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								    				    STATISTICS FOR SOCIAL SCIENCES BUS 152 ___________________________________________________________________________ PROBLEM SET – 4 SOLUTIONS SOME CONTINUOUS PROBABILITY DISTRIBUTIONS Problem 1 (6.1) Given a standardized normal distribution, what is the probability that a. Z is less than 1.57? b. Z is greater than 1.84? c. Z is between 1.57 and 1.84? d. Z is less than 1.57 or greater than 1.84? SOLUTIONS: a) P(Z < 1.57) = 0.9418 b) P(Z > 1.84) = 1 – 0.9671 = 0.0329 c) P(1.57 < Z < 1.84) = 0.9671 – 0.9418 = 0.0253 d) P(Z < 1.57) + P(Z > 1.84) = 0.9418 + (1 – 0.9671) = 0.9747 _________________________________________________________________________________ Problem 2 (6.3) Given a standardized normal distribution, what is the probability that a. Z is less than 1.08? b. Z is greater than -0.21? c. Z is less than -0.21 or greater than the mean? d. Z is less than -0.21 or greater than 1.08? SOLUTIONS: a) P(Z < 1.08) = 0.8599 b) P(Z > – 0.21) = 1.0 – 0.4168 = 0.5832 c) P(Z < – 0.21) + P(Z > 0) = 0.4168 + 0.5 = 0.9168 d) P(Z < – 0.21) + P(Z > 1.08) = 0.4168 + (1 – 0.8599) = 0.5569 _________________________________________________________________________________ Problem 3 (6.5) Given a standardized normal distribution with µ =100 and σ = 10 , what is the probability that a. X > 75 ? b. X < 70 ? c. X < 80 or X >110 ? d. 80% of the values are between what two X values (symmetrically distributed around the mean)? SOLUTIONS: a)



Z=



X – µ 75 –100 = = – 2.50 σ 10



P(X > 75) = P(Z > – 2.50) = 1 – P(Z< – 2.50) = 1 – 0.0062 = 0.9938 b)



Z=



X – µ 70 – 100 = = – 3.00 σ 10



P(X < 70) = P(Z < – 3.00) = 0.00135 c)



Z=



X – µ 80 – 100 = = –2.0 0 σ 10



Z=



X – µ 1 1 0– 1 0 0 = = 1.0 0 σ 10



 P(X < 80) = P(Z < – 2.00) = 0.0228 P(X > 110) = P(Z > 1.00) = 1 – P(Z < 1.00) = 1.0 – 0.8413 = 0.1587 P(X < 80) + P(X > 110) = 0.0228 + 0.1587 = 0.1815 d)



P(Xlower < X < Xupper) = 0.80 P(– 1.28 < Z) = 0.10 and P(Z < 1.28) = 0.90



Z = –1.2 8 =



X lo wer –1 0 0 10



Z = +1.2 8 =



Xu p p er – 1 0 0 10



Xlower = 100 – 1.28(10) = 87.20 and Xupper = 100 + 1.28(10) = 112.80 _________________________________________________________________________________ Problem 4 (6.7) During 2001, 61.3% of U.S. households purchased ground coffee and spent an average of $36.16 on ground coffee during the year. Consider the annual ground coffee expenditures for households purchasing ground coffee, assuming that these expenditures are approximately distributed as a normal random variable with a mean of $36.16 and a standard deviation of $10.00. a. Find the probability that a household spent more than $25.00. b. Find the probability that a household spent more than $50.00. c. What proportion of the household spent between $30.00 and $40.00? d. 99% of the households spent less than what amount? SOLUTIONS: a) P(X < 25) = P(Z < –1.116) = 0.1322 b) P(X > 50) = P(Z > 1.384) = 0.0832 c) P(30 < X < 40) = P(–0.616 < Z < 0.384) = 0.3806 d)



P(X < A) = 0.99



Z = 2.3263 =



A − 36.16 10



A = $59.42



Note: The above answers are obtained using Excel. They may be slightly different when Table E.2 is used. _________________________________________________________________________________ Problem 5 (6.11) A statistical analysis of 1,000 long-distance telephone calls made from the headquarters of the Bricks and Clicks Computer Corporation indicates that the length of these calls is normally distributed with µ = 240 seconds and σ = 40 seconds. a. What is the probability that a call lasted less than 180 seconds? b. What is the probability that a particular call lasted between 180 and 300 seconds? c. What is the probability that a call lasted between 110 and 180 seconds? d. What is the length of a particular call is only 1% of all calls are shorter? SOLUTIONS:



P(X < 180) = P(Z < – 1.50) = 0.0668 P(180 < X < 300) = P(– 1.50 < Z < 1.50) = 0.9332 – 0.0668 = 0.8664 P(110 < X < 180) = P(– 3.25 < Z < – 1.50) = 0.0668 – 0.00058 = 0.06622 P(X < A) = 0.01 P(Z < – 2.33) = 0.01 A = 240 – 2.33(40) = 146.80 seconds _________________________________________________________________________________ a) b) c) d)



Problem 6 (6.13)



 Many manufacturing problems involve the accurate matching of machine parts such as shafts that fit into a valve hole. A particular design requires a shaft with a diameter of 22.000 mm., but shafts with diameter between 21.900 mm. and 22.010 mm. are acceptable. Suppose that the manufacturing process yields shafts with diameters normally distributed with a mean of 22.002 mm. and a standard deviation of 0.005 mm. For this purpose, what is a. the proportion of shafts with a diameter between 21.90 mm and 22.00 mm.? b. the probability a shaft is acceptable? c. the diameter that will be exceeded by only 2% of the shafts? SOLUTIONS: a) P(21.9 < X < 22.00) = P(– 20.4 < Z < – 0.4) = 0.3446 b) P(21.9 < X < 22.01) = P(– 20.4 < Z < 1.6) = 0.9452 c) P(X > A) = 0.02 Z = 2.05 A = 22.0123 _________________________________________________________________________________ Problem 7 (6.17) A problem with a telephone line that prevents a customer from receiving or making calls is disconcerting to both the customer and the telephone company. The following data represents two samples of 20 problems reported to two different office of a telephone company. The time to clear these problems from the customers’ lines is recorded in minutes. Central Office I Time to Clear Problems (minutes) 1.48 1.75 0.78 2.85 0.52 1.02 0.53 0.93 1.60 0.80



1.60 1.05



4.15 6.32



3.97 3.93



1.48 5.45



3.10 0.97



Central Office II Time to Clear Problems (minutes) 7.55 3.75 0.10 1.10 0.60 3.75 0.65 1.92 0.60 1.53



0.52 4.24



3.30 0.08



2.10 1.48



0.58 1.65



4.02 0.72



For each of the two central office locations, decide weather the data appear to be approximately normally distributed by: a. evaluating the actual versus the theoretical properties b. constructing a normal probability plot. SOLUTIONS: a)



Office I:



X = 2.214 S = 1.718 Five-number summary 0.52 0.93 1.54 3.93 6.32 Interquartile range = 3 1.33 S = 2.285 Range = 5.8 6 S = 10.308 X ± 1S X = 80% Between X ± 1.28S X = 90% Between X ± 2 S X = 95% Between



interpolation.



The median is greater than the mean. The interquartile range is slightly larger than 1.33 times the standard deviation and the range is much smaller than 6 times the standard deviation. The distribution is right-skewed. Note: The quartiles are obtained using Excel without any



 B



Office II:



= 2.011 S = 1.892 Five-number summary 0.08 0.60 1.505 3.75 7.55 Interquartile range = 3.15 1.33 S = 2.516 Range = 7.47 6 S = 11.350



X



X ± 1S X = 75% Between X ± 1.28S X = 95% Between X ± 2 S X = 95% Between



Office II



The median is smaller than the mean. The interquartile range is larger than 1.33 times the standard deviation and the range is much smaller than 6 times the standard deviation. The distribution is right-skewed. Note: The quartiles are obtained using PHStat without any interpolation. b)



Office I



 _________________________________________________________________________________ Problem 8 (6.19) Credit scores are three-digit numbers by lenders when evaluating your credit worthiness. The scores for residents of twenty metropolitan areas are as follows: Decide weather or not the data appear to be approximately normally distributed by: a. evaluating the actual versus the theoretical properties b. constructing a normal probability plot c. constructing histogram



City Atlanta Boston Chicago Cleveland Dallas Denver Detroit Houston Los Angeles Miami Minneapolis New York Orlando Philadelphia Phoenix Sacramento San Francisco Seattle Tampa Washington



Credit Score 670 705 680 690 653 675 675 655 667 672 707 688 671 688 660 676 686 691 675 693



SOLUTIONS: a)



mean = 678.85,



6 ( S X ) = 88.5734,



median = 675.5,



range = 54,



interquartile range = 20,



1.33 ( S X ) = 19.6338



Since the mean is approximately equal to the median and the interquartile range is very close to 1.33 times the standard deviation, the data appear to be approximately normally distributed.



 b)



Normal P 710 The normal probability plot suggests that the data appear to be approximately normally distributed.



700



c)



Credit Score



5



4.5



690



4



3.5 3



2.5



680



2



1.5 1



0.5



0 650



670 660



670



680



690



700



710



Since the histogram suggests bell shape, the data appear to be approximately normally distributed. _________________________________________________________________________________



660



Problem 9 (6.23) Suppose you sample one value from a uniform distribution with a = 0 and b = 10. What is the probability of getting a value: a. between 5 and 7? b. between 2 and 3? c. What is the mean? d. What is the standard deviation?



650



-2



-1.5



SOLUTIONS: a) P(5 < X < 7) = (7 – 5)/10 = 0.2 b) P(2 < X < 3) = (3 – 2)/10 = 0.1 c)



µ=



0 + 10 =5 2



d)



σ =



( 10 − 0 ) 12



2



= 2.8868



-1



-0.5



 Problem 10 (6.27) The scheduled commuting time on the Long Island Railroad from Glen Cove to New York is 65 minutes. Suppose that the actual commuting time is uniformly distributed between 64 and 74 minutes. What is the probability that the commuting time will be: a. less than 70 minutes? b. between 65 and 70 minutes? c. greater than 65 minutes? d. What is the mean and standard deviation of the commuting time? SOLUTIONS: a) P(X < 70) = (70 – 64)/(74 – 64) = 0.6 b) P(65 < X < 70) = (70 – 65)/(74 – 64) = 0.5 c) P(X > 65) = (74 – 65)/(74 – 64) = 0.9 d)



µ=



( 64+74 ) 2



= 69



σ=



( 74 − 64 ) 12



2



= 2.8868



_________________________________________________________________________________ Problem 11 (6.31) Autos arrive at a tollbooth located at the entrance to a bridge at the rate of 50 per minute during the 5:00-6:00 pm hour. If an auto has just arrived, a. what is the probability that the next auto arrives within 3 seconds? b. what is the probability that the next auto arrives within 1 second? SOLUTIONS: a) P(arrival time ≤ 0.05) = 1 – e –( 50)( 0.05) = 0.9179 b) P(arrival time ≤ 0.0167) = 1 – 0.4339 = 0.5661 c) If λ = 60, P(arrival time 0.05) = 0.9502, P(arrival time ≤ 0.0167) = 0.6329 d) If λ = 30, P(arrival time 0.05) = 0.7769 P(arrival time ≤ 0.0167) = 0.3941 _________________________________________________________________________________



≤ ≤



Problem 12 (6.33) The telephone calls arrive at the information desk of a large computer software company at the rate of 15 per hour. a. What is the probability that the next call will arrive within 3 minutes? b. What is the probability that the next call will arrive within 15 minutes? SOLUTIONS: a) P(arrival time ≤ 0.05) = 1 – e –(15 )( 0.05) = 0.5276 b) P(arrival time ≤ 0.25) = 0.9765 _________________________________________________________________________________ Problem 13 (6.35) The time between unplanned shutdowns of a power plant has an exponential distribution with a mean of 20 days. Find the probability that the time between two unplanned shutdown is: a. less than 14 days. b. more than 21 days. c. less than 7 days. SOLUTIONS: a) P(X b) c)



< 14) = = 1 – e –(1/ 20)(14) = 0.5034 –(1/ 20)(21) P(X > 21) = = 1 − ( 1 – e ) = 0.3499 P(X < 7) = = 1 – e –(1/ 20)(7) = 0.2953



 Problem 15 (6.41) For overseas flights, an airline has three different choices on its dessert menu (ice cream, apple pie, and chocolate cake). Based on past experience, the airline feels that each dessert is equally likely to be chosen. If a random sample of 90 passenger is selected, what is the approximate probability that: a. at least 20 will choose ice cream for dessert? b. exactly 20 will choose ice cream for dessert? c. less than 20 will choose ice cream for dessert? SOLUTIONS: n = 90, p = 0.3333.



np = 30 ≥ 5 and n(1– p) = 60 ≥ 5



σ = np ( 1 − p ) = 4.4721 P(X ≥ 20) ≅ P(X ≥ 19.5) = P(Z ≥ – 2.3479) = 0.9906 P(X = 20) ≅ P(19.5 ≤ X ≤ 20.5) = P(– 2.3479 ≤ Z ≤ – 2.1243) = 0.0074 P(X


µ = np = 30



a) b) c) _________________________________________________________________________________ Problem 16 (6.42) Based upon past experience, 40% of all customers at Miller’s Automotive Service Station pay for their purchases with a credit card. If a random sample of 200 customers is selected, what is the approximate probability that: a. at least 75 pay with a credit card? b. not more than 70 pay with a credit card? c. between 70 and 75 customers, inclusive, pay with a credit card? SOLUTIONS: n = 200, p = 0.4.



np = 80 ≥ 5 and n(1– p) = 120 ≥ 5



σ = np ( 1 − p ) = 6.9282 P(X ≥ 75) ≅ P(X ≥ 74.5) = P(Z ≥ – 0.7939) = 0.7864 P(X ≤ 70) ≅ P(X ≤ 70.5) = P(Z ≤ – 1.3712) = 0.0852 P(70 ≤ X ≤ 75) ≅ (69.5 ≤ X ≤ 75.5) = P(– 1.5155 ≤ Z ≤ – 0.6495) = 0.1932



µ = np = 80



a) b) c) _________________________________________________________________________________
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