =



1 2e −2 s + ( S 2 + 1) S 3 ( S 2 + 1)



 1    1 −1  −2 s  L−1 { y ( s ) } = L−1  2 + 2 L e  3 2 − S S + 1 ( S + 1)  ( )   y ( t ) = sent + ( t 2 sent ) u2 ( t ) ( t − 2 )



2



y ( t ) = sent + ( t − 2 ) sen ( t − 2 ) u2 ( t ) 2



2



13.- ejercicio y ''+ 5 y + 6 y = u ( t ) = u( t) =



1 5e −2t



1 5e −2t



t≤0 1≤ t ≤ 2



t≤0 1≤ t ≤ 2



y ( 0) = 0 y ' ( 0) = 0 e −2t =



1 S +2



= 5 u1 ( t ) − u2 ( t )  e −2t



= 5 u1 ( t − 1) − u2 ( t − 2 )  e −2t



S 2 y ( s ) = Sy ( 0 ) − y ' ( 0 ) + 5 y ( s ) − y ' ( 0 ) + 6 y ( s ) = 5e − s − 5e −2 s



 S 2 y ( s ) − 1 + Sy ( s ) + 6 y ( s ) = ( 5e − S − 5e −2 S ) / ( S + 2 ) 1 y ( s) = 2 ( S + S + 6)



 5e − S − 5e −2 S     ( S + 2) 



TRANSFORMADAS DE LAPLACE L { f ( t ) } = ∫ e − st f ( t ) dt ∞



0



L { 1} = ?



1) evaluar



∞



∞



L { 1} = ∫ e − st ( 1) dt = lim ∫ e − st dt = lim − b →∞



0



2) L { e −3t } = ?



b →∞



0



−e − st b e − st 1 = lim = S 0 b →∞ S S



L { e −3t } = ∫ e −5t − 3t dt = ∫ e − ( S + 3) t dt = ∞



∞



0



0



3) L { sen 2t} = ? L { sen2t} = ∫



∞



0



s≥0



− e − ( s + 3) ∞ 1 = ( S + 3) 0 ( S + 3)



s ≥ −3



−e −5t ∞ 2 ∞ −5t e sen 2t dt = = e cos 2t dt S 0 S ∫0 −5t



2 ∞ −5t 2  e −5t cos 2t  ∞ 2 ∞ −5t 2 4 e cos 2 t dt = − − ∫ e sen 2t dt − 2 2 L { sen 2t}   ∫ S 0 S S S S 0 S 0 4 2 2  L { sen2t} 1 + 2  = 2 ⇔ L { sen 2t} = 2 s≥0 S +4  S  S



∴



4) L { te −2t } = ? L { te =



−2 t



} =∫



∞



0



e



− st



( te ) dt =∫ −2 t



0



−te − ( s + 2) t ∞ 2 ( S + 2) 0



⇔



1



( S + 2)



te



∴ L { te −2t } =



2



−( s + 2) t



−te − ( s + 2) t ∞ 1 ∞ −( s + 2) t dt = + te dt S + 2 0 S + 2 ∫0



s ≥ −2



L{ f ( t ) } = ?



5)



∞



1



( S + 2)



f ( t) =



2



0 0≤t ≤3 2 t ≥3



L { f ( t ) } = ∫ e − st f ( t ) dt = ∫ e − st f ( t ) dt + ∫ e − st f ( t ) dt = ∫ e − st ( 0 ) dt + ∫ e − st ( 2 ) dt ∞



0



=−



− st



2e S



∞ 3



=



3



∞



3



∞



0



0



0



3



−3 s



2e S



s≥0



AntitransformadasdeLaplace : 1 1 1  4!  1  n!  6) L−1  2  = ? L−1  2  = L−1  2  = t 4 ∴ t n = L−1  n +1  S   S  4!  S  24 S  n = 1, 2, 3



  S + 1  1 −1  8  1 7) L−1  2  = sen8t = L  2  S + 64  8  S + 64  8 k 2 = 64 k =8



 k  ∴ senkt = L−1  2 2 S + k 



 S + 1  8) L−1  2 =?  S ( S + 2 )  S +1 A B C D E = + 2+ + + 3 2 2 2 S S S + 2 ( S + 2) S ( S + 2) ( S + 2) S + 1 = AS ( S + 2 ) + B ( S + 2 ) + CS 2 ( S + 2 ) + DS 2 ( S + 2 ) + ES 2 3



B=



{



1 8



2



1 1 D=0 E=− 16 4 1 1 1   1   S + 1  −1  16 8 −1  4  L  2 = L − + 2 + 16 −  3 ( S + 2) ( S + 2) 3   S ( S + 2 )   S S   1 1  1  1  1  1  1 −1  1  = − L−1   + L−1  2  + L−1  − L  3 16  S  8  S  16  S + 2  8  ( S + 2 )  1 1 1 1 = − + t + e −2t − t 2e −2t 16 8 16 8 A=−



1 16



3



9) L ( t − 2 ) u ( t − 2 )



{



3



C=



}



a=2



}



3! 6 −2 s = e S4 S4 1 e − as 10) F ( s ) = L { 1} = L{ u ( t − a)} = S S 11) f ( t ) = 2 − 3u ( t − 2 ) + u ( t − 3) L ( t − 2 ) u ( t − 2 ) = e −2 s L { t 3} = e −2 s 3



2 3e −2 s e −3 s L { f ( t ) } = L { 2} − 3L { u ( t − 2 ) } + L { u ( t − 3) } = − + S S S 12) L { sentu ( t − 2π ) } a = 2π L { sen t u ( t − 2π ) } = L { sen ( t − 2π ) u ( t − 2π ) }



= e −2π s L { sent} =



e −2 sπ s2 + 1



 −π s  10) L−1 e 2  = ?    1  1 f ( t ) = L−1  2  = sent S + 9 3



  −π2 s  π  e  1 −1  3   π L−1  2 u t − ÷ = L  2  t =t− 2  2 S + 9 3 S + 9   1  π  π 1  π = sen3  t − ÷u  t − ÷ = cos 3tu  t − ÷ 3 2  2  2 3  Ejercicio 6.1 transformada 1) f ( t ) = 40 ∞



L { f ( t ) } = L { 40} ,



F ( s ) = ∫ 40e − st dt = 0



F ( s) =



40 S



40 − st 40 40 40 e =0+ = 0 −S s S



4 S +6 −t ( s + 6) ∞ ∞ ∞ 4e 4 4 F ( s ) = 4 ∫ e − st e −− 6t dt = 4e ∫ e −t ( s + 6 ) dt = =0+ = F ( s) = 0 0 − ( S + 6) 0 S +6 ( S + 6)



2) f ( t ) = 4e −6t



L { f ( t ) } = 4 L { e −6 t } = F ( s ) =



1 1 = F ( s) = S − ln 9 S − ln 9 t − st ∞ ∞ 9e ln 9 ∞ t − st 1 F ( s ) = ∫ e − st 9t dt = ∫ 9t e − st dt == − + 9e = 0 0 s s 0 S + ln 9



3) f ( t ) = yt



L { f ( t ) } = L { 9t } =



u = 9t du = 9t ln 9dt



∫ dv =∫ e v=−



− st



dt



1 − st e S



4) f ( t ) = 9t



L { f ( t ) } = L { t 9} = F ( s ) =



9! S 10



4 12 = 2 2 S +4 S + 42 2 6 6) f ( t ) = 3sen ( 2t ) ; L { f ( t ) } = 3L { sen 2t } ; F ( s ) = 3* 2 = 2 2 S +4 S + 42 S 7) f ( t ) = cos 5t ; L { f ( t ) } = L { cos 5t} ; F ( s ) = 2 2 S +5 1 5 ( S − 1) − 5 ( S − 2 ) 8) f ( t ) = e2 t − 5et ; L { f ( t ) } = L { e 2 t } − 5 L { e 2t } ; F ( s ) = − = S − 2 S − 1 ( S − 1) − ( S − 2 ) 5) f ( t ) = 3sen 4t; L { f ( t ) } = 3L { sen 4t} ; F ( s ) = 3*



F ( s) =



S − 1 − 5S + 10 9 − 4S = ( S − 1) ( S − 2 ) ( S − 1) ( S − 2 )



3 3   3 9 f ( t ) = t 3 ; L { f ( t ) } = L t 2  ; F ( s ) = 25 = 5   S 2 2S 2 3 L  γ n + 1 n! ( ) = 2 = 3 π L { t n } = n +1 = 5 5 S S n +1 S2 4S 2



2



 10) f ( t ) = cos 3t + cosh 3t



L { f ( t ) } = L { cos 3t} + L { cosh 3t}



(



)



S S 2 − +S ( S 2 + 9) S S S 3 − 9S + S 3 + 9S F ( s) = 2 2 + 2 2 = = S +3 S −3 ( S 2 + 9) ( S 2 + 9) ( S 2 + 9) ( S 2 + 9) 2S 3 F ( s) = 2 ( S + 9) ( S 2 − 9) f ( t ) = e at senbt L { f ( t ) } = L { e at senbt} =



b



( S − a)



2



+b



2



= F ( t ) = sen



b 1 e at = 2 ( S − a) S +b S 2



u2 ( t ) e( t − 2) − u3 ( t ) e( t − 2)



f ( t ) = e − t cos st



12) L { f ( t ) } = L { e − t cos 5t} F ( s) =



S +1



( S + 1)



2



+ 52



=



−u3 ( t ) e( t − 2) S +1



( S + 1)



2



+ 25



f ( t ) = e 5t t 2



13) L { f ( t ) } = L { e5t t 2 } F ( s) =



2!



( S + 5)



3



14.t≤2 0 G( t) =  2 ( t − 4 ) t ≥ 2 L { G ( t ) } = L { u2 ( 1) t 2 }



( t − 4 ) = t 2 − 8t + 16 2 ( t − 4 ) = t 2 − 8t + 16 2 ( t − 4 ) = t 2 − 2 * 2t + 4 * 4 2 2 ( t − 4) = ( t − 2) − 4 ( t − 2) + 4 2



 2! 4 4  L { G ( t ) } = e −2 s  3 − 2 +  S 5 S



=



e 5t =



1 ( S − 5)



t2 =



2! S3



e1− 3 f ( S − 1)



 16.t≤2



0 G( t) =  2 t



2≤t ≤2



L { G ( t ) } =  u2 ( t ) − u4 ( t )  t 2 L{ G ( t )} =



tn =



n! S n +1



2 −2 s −4 s e − e  S3 



ENCONTRAR LA TRANSFORMADA DE LA SIGUIENTES FUNCIONES 40 1) f ( t ) − 40 L { f ( t ) } = L { 40} = F ( s ) = 5 4 2) f ( t ) = 4e −6t L { f ( t ) } = 4 L { e −6t } = F ( s) S +6 1 1 3) f ( t ) = 9t L { f ( t ) } = L { 9t } = F ( s ) = a = t ln a = S − ln 9 S − ln a 9! 4) f ( t ) = t 9 L { f ( t ) } = L { t 9 } = F ( s ) = 10 S 3* 4 12 5) f ( t ) = 3sen4t L { f ( t ) } = 3L { sen 4t} = F ( s ) = 2 = 2 2 S −4 S − 42 3* 2 6 a 6) f ( t ) = 3senh 2t L { f ( t ) } = 3L { senh 2t} = F ( s ) = 2 = 2 = 2 = senhat 2 2 S −2 S −4 S − a2 S S S 7) f ( t ) = cos 5t L { f ( t ) } = L { cos 5t} = F ( s ) = 2 2 = 2 2 = 2 = cos at S −5 S −5 S + a2 ( S − 1) − 5 ( S − 2 ) = S − 1 − 5S + 10 1 5 8) f ( t ) = e 2t − 5et L { f ( t ) } = L { e 2t } − 5L { et } = F ( s ) = − = S − 2 S −1 ( S − 1) ( S − 2 ) ( S − 1) ( S − 2 ) F ( s) =



−4 S + 9 ( S − 1) ( S − 2 )



9) f ( t ) = t 3



F ( s) =



3 π 5



4S 2



3 L { f ( t ) } = t = F ( s ) = 25 t2 1 γ  ÷= π 2 3 2



1 1 γ  ÷= π 2 2



10) f ( t ) = cos 3t cosh 3t , L { f ( t ) } 2S 3 F ( s) = 2 ( S + 9) ( S 2 − 9)



S ( S 2 − 32 ) + 5 ( S 2 − 32 ) S S = L { cos 3t} + L { cosh 3t} = F ( s ) = 3 2 + 2 2 = S −3 S −3 ( S 2 + 32 ) ( S 2 − 32 )



 11) f ( t ) = e at senbt L { f ( t ) } = L { e at senbt} =



b



( S − a)



2



e at =



+ b2



1 S −a



12) f ( t ) = e − t cos st L { f ( t ) } = L { e − t cos st} = F ( s ) =



S +1



( S + 1)



2



+5



2



13) f ( t ) = e5t t 2 ; L { f ( t ) } = L { e5t t 2 } = F ( s ) =



=



S +1



( S + 1) 2!



( S − 5)



3



2



L{ t n} =



14.t≤2 0 G( t) =  2 ( t − 2 ) t ≤ 2 L { G ( t ) } = L  ua ( t ) F ( t − a ) 



G ( s ) = e −2 s



2! S3



15.t≤2 0 G( t) =  2 ( t − 4 ) t ≥ 2 L { G ( t ) } = u2 ( t ) ( t − 4 ) L { u 2 ( t ) }  ( t − 2 ) − 4 ( t − 2 ) + 4    2



2



( t − 4 ) = t 2 − 8t + 16 = t 2 − 4* 2t + 4* 4 2 2 ( t − 4) = ( t − 2) − 4 ( t − 2) + 4 2



 2! 4 4  G ( s ) = e −2 s  3 − 2 +  S S S 16.t≤2 0 G( t) =  2 t 2 ≤ t ≤ 4



L { G ( t ) } = L { u 2 ( t ) } t 2 − L { u4 ( t ) } t 2



2! G ( s ) = 3 e −2 s − e −4 s  S



17.-



n! S n +1 L { ua ( t ) } = e − as L{ t n} =



+ 25 n! S n +1



 t≤2 0 G( t) =  2 ( t − 2 ) t ≥ 2 G ( t ) = u4 ( t ) ( t − 2 )



2



{



L { G ( t ) } = L u4 ( t − 2 )



2



}



( t − 4 ) = t 2 − 4t + 4 2 2 ( t − 4) = ( t − 2) + 4 ( t − 2) + 4 2



4 4 2 L { G ( t ) } = e −4 s  3 + 2 +  S 5 S 18.f ( t ) = u2 ( t ) e( t − 2) − u3 ( t ) e( t −3) t≤2 0 G ( t ) =  ( t − 2) 2 ≤t ≤ 3 e



{



}



{



e 3t =



1 S −3



L { f ( t ) } = L u2 ( t ) e( t − 2) − u3 ( t ) e( t −3) = L u 2 ( t ) e( t − 2) − u3 ( t ) e ( t −3) +1 L{ f ( t ) }



}



e −2 s e1−3 s = − ( S − 2 ) ( S − 3)



19.f ( t ) = t 2 e 3t



t2 =



d2 ; d12



L { f ( t ) } = t 2 L { e 3t }



F ( s)



d2  1   ÷ dS 2  S − 3 



S d ; t= S +4 dS d  S  d  1  L{ f ( t ) } = F ( s)  ÷ 2   dS  S + 4  dS  S 2 − 32  ∞  f ( t)  cos t 21) f ( t ) = L  = ∫s F ( s ) du; propiedad dela division t  t  20) f ( t ) = t cos 2t



cos 2t =



∞ S  cos t  L{ f ( t ) } = L  ds  = ∫s 2 S +1  t 



2



u = S 2 +1 du = 2 Sds



∞ 1 ∞ 1  cos t  1 ∞ 1 L = ln ( S 2 + 1)  = ∫s du = ln u s s 2 2  t  2 u 2 1  cos t  1 2 2 L  = ln ( ∞ + 1) − ln ( S + 1) = − ln ( S + 1) 2  t  2 e2t 22) f ( t ) = t



 L{ f ( t ) }



∞ ∞  e2t  1 = L  = ∫ ds ln ( s − 2 ) = − ln ∞ − ln ( S − 2 ) s  t  s S −2 t



23) f ( t ) = ∫ e 2t dt



propiedad de la int egral



0



L



{ ∫ f ( t ) dt} = F S( s ) t



0



L{ f ( t ) }



1 F s ( ) 1 = ∫ e 2t dt = = S −2 = 0 S S S ( S − 2)



{



}



t



24) f ( t ) = δ ( t − 2π ) delta dirac



L { f ( t ) } = L { δ ( t − 2π ) } = ∫ e −2π tδ ( t − 2π ) dt ∞



0



∞



∫ δ ( t − 2π ) dt = e 25) f ( t ) = ∫ ( t − τ ) cos ( 2τ ) dτ '' convolucion '' L { f ( t ) } = L { ∫ ( t − τ ) cos ( 2τ ) dτ } L { t cos 2t}



e



−2π t



−2 π s



0



t



2



0



t



2



2



0



F ( s) =



2 S ( S 2 + 4) 2



t



26) f ( t ) = ∫ e −( t −τ ) cos τ dτ



{∫ e L{ ∫ e L



t



0



−( t −τ )



0



t



−( t −τ )



0



} 1 sen τ dτ } = ( S + 1) ( S + 1)



sen τ dτ = L { e − t sentdt} = L { e − t } * L { sent} 2



t



27) f ( t ) = ∫ sen ( t − τ ) cosτ dτ 0



{ ∫ sen ( t −τ ) cosτ dτ } = L { sent *cos t} = L { sent} * L { cos t} 1 S S L { ∫ sen ( t − τ ) cos τ dτ } = * = ( S + 1) ( S + 1) ( S + 1) L



t



0



t



2



0



2



2



2



28) f ( t ) * g ( t ) = t * et L { f ( t ) * g ( t ) } = L { t * e t } = L { t} oL { e t } L{ f ( t ) * g ( t )} =



1 1 1 * = 2 2 S S + 1 S ( S + 1)



29.- hallar L { f ( t ) } donde 0 1 G( t) 0 0



t ≤π 0 0≤t ≤π π ≤ t ≤ 2π = 1 π ≤ t ≤ 2π 2π ≤ t ≤ 3π 0 otros lugares 3π ≤ t ≤ 4π



 L { G ( t ) } = L { uπ ( t ) − u2π ( t ) } = L { uπ ( t ) − ( t − π ) } − L { u2π ( t ) − ( t − 2π ) } F ( s) =



e − π s e −π s − S S



30-. hallar L { f ( t ) } 0 1 G( t) 0 0



0 ≤ t ≤1 1≤ t ≤ 2 2≤t ≤3 otros lugares



L { G ( t ) } = L { u1 ( t ) − u2 ( t ) } = L { G ( t ) } = L { u1 ( t ) ( t − 1) − u2 ( t ) ( t − 2 ) } F ( s) =



e − s e −2 s − S S



31.f ( t ) = f ( t − τ ) funcion ciclica t



∫e L{ f ( t ) } =



− st



0



f ( t ) dt



1 − e − st



L { f ( t ) } = ∫ e − st f ( t ) dt = ∫ e − st f ( t ) dt + ∫ e − st f ( t ) dt + ∫ e − st f ( t ) dt t



t



2t



3t



0



0



0



0



t = u + t en la segunda int egral t = u + 2t en la 3ra int egral L { f ( t ) } = ∫ e − su f ( u ) du + ∫ e − s( u + t ) f ( u ) du + ∫ e − s( u + 2t ) f ( u + 2t ) du t



t



t



0



0



0



L { f ( t ) } = ∫ e − su f ( u ) du + ∫ e − s( u + t ) f ( u + t ) du + ∫ e − s ( u + 2t ) f ( u + 2t ) du t



t



t



0



0



0



L { f ( t ) } = ∫ e − su f ( u ) du + ∫ e − su e − st f ( u + t ) du + ∫ e − su e −2 st f ( u + 2t ) du t



t



0



0



t



0



L { f ( t ) } = ∫ e − su f ( u ) du + e − st ∫ e − su f ( u ) du + e −2 st ∫ e − su f ( u ) du t



t



0



L { f ( t ) } = e



∫ L{ f ( t ) } =



t



0



t



0



− su



f ( u ) du  1 + e



e − su f ( u ) du



0



+e



−2 st



 t



∫e ⇔ L{ f ( t ) } =



1− e ANTITRANSFORMADAS st



− st



0



− st



f ( t ) dt



1 − e − st



1  L−1 { F ( s ) } = 7 L−1   = 7 ⇒ f ( t ) = 7 5  2  2  −4 t 2) F ( s ) = L−1 { F ( s ) } = L−1   ⇒ f ( t ) = 2e S+4 S + 4   1 t7 1 3) F ( s ) = 8 L−1 { F ( s ) } = L−1  8  ⇒ f ( t ) = S 7! S 



1) F ( s ) =



7 5



 3



 1  4 t2 3   1 4) F ( s ) = 5 L { F ( s ) } = L  5  ⇒ f ( t ) = ; + 1; γ  ÷ = π 3 π 2 2  S 2  S2 2 2  2*5  5) F ( s ) = 2 L−1 { F ( s ) } = L−1  2 2  ⇒ f ( t ) = sen5t S + 25 5 S + 5  2



−1



−1



 2  t +1 L−1   ⇒ f ( t) = 2 S − ln 2   S  S  7) F ( s ) = 2 L−1 { F ( s ) } = L−1  2  ⇒ f ( t ) = cosh 2t S +4 S + 4   S +1 S +1 −t 8) F ( s ) = 2 L−1 { F ( s ) } = L−1   ⇒ f ( t ) = e cos 3t 2 2 S + 2 S + 10  ( S + 1) + 3  S −2  S −2  9) F ( s ) = 2 L−1 { F ( s ) } = L−1  2  S + 5S + 4  S + 5S + 4  s−2 A B = = S − 2  −1  S − 2  −1  2 f ( t) = L  2 S + 5S + 4 S + 4 S + 1 =L  2   S + 5S + 4   S + 5S + 4  A=2 B = −1 6) F ( s ) =



2 S + ln 2



L−1 { F ( s ) } =



 S −2  S − 2  −1  f ( t ) = L−1  2 =L    S + 5S + 4   ( S + 4 ) ( S + 1)   2   1  −4 t −t f ( t ) = L−1  − L  = 2e − e S + 4 S + 1     2S − 2 10) F ( s ) = 2 S + 2S + 5   S +1 L−1 { F ( s ) } = 2 L−1   2 2  ( S + 1) + 2  S +a f ( t ) = 2e − t cos 2t = e − at cos bt 2 2 ( S + a) + b 2S − 3 S2 − 4  S  3 −1   L−1 { F ( s ) } = 2 L−1  2 − L  2 2 2 S − 2  2 S − 2  3 f ( t ) = 2 cosh 2t − senh 2t 2 2S + 1 2S + 1 − 2 + 2 12) F ( s ) = 2 = 2 S − 2S + 2 S − 2S + 2  2 S + 1 + 2 − 2   ( S − 1)    1 −1  −1  L−1 { F ( s ) } = L−1  f t = 2 L + 3 L ( )      2 2 2 2 2 2  ( S − 1) + 1   ( S − 1) + 1   ( S − 1) + 1  11) F ( s ) =



f ( t ) = 2et cos t + 3et sent



 13) F ( s ) =



8S + 4 S + 12 4 ( S + S + 3) 4 ( S + S + 3) = = S ( S 2 + 4) S ( S 2 + 4) S ( S 2 + 4) 2



2



2



A BS + 2 S S +4 3 5 A= B= 4 4



 S 5 ( S + 4 )  L−1 { F ( s ) } = 4 L−1  +  2  4 S 4 ( S + 4 )  3* 4 −1  1  −1  5 4*5  1 −1  2  f ( t) = L  + L  + L 4 2 2 2 2  4 4 2 S + 2 S  S + 2  ( )   f ( t ) = 3 + 5cos 2t + 2 sen 2t



14) F ( s ) =



1 − 2S ( S + 4S + 5 ) 2



 1 − 2 S + 4 − 4      1 S −1  −1  L−1 { F ( s ) } = L−1  2 = L − 2 L   2   2   ( S + 4 S + 5 )   ( S + 4 S + 5 )   ( S + 4 S + 5 )    S + 1  L−1  1*5 −1  f ( t) =   − 2L   2 2 3  ( S + 2 ) + 1   ( S + 2 ) + 1  f ( t ) = 5e −2t sent − 2e −2t cos t 15) F ( s ) =



L−1 { F ( s ) }



f ( t) = − f ( t) =



(S



S



2



+ a2 )



2



  S  −1  =L   2 2 2  ( S + a ) 



1 −1  −2 S  d L  2 = −t 2  2a ds S + a 



L−1  d  a     ÷ 2a  ds  S 2 + a 2  



1 tsenat 2a S2 16) F ( s ) = 2 ( S 2 + a2 ) f ( t) =



  S   L { F ( s ) } = L S  2 2 2  ( S + 2 )  L−1  −2 S  f ( t) =   2* 2  S 2 + 22  −1



−1



1 d  2S   f ( t ) = − L−1   − 2 2 ÷ 4  ds  S + 2  



(S



2



=−



+ a2 )



(S



−4



= − ( S 2 + a 2 ) 2S −2



2S 2



+ a2 )



2



 1 f ( t ) = tsen 2t 4 1 1 f ( t ) = sen 2t + t cos 2t 4 2 S +1 17) 2 ( S 2 + 2S + 2 )   S +1 1 1     1 − t L−1 { F ( S ) } = L−1  = f ( t ) = − L−1    = te sent 2 2 2 2 2 S + 1 + 1 ( ) S + 2 S + 2  ( )    2 18) F ( s ) =



e −3 S S −7



L−1 { F ( S ) }



 e −3 s  = L−1  = S −7



e − as = ua ( t ) 1 = eh7t S *7



f ( t ) = u3 ( t ) e 7 t − u 3 ( t ) e 7 ( t − 3 ) 19) F ( s ) =



e S − e3 S S2 L { u1 ( t ) } = e − s



 e− s  L−1 { F ( S ) } = L−1  2  S 



L{ t n}



f ( t ) = u1 ( t ) ( t − 1) − u3 ( t − 3) 20) F ( s ) = L−1 { F ( S ) }



e −3 s S n! = n +1 S



L { u3 ( t ) } =



e S − e2−2 s S −1  − s   2( 1− S )  −1  e −1  e t 2 t =L  − L   = u1 ( t ) e − e u2 ( t ) e  ( S − 1)   ( S − 1) 



f ( t ) = u1 ( t ) e( t −1) − e 2u2e( t −2) 21) F ( s ) = −1



L



{ F ( S )}



Se − s S2 −π 2  Se − s  =L  2 2 S +π  −1



f ( t ) = u1 ( t ) cos π t



f ( t ) = u1 ( t ) cos π ( t − 1) 22) F ( s ) = L−1 { F ( S ) }



1 − Se −2π s S 2 −1 1 − Se −2π s  = L−1  2   S −1 



S = cos π t S +π 2 e as = ua ( t ) 2



  1   1  f ( t ) = L−1  2  − u2π ( t ) L−1  2   S − 1  S − 1 f ( t ) = sent − u2π ( t ) sent f ( t ) = sent + 1 − u2π ( t )  = 1 − u2π ( t )  sent S ( 1 − e −2 S )



23) F ( s ) =



S2 +π 2  S  −1  S  L−1 { F ( s ) } = L−1  2 −L  2 u t 2 2 2( ) S +π  S +π  f ( t ) = cos π t − u2 ( t ) cos π t  = 1 − u2 ( t )  cos π t



24) F ( s ) = e −8 S



( S + 1) + 7 2 ( S + 1) + 12



S + 8 +1−1 S 2 + 2S + 2



  1  S +1  −1  L−1 { F ( s ) } = L−1  2  + 7L   2 2  S + 2S + 2   ( S + 1) + 1  f ( t ) = e − t cos t + 7e − t sent



4 convolucion S + 42   2 L−1 { F ( s ) } = L−1  2 2   ( S − 2 )  f ( t ) *9 ( f ) = L−1 { f ( s ) * G ( s ) }



25) F ( s ) =



4



f ( t ) = senht * sen 2t



1 S + ( S + 4)



26) F ( s ) =



F ( s) =



3



1 S3



1 2  1 G ( s) =  2 = g ( t ) = sent 2 ÷ 2 S +2  2



t2 1 * sen2t 2 2 1 = L−1  3  S 



L−1 { F ( s ) } = L−1 { F ( s ) } f ( t) =



t2 2



1 = t2 3 S 27) F ( s ) =



tn =



n! S n +1



f ( t ) * g ( t ) = L−1 { F ( s ) * G ( s ) } 3S ( S 2 + 9 ) ( S 2 + 25)



    3 S L−1 { F ( s ) } = L−1  2 2  * L−1  2 2   ( S − 8 )   ( S − 5 ) 



  3 L−1  2 2   ( S − 3 )  S   L−1  2 2   ( S − 5 ) 



 f ( t ) = L−1 ( F ( s ) ) * L−1 ( G ( s ) ) f ( t ) = sen3t *cos 5t



 ( S − 2)  L−1 { F ( s ) } = L−1  2   S + 5S + 4  S 1    −1  f ( t ) = L−1  2  − 2L  2   S + 5S + 4   S + 5S + 4   5 5   S −2+ −   S − 2  −1  2 2  f ( t ) = L−1  2 = L   2 2  S + 5S + 4   S + 5  −  3   ÷  ÷   2   2       5 9     S−  9 −1   −1  2 2 f ( t) = L  − L  2 2 2 2  S + 5  −  3   2  S + 5  −  3    ÷  ÷ ÷  ÷     2   2   2   2   5 − 3 3 f ( t ) = R 2 cos t − sen t 2 2 2S + 2 10) F ( s ) = 2 S + 5S + 5   S +1 −t L−1 { F ( s ) } = 2 L−1   = 2e cos 2t 2 2  ( S + 1) + 2  2S − 3 11) F ( s ) = 2 S −4  2 S  3 −1  2 S  L−1 { F ( s ) } = 2 L−1  2 − L  2 2 2 S − 2  2 S − 2  3 f ( t ) = 2 cosh 2t − senh 2t 2 2S + 1 12) F ( s ) = 2 S − 2S + 2 2 +1   2S + 1  −1  2 ( S − 1)  −1  L−1 { F ( s ) } = L−1  2 =L  2 + L  2   S − 2S + 2   S − 2S + 2   S − 2S + 2  9) F ( s ) =



S −2 S + 5S + 4 2



 ( S − 1)    1 −1  f ( t ) = 2 L−1  + 3 L    2 2 2 2  ( S − 1) + 1   ( S − 1) + 1  f ( t ) = 2et cos t + 32et sent 13) F ( s ) =



8S + 4S + 12 8S 2 + 4S + 12 = S ( S 2 + 4) S ( S 2 + 4)



A BS + C 8S 2 + 4 S + 12 + = S S2 + 4 S ( S 2 + 4)



 AS 2 + 4 A + BS 2 + CS



=



A+8 = 8 C=4 A=3 B=5



8S 2 + 4S + 12  A  BS + C  f ( t ) = L−1   + L−1  2  S   S +4  1   5S + 4  f ( t ) = 3L−1   + L−1  2  S  S + 4



 S   S  1 f ( t ) = 5 L−1  2 + 2 L−1  2 + 3L−1  ÷ 2  2 S + 2  S + 2  S f ( t ) = 5cos 2t + 2 sen 2t + 3 14) F ( s ) =



1 − 2S 1 − 2S = S + 4S + 5 ( S + 2 ) + 1



− 2 S − 4 = −2 ( S + 2 )



2



 1 − 2S  −1 1 − 2 S + S − S     S+2  1 −1 f ( t ) = L−1  ÷− 2L−1  ÷ =L   − 5L  2 2 2 2 ÷  ÷  ( S + 2) + 1   ( S + 2) + 1   ( S + 2) + 1   ( S + 2) + 1   1 − 2 S   S + 2  −1  f ( t ) = 5 L−1   − 2L   2 2  ( S + 2) + 1   ( S + 2) + 1  f ( t ) = 5e −2t sent − 2e −2t cos t 15) F ( s ) =



(S



S 2



donde ( S 2 + a 2 )



)



2 2



+a



−1



= A ( S 2 + a 2 ) 2S = −



   1 1 d  ÷ L { F ( s)} L  2  2 ds  ( S 2 + a 2 ) + 1 ÷     t 1 1  d  a ÷ = f ( t ) = L−1   2 senat 2 a  ds  ( S + a 2 ) ÷ 2a    S2 16) F ( s ) = 2 ( S 2 + 4) −1



−1



  S   f ( t ) = L−1  S  2 2 2  ( S + a ) + 1  f ( t) =



1 −1  d  2* 2 L   2 2 ds  S + 22 )   (



 d    1 2 ÷ = − L−1   2 ÷ 4 ds  S + 22 )    (



  ÷ ÷ 



t



2t cos 2t 1 1 1  1 f ( t ) =  tsent ÷ = sen2t + = sen 2t + t cos 2t 4 4 2 4  4 S +1 17) F ( s ) = 2 ( S 2 + 2S + 2 )  S +1  f ( t) = L   ( S +1) 2 + 1  −1



(



)



2S



−2



 t  1 −1  d 2  S + 1   = L  2 ÷ = f ( t ) = e −t sent 2  2 2  2  ds  ( S +1) + 1 ÷ 



(S



2



+ a2 )



−2



 APLICACIÓN DE TRANSFORMADAS y ''+ y '− 6 y = 0 y ( 0 ) = 1 y ' ( 0 ) = −1 L { y ''} + L { y '} − 6 L { y} = 0



S 2 y ( s ) − Sy ( 0 ) − y ' ( 0 ) + 5 y ( s ) − y ( 0 ) − 6 y ( s ) = 0 S 2 y ( s ) − S + 1 + Sy ( s ) − 1 − 6 y ( s ) = 0 S S +S −6 S   L−1 { y ( 0 ) } = L−1  2  S + S −6   S B  −1  A y ( t ) = L−1  +  = y( t) = L   S + 3 S − 2  ( S + 3) ( S − 2 )  A ( S − 2 ) + B ( S + 3) S = AS − 2 A + BS + 3B S = ( S + 3) ( S − 2 ) ( S + 3) ( S − 2 ) S = S ( A + B ) − 2 A + 3B  3  −1  2  A + B = 1 − 2 A + 3B = 0 y ( t ) = L−1  − L    S + 3  S − 3 A = 1 − B − 2 ( 1 − B ) − 3B = 0 1 −1  1  2 −1  2  y( t) = L  + L   A = 1( −2 ) − 2 + 2 B − 3B = 0 5  S + 3 5  S − 3 1 2 1 2 A= −2−B = 0 B = y ( t ) = e −3t + e2t 5 5 5 5 dy 2) + 2y = 6 y ( 0) = 0 dt y '+ 2 y = 6 y ( 0) = 0 y ( s) =



2



Sy ( 0 ) − y ( 0 ) + 2 Sy ( s ) = 0 L { 1} 2 sy ( s ) = y ( s) =



6 ; 5



6 5 ( S + 2)



Sy ( s ) =



3 5



∴ y ( s ) [ S + 2] = y ( 1) =



6 5



6 S ( S + 2)



A ( S + 2 ) + BS A B S + = = S S+2 S ( S + 2) S ( S + 2)



1 3 L−1 { y ( s ) } = 3L−1  2  y ( t ) = 3 − 3e −2t S S + 2   3) y '' ( t ) − 4 y ' ( t ) − 5 y ( t ) = 125t 2



y ( 0) = y ' ( 0) = 0



L { t n} =



S 2 y ( s ) − 5 y ( 0 ) − y ' ( 0 ) − 4Sy ( s ) + 4 y ( 0 ) − 5 y ( 0 ) = 125 S 2 y ( s ) − 44 Sy ( s ) − 5 y ( s ) =



250 S3



250 y ( s ) =  S 2 − 4 S − 5 = 3 S y ( s) =



 250  1 1  250  = 3   3  2  S  S − 4 S − 5  S  ( S − 5 ) ( S + 1) 



2 S3



n! S n +1



 AS 2 + BS + C D E 1 + + = 3 2 S S − 5 S + 1 S ( S − 5 ) ( S + 1)



( AS



2



+ BS + C ) ( S 2 + S − 5 ) DS 2 ( S + 1) + ES 3 ( S − 5 ) = 1



AS 4 − 4 AS 3 − 5 AS 2 + BS 3 − 4 BS 2 − 5BS + CS 2 − 4CS − 5C + DS 4 + DS 3 + ES 4 − 5S 3 E = 1 1   L−1 { y ( s ) } = 250 L−1  2   S ( S + 5 ) ( S + 1)  1   y ( t ) = 250 L−1  2   S ( S + 5 ) ( S + 1)    17 2 4 1   −1  − 100 S + 25 S − 5  y ( t ) = 250  L   S2        1    250*101 −1  101 1  1250 L−1  600  + L   100 S 600  600 ( S + 1)      4 1   −17 y ( t ) = 250 L−1  + − 3 2 5S  100 S 25S 1250 −1  1  250*101 −1  1  L  L  +  600 600 S − 5  ( S + 1)  −250*17 4* 250t 200 2 y( t) = + − t 100 25 5 250 5t 250*101 −t y( t) = e + e 600 600



S4 ( A+ D + E) =0 A+ D + E = 0 S 3 ( −4 A + B + D − 5 E ) = 0 −4 A + B + D − 5 E = 0 S 2 ( −5 A − 4 B + C ) = 0 S ( −5B − 4C ) = 0 −5C = 1



− 5 A − 4B + C = 0 − 5 B − 4C = 0



C=−



1 5



4 1  1 − 5B − 4  − ÷ = 0 ( −4 ) − 25 5  5 16 1 4 −4 A − − = 0 5B + = 0 25 5 5 16 + 1 4 −4 A = B= 25 25 17 −4 A = A+ D+ E = 0 25 17 A= − 4 A + B + D − 5E = 0 100 E = −A− D 5 A + 5D + 5E = 0 − 4 A + B + D − 5E = 0 s / m / m A + B + 6D = 0 17 1 E= − 6D = − A − B 100 600 102 − 1  17   4  E= 6D = −  − ÷−  ÷ 600  100   25  101 17 4 E= 6D = − 600 100 25 17 − 16 6D = 100 1 1 6D = ; D= 100 600 −4 A +



 d2y + 9 y = sen2t dt 2 y '' ( t ) + 9 y ( t ) = sen2t



y ( 0) = 1 y ' ( 0) = 0



4)



S 2 y ( s ) − Sy ( 0 ) − y ' ( 0 ) + 9 y ( s ) =



2 S + 22 2



2 S + 22 2 y ( s )  S 2  + 9 = S + 2 S + 22  8 S  y ( s) =  2 +  2 S2 +9  ( S + 9 ) ( S + 4 ) 



S 2 y ( s) − S + 9y ( s) =



2



 2 S  L−1 { y ( s ) } = L−1  3 2 +  2 2 2  ( S + 3 ) ( S + 2 ) S + 9      1 S −1  y ( t ) = 2 L−1  2 2 + L   2 2 2 3   ( S + 3 ) ( S + 2 )   ( S + 3 )   AS + B  CS + D  −1  S y ( t ) = 2 L−1  2 2 + 2 + L  2 3  2   ( S + 3 ) ( S + 2 )   ( S + 3 )  1 1   −    S AS + B CS + D 1 −1  y ( t ) = 2 L  2 5 2 + 2 5 2  + L−1  2 3  + 2 = 2 2 ( S + 9) ( S + 9) ( S + 9) ( S 2 + 9) ( S + 3 ) ( S + 2 )   ( S + 3 )    2  1  2  1  −1  S  y ( t ) = − L−1  2 2  + L−1  2 +L  2 2 ( AS + B ) ( S 2 + 4 ) + ( CS + DS 2 + 9 ) = 1 2 5 S + 3 5 S + 2 S + 3       2 1 −1  3  y( t) = L  AS 3 + 4 AB + BS 2 + 4 B + CS 3 + 9CS + DS 2 + 4 D = 1  5 3  S 2 + 32  1 2 −1  2  1 −1  3S  L  2 + L  2 2 S3 [ A + C] = 0 A+C = 0 2 25 S + 2  3 S +3  12 1 1 y ( t ) = − sen3t + sen 2t + cos3t S 2 [ B + D] = 0 B+D=0 5 5 3 S ( 4 A + 9C ) = 0 4 A + 9C = 0 4B + 4D = 1



5) 2



d2y + 9 y = cos 3t dt 2



y ( 0) = 1



y '( s) = 0 S



4B + 9D = 1



A + C = 0* ( 4 )



− 4 A − 4C = 0



4 A + 9C = 0 A=0



4 A + 9C = 0 s / m / m C=0



B + D = 0* ( −4 )



− 4B − 4D = 0



4B + 9D = 1 1 B=− 5



4B + 9D = 0 s / m / m 1 D= 5



 5)



d2y + 9 y = cos 3t dt 2



y ( 0) = 1



S 2 y ( s ) − Sy ( 0 ) − y ' ( 0 ) + 9 y ( s ) =



y '( s) = 0 S S + 32 2



S S + 32 S y ( s )  S 2 + 9  = S + 2 2 ( S +3 )



S 2 y ( s) − S + 9y ( s) =



y ( s) =



2



S S + 2 2 ( S + 9 ) ( S + 3 ) ( S 2 + 32 ) 2



 S  S  −1  L−1 { y ( s ) } = L−1  2 + L   2 2 2 2  S + 9  ( S + 3 ) ( S + 3 )  1 y ( t ) = tsen3t + cos 3t 6 y ( 0) = 0 y '( 0) = 3



6) y ''+ 4 y '+ 6 y = 5e −2t



S 2 y ( s ) − Sy ( 0 ) − y ' ( 0 ) + 4Sy ( s ) − 4 Sy ( 0 ) + 6 y ( s ) = 5L ( e −2t ) S 2 y ( s ) − 3 + 4 Sy ( s ) + 6 y ( s ) = y ( s )  S 2 + 4 S + 6  = 3 + y ( s) =



−1



L



5 ( S + 2)



5 ( S + 2)



5 3 + 2 2 ( S + 2 ) ( S + 4S + 6 ) ( S + 4S + 6 )



{ y ( s)}



  1 = 5L−1   ( S + 2 ) ( S + 2 ) 2 +  



   1 −1  + 3L  2  2  ( S + 2) + 2    



( )



  2 2  



( )



 5 2 − 2  −2t 5 5 y ( t ) = e −2t − e −2t cos 2t +  ÷e sen 2t 2 2 2 ÷   7) xy ''+ xy '− y '+ y = 0



y ( 0) = 1



y ' ( 0) = 0



d d L { y ''} + − L { y '} − L { y '} + L { y} = 0 ds ds d d −  S 2 y ( s ) − 5 y ( 0 ) − y ( 0 )  − 5 y ( s ) − y ( 0 )  − 5 y ( s ) − y ( 0 )  + y ( s ) = 0 ds ds d d −  S 2 y ( s ) − 5 − 5 y ( s ) − 1 − 5 y ( s ) − 1 + y ( s ) = 0 ds ds d d −  S 2 y ( s ) − 5 − 5 y ( s ) − 1 − 5 y ( s ) − 1 + y ( s ) = 0 ds ds dy ( s ) Sdy ( s ) −S 2 − 2 Sy ( s ) + 1 − − y ( s) − 5y ( s) +1+ y ( s) = 0 ds ds −



 dy ( s ) dy ( s ) −S − 2 Sy ( s ) = ds ds dy ( s ) 2  S + S  − 2 Sy ( s ) = 0 − ds  dy ( s ) 2S ∫ y ( s ) = −∫ S 2 ds −S 2



ln y ( s ) = −2 ln ( S + 1) + ln c y ( s) =



 C  −1 −1  ; L y s = L ( ) { }  2 2 ( S + 1)  ( S + 1)  C



y ( t ) = 5e − t + C ( e −t + t − 1) 19) x ''+ 10 x '+ 9 x = 2et x ( 0 ) = −0.6



x ' ( 0 ) = 6m / s t = 10 seg



L { x ''} + 10 L { x '} + 9 L { x} = 2 L { et }



S 2 x ( s ) − 5 x ( 0 ) − x ' ( 0 ) + 10Sx ( 0 ) − 10 x ( 0 ) + 9 x ( s ) = S 2 x ( s ) − 0.6 S − 6 + 10 Sx ( s ) − 10 ( 0.6 ) + 9 x ( s ) = x ( s )  S 2 + 10S + 9  = 6 + 0.6Sx + 6 =



2 ( S − 1)



2 ( S − 1)



2 S −1



2 x ( s ) =  S 210S + 9  = −0.6 S + S −1 x ( s) =



−0.6 S 2 + 2 S + 10S + 9 ( S + 10S + 9 ) ( S − 1) 2



    S 1 −1  L−1 { x ( s ) } = −0.6 L−1  + 2 L    { ( S − 1) } 2 2 2  ( S + 5 ) − 4   ( S + 5 ) + 9 − 5      S 1  −1  −1  x ( t ) = −0.6 L   + 2L   2 2 2 2  ( S + 5 ) − 4   ( S + 5 ) − 4  ( S − 1)  t≥0 0 20) L = 1 R = 0 C = 104 E ( t) =  100sen10t 0 ≤ t ≤ π E ( t ) = 100sen10tu0 ( t ) − 100 sen10tu p ( t )



si = u0 ( t ) = 1



L { E ( t ) } = 100 sen10t − 100sen10tu p ( t )



 di 1 t + Ri + ∫ i ( t ) dt = E ( t ) dt C 0 π di *0 ( i ) + 100 ∫ i ( t ) dt = 100 sen10t − 100 sen10tu1t 0 dt



L



L { i '} + 10000 L



{ ∫ i ( t ) dt} = L { 100sen10t −100sen10tu ( t ) } π



π



0



SL { i} − i ( 0 ) + 10000



L { i} 100*10 100*10 = 2 − 2 e −π S 2 2 S S + 10 ( S + 10 ) S



10000  1000 1000  L { i} =  S + = 2 − 2 e −π S 2 2  S  S + 10 ( S + 10 ) S  L { i} = − i( t) =



−π S 10000  1 1  1000e   − ÷ ÷ 2 2  2 2 2  2 S + 10  S + 10000  ( S + 10 )  S + 10000 



1000 S 10000e −π S − ( S 2 + 100 ) ( S 2 + 10000 ) ( S 2 + 100 ) ( S 2 + 10000 )



    1000 S 10000e −π S −1  i ( t ) L−1  2 − L   2  2 2  ( S + 100 ) ( S + 10000 )   ( S + 100 ) ( S + 10000 ) 



( AS + B ) ( S 2 + 10000 ) + ( CS + D) ( S 2 + 100 ) AS + B CS + D + = ( S 2 + 100 ) ( S 2 + 10000 ) ( S 2 + 100 ) ( S 2 + 10000 )



A+C = 0 10000 A + 100C = 1000 /100 B+D =0 10000 B + 100 D = 0 /100 100 A + C = 10 B=0 100 A + C = 10 100 B + D = 0 D=0 − A−C = 0 s/m/m 10 10 A= B=− 99 A = 10 99 99 10 10 10 i ( t ) = cos10t − cos100t = [ cos10t − cos100t ] 99 99 99 10 10 i ( t ) = [ cos10t − cos100t ] − cos10 ( t − π ) − cos100 ( t − π )  uπ ( t ) 99 99 0 t ≥ 1 b) L = 1 R = 150 c = 2*104 E ( t )  100t 0 ≤ t ≤ 1 i ( o ) = 0 i ' ( 0) = 0



di 1 t + Ri + ∫ i ( t ) dt = E ( t ) dt C 0 t di + 150i + 2*104 ∫ i ( t ) dt = f ( t ) 0 dt L { i} 100 L { i '} + 150 L { i} + 2*104 = 2 S S L { i} 100 SL { i} − i ( 0 ) + 2*104 = 2 S S L



tn =



n! 1 = 2 n +1 S S



  S + 2*104  100 L { i} =   = S2 S   2 4  S + 2*10  100 L { i}   = S2 S   100 L { i}  S 2 + 2*104  = 2 S 100 L { i}  S 2 + 150S + 2*104  = S 1 100 i( t) = 2  S + 150S + 20000  S 100 S  S + 150S + 20000    1 i ( t ) = 100 L−1   2  S ( S + 150 S + 20000 )  21) x ( 0 ) = x ' ( 0 ) = 0 i( t) =



2



mx '− cx '+ kx = f ( t ) a) m = 1 k = 9



c=0



0 t ≥ 2π f ( t)   sent 0 ≤ t ≤ 2π



1 e −2π s − S 2 +1 S 2 +1 1 e −2π s f ( s) = 2 − S +1 S 2 +1 f ( t) =



x ''+ 9 x ' = f ( t )



L { x ''} + 9 L { x '} − L { f ( t ) }



1 e −2π s S xS − Sx ( 0 ) − x ' ( 0 ) + 9 x ( s ) = 2 − S +1 S 2 +1 1 e −2π s x ( s )  S 2 + 9  = 2 − 2 S +1 S +1  AS + B  −1  CS + D   −1  AS + B  −1  CS + D  x ( t ) = L−1  2 + L  2  − L  2 + L  2   S +1   S + 9    S +1   S + 9  2



A=0 C =0



B=



1 8



D=



1 8



1  1  1  1   1  1  1  3  x ( t ) = L−1  2  − L−1  2  −  L−1  2  + L−1  2  u 2π ( t ) 8  S + 1  8  S + 1   8  S + 1  8  S + 9  1 1  x ( t ) =  sent − sen3t ÷( 1 − u2π ( t ) ) 8 3 



 0 t ≥ 2 f ( t) =  t 0 ≤ t ≤ 2



b) mx − cx '+ kx = f ( t ) m =1



c=4



L { f ( t ) } = t − tu2 ( t )



k =4



1 1 − 2 e −2 s 2 S S 2 S x ( s ) − Sx ( 0 ) − x ' ( 0 ) − 4 x ' ( s ) + 4 x ' ( s ) + 4 x ( s ) = F ( s ) F ( s) =



1 1 − 2 e −2 s 2 S S −2 s 1 e x ( s )  S 2 − 4S + 4  = 2 − 2 S S 1 1 x ( s) = 2 2 − 2 2 e −2 s S ( S + 4S + 4 ) S ( S − 4S + 4 )



S 2 x ( s ) − 4 Sx ( s ) + 4 x ( s ) −
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