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Hilary Term 2013



Problem Set 1 Financial Management – Financial Analysis I.



The The Fish Fisher er Model Model



An investor has an endowment of  £300 in t in  t =  = 0 and can invest in the following divisible, non-mutually-exclusive investment projects:



Cash Ca sh Outﬂo Outﬂow w Cash Cash Inﬂ Inﬂow ow in t = 0 in  t =  t  = 1 I P 1 I P 2 I P 3 I P 4



60 10 0 10 0 40



80 20 0 10 5 60



1. Calculate the returns of all investment projects and sort them in descending order of returns. 2. Assume Assume for now that there there is no capital capital market. market. (a) Draw Draw the transfo transformat rmation ion curve curve T I I    based on the set of existing investment opportunities in a C 0-C 1   graph. (b) Show graphically graphically that the optimal investmen investmentt program is not independent of  the consumption preferences of the investors. 3. Assume that there is a perfect and complete capital market and that investors can invest and borrow money at a unique interest rate of 20%. (a) Show Show how the introdu introducti ction on of the capital capital market market extends extends the set of feasibl feasiblee consump consumption tion allocation allocations. s. What is the slope of the new transfor transformati mation on curve curve T M  M ? (b) Explai Explain n wh why y inve investme stment nt and consump consumptio tion n decisio decisions ns can now now be separate separated. d. What does this imply for the net present value rule? 1



 (c) Calculate the NPVs of all investment projects. Interpret both intercepts of  the transformation curve T M . (d) The utility function of an investor is given by: U  = C 0 × C 1 - Derive a general expression for the slope of the associated indiﬀerence curves. - Determine the optimal consumption allocation for this investor analytically. What ﬁnancial transactions are necessary to implement this plan? 4. Assume the capital market is imperfect and allows deposits at a rate of 10%, while borrowing costs 40%. Sketch the resulting transformation curve and explain how it aﬀects investors’ investment and consumption decisions. Solution:



1. IP 1  = 33% (Rank 3), I P 2  = 100% (Rank 1), I P 3  = 5% (Rank 4), I P 4  = 50% (Rank 2). 2. No capital market (a) Sketch:



2



 (b) Indiﬀerence curves Impatient investor: might for example only select I P 2 . Patient investor: might for example select projects 2, 4, and 1. In general, the farther an indiﬀerence curve is away from the origin, the higher the utility index. Therefore, the indiﬀerence curve that is tangent to the transformation curve is the preferred one. 3. Perfect capital market with r = 20% (a) Sketch:



–  Slope of the present value line is -1.2. – Optimal investment plan consists of all projects with a higher return than the market, i.e., projects 1, 2, 4. This pushes the present value line as much as possible outwards and thus maximizes the level of possible consumption. (b) A separation of investment and consumption decisions is possible because the capital market allows to shift consumption through time, in both directions, at a unique rate of 20%. All investment decisions can be taken based on the 3



 net present value criterion, which implicitly assumes borrowing and investing at the same rate. (c) NPVs:



– NP V (IP 1 ) = −60 + 80/1.2 = 6.67 NP V (IP 2 ) = −100 + 200/1.2 = 66.67 NP V (IP 3 ) = −100 + 105/1.2 = −12.5 NP V (IP 4 ) = −40 + 60/1.2 = 10 Consistent with our previous results, the NPV rule suggests to invest in projects 1, 2, and 4. The sum of their NPVs is 83.33. This is the total wealth increase. – C 0 -intercept: C 0max = Initial endowment + N P V (IP 1 ) + NP V (IP 2 ) + NP V (IP 4 ) = 383.33 It represents the total wealth and the maximum possible consumption in time 0. – C 1 -intercept: C 1max = C 0max × 1.2 = 460 It represents the maximum possible consumption in time 1. (d) U  = C 0 × C 1



–  Total diﬀerential:



dU  =



∂U  ∂U  dC 0 + dC 1  = 0 ∂C 0 ∂C 1 C 1 dC 0 + C 0 dC 1  = 0 dC 1 −C 1 = dC 0 C 0



 This is the slope of the indiﬀerence curves, a.k.a. the marginal rate of  substitution (MRS). –  To solve the consumption problem, equate the MRS with the slope of the present value line: ⇒



MRS = Slope of present value line −C 1 = −1.2 C 0 C 1 = 1.2C 0



(1) (2) (3)



We do not have a unique solution yet because there are inﬁnitely-many indiﬀerence curves. This line represents set of points on the indiﬀerence curves that have the same slope as present value line. Next, we isolate the “right” indiﬀerence curve by taking the intercept of the present value line ⇒



4



 into account: – The present value line resulting from the optimal investment program has the function: C 1  = C 1max − 1.2C 0  = 460 − 1.2C 0



(4)



Combine (3) and (4) 1.2C 0  = 460 − 1.2C 0 C 0  = 191.67 Plug this into (4) to obtain corresponding C 1  value: C 1  = 230 –  To reach this point, the investor ﬁrst selects the optimal investment program (projects 1, 2, and 4), which oﬀers an allocation of  C 0  = 100, C 1 = 340. Hence, he needs to borrow the remaining 91.67 to arrive at his personal optimum. The repayment of the loan in time 1 is 110, which reduces his time-1 consumption to 230, which is consistent with the previously stated result. 4. Imperfect market with a deposit rate of 10% and a borrowing rate of 40%.



•



Investment and consumption decisions are not unrelated anymore. 5



 –  Impatient investors vote for projects 2 and 4 and then borrow money to reach the optimal consumption point. –  Some more patient investors vote for projects 2, 4, and some fraction of  project 1. –  The most patient investors vote for projects 2, 4, 1 and invest money in the capital market. ⇒  Conﬂicts between shareholders are inevitable. II.



Savings and Consumption (BMA 2.16)



Mike Polanski is 30 years old of age and his salary next year will be $40,000. Mike forecasts that his salary will increase at a steady rate of 5% per annum until his retirement at age 60. a) If the discount rate is 8%, what is the PV of these future salary payments? b) If Mike saves 5% of his salary each year and invests these savings at an interest rate of 8%, how much will he have saved by age 60? c) If Mike plans to spend these savings in even amounts over the subsequent 20 years, how much can he spend each year? Solution:



a) Let S t  = salary in year t 40,000(1.05) − PV = 30 = 40, 000 × t=1 (1.08) t



 



1



t







(1.05)30 − (.08−.05) (.08−.05)×(1.08)30 1







 = $760,662.53



b) PV(salary) ×0.05 = $38,033.13 Future value = $38,018.96 ×(1.08)30 = $ 382,714.30 c) PV = C



×







1



1 − r r×(1+r)t



$382,714.30 = C



×



C = $382,714.30 /



III.



 



  



1 1 − 0.08 0.08×(1.08)20



1 1 − 0.08 0.08×(1.08)20



 = $38,980.30



The Oil Field – The NPV rule and cash ﬂow forecasts (BMA 2.35)



Your ﬁrm’s geologists have discovered a small oil ﬁeld in New York’s Westchester County. The ﬁeld is forecasted to produce a cash ﬂow of C 1  = $2 million in the ﬁrst year. You estimate that you could earn an expected return of  r   = 12% from investing in stocks with a similar degree of risk to your oil ﬁeld. Therefore, 12% is the opportunity cost of  capital. What is the present value? The answer, of course, depends on what happens to the cash ﬂows after the ﬁrst year. Calculate present value for the following cases:



6



 a) The cash ﬂows are forecasted to continue forever, with no expected growth or decline. b) The cash ﬂows are forecasted to continue for 20 years only, with no expected growth or decline during that period. c) The cash ﬂows are forecasted to continue forever, increasing by 3% per year because of inﬂation. d) The cash ﬂows are forecasted to continue for 20 years only, increasing by 3% per year because of inﬂation. Solution:



a) PV = 2/.12 = $16.667 million b) PV = $2 ×







1 1 − 0.12 0.12×(1.12)20







 = $14.939 million



c) PV = 2/(.12-.03) = $22.222 million d) PV = $2 ×



IV.







1 1.0320 − (0.12−0.3) 0.12×(1.12−0.3)20







 = $14.939 million



Investment Decisions – NPV vs IRR (BMA 5.11)



Consider the following two mutually exclusive projects: Cash Flows ($) Project A B



C 0



C 1



-100 +60 -100 0



C 2



C 3



+60 0 0 +140



a) Calculate the NPV of each project for discount rates of 0, 10, and 20%. Plot these on a graph with NPV on the vertical axis and discount rate on the horizontal axis. b) What is the approximate IRR for each project? c) In what circumstances should the company accept project A? d) Calculate the NPV of the incremental investment (B - A) for discount rates of 0, 10, and 20%. Plot these on your graph. Show that the circumstances in which you would accept A are also those in which the IRR on the incremental investment is less than the opportunity cost of capital. Solution:



a) The ﬁgure on the next page was drawn from the following points: 7



 Discount Rate 0%



10%



20%



NPVA +20.00 +4.13 -8.33 NPVB +40.00 +5.18 -18.98 b) From the graph, we can estimate the IRR of each project from the point where its line crosses the horizontal axis: IRRA  = 13.1% and IRRB  = 11.9% c) The company should accept Project A if its NPV is positive and higher than that of Project B; that is, the company should accept Project A if the discount rate is greater than 10.7% (the intersection of IRRA and IRRB  on the graph below) and less than 13.1%. d) The cash ﬂows for (B - A) are: C 0 = $0 C 1  = -$60 C 2  = -$60 C 3  = +$140 Therefore: Discount Rate 0% NP V B NP V B



A



−



A



−



10%



  +20.00 +1.05



20% -10.65



 = 10.7%



The company should accept Project A if the discount rate is greater than 10.7% and less than 13.1%. As shown in the graph, for these discount rates, the IRR for the incremental investment is less than the opportunity cost of capital.



V.



Optimal Machine Life (BMA 6.28)



The Borstal Company has to choose between two machines that do the same job but have diﬀerent lives. The two machines have the following costs: Year 0 1 2 3 4



Machine A $40,000 10,000 10,000 10,000 + replace



These costs are expressed in real terms. 8



Machine B $50,000 8,000 8,000 8,000 8,000 + replace



 a) Suppose you are Borstal’s ﬁnancial manager. If you had to buy one or the other machine and rent it to the production manager for that machine’s economic life, what annual rental payment would you have to charge? Assume a 6% real discount rate and ignore taxes. b) Which machine should Borstal buy? c) Usually the rental payments you derived in part (a) are just hypothetical - a way of  calculating and interpreting equivalent annual cost. Suppose you actually do buy one of the machines and rent it to the production manager. How much would you actually have to charge in each future year if there is steady 8% per year inﬂation? (Note: The rental payments calculated in part (a) are real cash ﬂows. You would have to mark up those payments to cover inﬂation.) Solution:



,000 ,000 a) P V A = 40, 000 + 101,.000 + 10 + 10 06 1.06 1.06 P V A  = $66, 730 (Note that this is a cost.) 2



3



P V B = 50, 000 + 81,.000 + 18,.000 + 18,.000 + 18,.000 06 06 06 06 P V B  = $77, 721 (Note that this is a cost.) 2



3



4



Equivalent annual cost (EAC) is found by: 9



 P V A = EAC A ×  [annuity factor, 6%, 3 time periods] 66, 730 = EAC A × 2.673 EAC A  = $24, 964 per year rental P V B = EAC B ×  [annuity factor, 6%, 4 time periods] 77, 721 = EAC B × 3.465 EAC B  = $22, 430 per year rental b) Annual rental is $24,964 for Machine A and $22,430 for Machine B. Borstal should buy Machine B. c) The payments would increase by 8% per year. For example, for Machine A, rent for the ﬁrst year would be $24,964; rent for the second year would be ($24, 964 × 1.08) = $26, 961; etc.
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