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PREFACE



This book is an outgrowth of the authors’  Fluid Mechanics: An Interactive Text  (ASCE press, 1998). That book is intended to be a complete text for students in elementary fluid mechanics. It contains a feature that no paper text can: interactive data and interactive programs for the computation of most of the elements of a fluid mechanics course 1. In this book we make these features available to students and  practitioners in a form that is separate from the fluid mechanics text. Thus, these materials become available to those who select conventional texts as well as users of the interactive text. Our goal is to disseminate these tools as widely as possible; thus, we have set a low price. However, their  use requires a basic level of M ATLAB  6.0 or higher. Most educational institutions have site licenses for  MATLAB, so that is no problem in universities. Many individuals, however, do not have M ATLAB , and obtaining it substantially increases the price of the programs. We hope that some will find it worthwhile. Indeed, price is the major reason that we have published this book ourselves on our own web site. The overhead and profit due to a conventional publisher would have added considerably to the price and we would have been less able to retain complete control. In this way we can make the book free and charge a very low price for the software. This book without the programs  can be reproduced and distributed if such distribution is free and a citation to its origin is prominently given. On the other hand, the purchaser of the software must agree not to copy it—or permit it to be copied—for another person’s use. To do so is a violation of the copyright. If we find that cheating occurs, we will have to add security, which will add substantially to the cost of  the book and software. The cost of software greatly depends on the users’ honesty. Although we have attempted to check each of the programs, several have such a large number of options that verifying all is a huge task. We have probably located most of the errors in those programs that were contained in Fluid Mechanics: An Interactive Text , but several of the programs are new to this book and others have been enhanced. These have not had the advantage of student use and have been checked minimally. When we find errors we will attempt to correct them and will post updated files on our web site so that users can download the corrected versions.



The calculator syndrome A couple of decades ago controversy raged on whether school children studying arithmetic should be allowed to have calculators. In the university we debated whether calculators should be allowed in exams. When the decision came to permit calculators, we still argued about programmable calculators.  Fluid Mechanics: An Interactive Text  brought the debate to a higher level. Do the programs automate fluid mechanics calculations to such an extent that the student learns only how to use the programs and not the theory and application? The answer is not easy. In the days of calculation by slide rule—which  both of us remember—the majority of time in the fluid mechanics class was spent learning one-dimen1. Of course, Fluid Mechanics: An Interactiv e Text  has much more including movies; an interactive glossary-index; liberal use of hypertext and other navigation features; provision for notes and bookmarks; word, figure and table search; and selection of level of presentation of material.
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  Book arrangement 



sional approximations and how to calculate. Today that time is better utilized in learning the theory of  fluid mechanics and fluid behavior in multiple dimensions. Only a decade or two ago, learning numerical methods and a programming language was important for  undergraduates. Now, however, programs exist that can do most of the routine calculations. The engineering decisions are what program to apply, how to furnish relevant data, how to interpret the results and—most important—if the results can be trusted. In other words, engineering judgement is more im portant than ever and the student has to treat any automated process critically. Obviously, the use of Fluid Mechanics Solutions in the classroom must be tailored by the individual instructor to his/her teaching style. We would be the first to protest if a course becomes an exercise in com pute r usage. The programs can give a feel for fluid mec hanics phenomena and the variation of   parameters, but they are no substitute for laboratory experience. At the very least, they provide access to phenomena that are unreachable either by standard calculation or by experiment in the typical undergraduate laboratory.



Book arrangement The first chapter of Fluid Mechanics Solutions consists of the data programs. The data range from simple tables, such as appear in a conventional book, to interactive plots. Some of the data appear also in later  chapters of the book. For example, the Moody diagram is an interactive plot in Chapter 1, but the same data in another form appear in the program PipeFlow (Chapter 6). This arrangement means that those who only need to find a friction factor can do so quickly using the data chapter, but those who do pipe flow calculations do not have to bother with a separate compilation of friction factors. Obviously, Fluid Mechanics Solutions is intended as a supplement to  Fluid Mechanics: An Interactive Text  or to a conventional textbook. Although many examples are presented in this book, there are no  problems or exercises. The examples are designed to illustrate features of the programs and, presumably,  problems and exercises are included in the primary text of a fluid mechanics course. For many problems the student will have to be innovative. For example, PipeFlow is designed for single pipes of unchanging diameter. The student must figure out how to use it for series or parallel pipes. Although most of the program chapters present some equations and theory, those sections are intended to relate what appears in this book to the material in most texts; the theory is not meant to be complete. For a quick start to the programs, the user can skip the introductory theory and proceed directly to the sections that describe how to use the programs. The interactive interfaces are designed to be intuitive,  but the user needs to read the relevant parts of this book to learn what can be done. See the section “Program Notes” for more explanation on how to use the book and the programs.
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Units Some of the data and programs are presented in dimensionless form, but many of the programs use a system of units. We have used the following units: • SI (Système International). Length in meters (m), time in seconds (s), mass in kilograms (kg) and force in newtons (N) • BG (British Gravitational). Length in feet (ft), time in seconds (sec), mass in slugs (slug) and force in pounds (lb) • EE (English Engineering). Length in feet (ft), time in seconds (sec), mass in pounds-mass (lbm) and force in pounds (lb)



The default system of units, and that which appears when a program is first entered, is SI. The user can switch units at any point in a program and numerical quantities are automatically converted. This feature is sometimes handy in using systems of hybrid units. For example, viscosity may be known in SI units and other quantities in BG units. In that case, the user chooses SI units to enter the viscosity and then chooses BG units for the remainder of the calculation; the numerical value of the viscosity is automatically converted.



The lawyers made us do it The authors make no warranties, express or implied, that the software referenced in this book is free of  error or suitable for any particular application. The authors disclaim all liability for direct, indirect, or  consequential damages resulting from incorrect information in this book, including but not limited to incorrect equations, or errors or omissions in the programs. If the programs are used in a manner that may result in injury to a person, loss of property, or other adverse consequences, such use is at the user’s own risk. Computer programs, as any literary or artistic matter, can be protected by copyright and the programs referenced in this book are so protected. The programs referenced herein are sold to an individual user  for his or her exclusive use on a single computer, except that the purchaser is authorized to place the software on one additional computer provided that both copies are not used simultaneously. Furnishing copies of the software to a third party is an infringement of the copyright. This book is also copyrighted. However, the reader is authorized to make unlimited copies of the entire  book or parts thereof for his/her use or to distribute to other parties provided that such distribution is free of charge and provided that the source of the book or any part is clearly identified and acknowledged.  No part of this book may be used in another copyrighted work without the express written agreement of at least one of the authors.
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 PROGRAM NOTES



This edition of Fluid Mechanics Solutions is intended to be run on a PC in Windows and requires access to MATLAB. It has been tested with Windows 2000 and Windows XP, but it should run in other versions of Windows. MATLAB  6.5 is necessary to guarantee success on all of the programs; MATLAB  6.0 will  probably work with the programs, and some, but not all, will run on versions as early as MATLAB 4.3. The C-disk should contain the directory “FMS ” with two subdirectories: “Book” and “Programs.” The “Book” subdirectory contains two files, the pdf file of the book and aflowtut.mov (which contains the tutorial for AreaFlow). The “Programs” subdirectory contains files and subsubdirectories that are necessary to run the programs. It includes a subdirectory for each of the chapters of this book plus a couple of others that contain programs or data. There are three methods of running the programs: 1. Start MATLAB  and change the working directory to c:\FMS\Programs 2. On the command screen type FMS and press “enter.” That brings up the following screen: iv



iv



Figure 1. The initial screen of the Fluid Mechanics Solutions controller. 2. Start MATLAB  and change the working directory to that of the program that you wish to run (e.g., c:\FMS\Programs\Hydric). On the command line type the name of the program (e.g., Hydric). 3. Open the book and use the hypertext in the book to run any of the programs or the data items.  Near the beginning of each chapter there appears a statement such as “Click here to run xxx” where xxx is the name of a program or data item. Clicking on the word “ here” starts MATLAB  and brings 2. Change the MATLAB directory by typing “C:\FMS\Programs” in the box labeled “Current Directory:” at the top of the command screen.
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 The FMS screen



up the program or data item. The response upon exiting a program or data item depends on how it was invoked and how the user  chooses to exit. Each program or data item has a pushbutton with the word “Close.” The user is encouraged to exit with that button instead of using the X in the upper right corner of the window of the program or data item. (Exception: In Manning’s n for Channels there is no “Close” button.) If the FMS screen is  present (usually the program has been invoked by Method 1), using the “Close” button simply returns to the FMS screen and leaves MATLAB  running. If the FMS screen is not present, using the “Close” button exits the program and shuts down MATLAB . If the FMS screen is not present and the user wishes to exit the program but not exit MATLAB, that can be done by using the X in the upper right corner of  the screen instead of the “Close” button. Any of the programs or data items can be run from either the book or the FMS screen. The pdf file of  the book can be run from the FMS screen. However, the FMS screen disappears when a program or data item is running. Whatever method is used to run a program or data item, the FMS system is designed such that only one program or data item should be open at once. Attempting to open more than one item may lead to errors.



The FMS screen The initial FMS screen, Figure 1, contains just three items plus the Close button. Both pull-down menus contain several items and the push button on the right opens the pdf file of the book. Explanation of each of the menu items is contained in this book. All of the data items appear in Chapter 1 and each of the  programs has its separate chapter. The “Close” button exits the FMS screen but leaves MATLAB  running. MATLAB can be closed using the X or from the “File” menu on the MATLAB command screen.



The data menu The pull-down menu on the left has the items Airfoil Characteristic | Drag coefficients | Friction coefficients | Gas properties | Liquid properties | Pipe diameter data | Standard atmosphere. Upon clicking on Drag coefficients, another pull-down menu appears with the items Cylinder | Sphere | Misc. shapes. Clicking on one of these leads to the indicated data. Upon clicking on Friction coefficients, another pull-down menu appears with the items Hazen-Williams | Manning’s n in channels | Manning’s n in rivers | Moody diagram. Gas properties has the items Conductivity | Density | Molecular properties | Viscosity. Liquid properties has the items Conductivity | Density | SAE viscosities | Surface tension | Thermal properties | Vapor pressure | Viscosity | Water properties. Any item of data should be closed before selecting another item or program.



The program menu The pull-down menu in the center has no submenu. It contains the items Units | Hydric | Hydric3D | DiAna | PipeFlow | PotFlow | BIEMer | AreaFlow | Fanno | Rayleigh | ChannelFlow | AxialVel | SlveTran. Clicking on any item runs the corresponding program.
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The book Clicking on the “Open the book” button opens the pdf window of this book. Since the FMS screen disappears when using any program or data item, if the user wants the book open at the same time as a program, the “Open the book” button must be pressed first. The pdf window can be minimized or resized so that both the book and the FMS screen can be seen at the same time, thus allowing programs to be run while the book is open. If a program is run from the book, Method 3, or directly, Method 2, without the FMS screen present, MATLAB  will be closed if the program is closed from the “Close” button; if the FMS screen is present MATLAB  will stay running when the program is closed.



Saving and printing program results Saving plots or other screens of the FMS program operates the same way as in other Windows programs. The active screen is written to the Windows clipboard by pressing “ctrl” and “print scr” simultaneously on the keyboard. The screen shot can then be pasted into any word processor or graphics program for  further refinement. A word processor or graphics program will allow it to be resized, annotated, or modified in other ways, or combined with text to make a report.
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CHAPTER  1



Data The data utilities are described in this chapter. They range from simple tables, such as those in a print  book, to interactive programs and plots. The pull-down menu in the FMS controller has the following items and subitems: Airfoil characteristics, Drag coefficients (Cylinder, Sphere, Misc. shapes), Friction coefficients (Hazen-Williams, Manning’s n in channels, Manning’s n in rivers, Moody diagram), Gas  properties (Conductivity, Density, Molecular properties, Viscosity), Liquid properties (Conductivity, Density, SAE viscosities, Surface tension, Thermal properties, Vapor pressure, Viscosity, Water properties), Pipe diameter data and Standard atmosphere.



Airfoil characteristics Figure (1-1) describes the force and moment coefficients of typical low-speed airfoil sections. In the left  plot, the lift and moment coefficients are plotted against angle of attack. Note that the moment coefficient, measured at the quarter-point, is nearly independent of the angle of attack for high Reynolds num ber of the present data. In the right plot, the drag coefficient is plotted as a function of the lift coefficient. Click here to run Airfoil. 1



Characteristics of the plots are: • Eleven wing sections are available. They are chosen by clicking on “Wing Sections” in the upper left corner of the screen. More than one wing section can be plotted on the same graph for comparison. The airfoil sections that are displayed are listed in the black box in the lower  left part of the screen. To eliminate an airfoil section from the plot, open the Wing Section menu and uncheck the airfoil section. • Selecting the radio button next to “Zoom” allows the plots to be expanded. To zoom in either   plot, click in the graph at the point about which you wish to expand, or hold down the left mouse button while drawing a rectangle that will become the extent of the plot when the mouse button is released. To restore the plot to the original scale, double click in the plot. • Selecting the radio button next to “Pick Point” allows clicking in either of the plots along one of the lines to choose the coordinates of the point. These coordinates are then displayed in the “Current Point” rectangle. Alternatively, you can edit the box for the  x-coordinate to specify the exact point and the  y-coordinate will change accordingly. • The “Reset” button restores the default values. • The scroll bars along and below each plot allow moving the plot so that it can be read when the plot is expanded (zoomed).
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 Data  Drag coefficients



• The “Close” button closes the plot.



Consider the NACA 0012 wing. The lift coefficient is nearly linear over a large range,



(1-1)



1



1



Figure 1-1. Interactive plot of force and moment coefficients coefficients for airfoils. The coordinates of the white star are shown in the “Current Point” box. where !  is  is the angle of attack and ! 0 is the angle of attack at zero lift. However, as the angle of attack  reaches a limit—a bit more than 16 o in this case—the airfoil stalls. At higher angles of attack the lift decreases rapidly and the drag increases, a situation to be avoided by pilots.



Drag coefficients The drag coefficients is contained in the equation
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in which D which  D is  is the drag, "  drag,  "  is  is the density, C  D is the drag coefficient, A coefficient, A is  is the projected area of the object normal to the oncoming flow (with the exception of a wing in which case  A is  A is the area of the planform of the wing) and V  is  is the velocity of the fluid relative to the object.



Drag coefficient on a circular cylinder  The drag drag coefficient for for a circular cylinder 3 is presented presented as as a simple plot against Reynolds number. The area of Equation (1-2) is (1-2)  is A  A=diameter =diameter x length. Click here here to  to display the plot.



Drag coefficient on a sphere The drag coefficient for a sphere is presented as a simple plot against Reynolds number. The area of  Equation (1-2) is (1-2)  is the projected area of the sphere,



 A ! # D 2 / 4



(1-3)



in which D which D is  is the diameter of the sphere. Click here here to  to display the plot.



Drag coefficient on miscellaneous objects A general figure is shown with the drag coefficients for two- and three-dimensional objects. The three-dimensional objects can be rotated to better define their shape. Click here here to  to display the graphic.



Friction coefficients Several friction coefficients for use in pipes and channels are presented. Those that are used in pipes are also available from PipeFlow; those that are used in open channel are also available from ChannelFlow.



Hazen-Williams The Hazen-Williams Hazen-Williams coefficient, a measure of surface roughness for water flow in a pipe, is presented in a simple table. The Hazen-Williams Hazen-Williams equation for average velocity is



V



! 0.849Chw Rh0.63S 0.54 SI units



V



! 1.318Chw Rh0.63S 0.54   BG or EE uni ts ts



(1-4)



in which V  is  is the velocity, C hw is the coefficient, R coefficient,  Rh is the hydraulic radius (area/wetted perimeter) and S  is  is the slope of the hydraulic grade line. Values of the Hazen-Williams coefficient are also available in the program PipeFlow, which compares different friction coefficients at various values of pipe roughnesses. Click here here to  to display the table.



3. The expression “circular cylinder” is not redundant; a cylinder can have any cross-sectional shape. In Hydric3D the word “cylinder” is used to denote an object that does not change cross-section along the x  the x -direction. -direction.
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Manning’s n in channels Manning’s n is a roughness coefficient most commonly used for open channel flow, but it is also used for flow of water in pipes. It is the coefficient in Manning’s equation,



1



V  !  Rh S n 2/ 3



1/ 2



V  !



inSIunits



1.486 n



2/3



1/ 2



 Rh S 



in BGandEE unit unitss



(1-5)



where V  is  is velocity, R velocity, Rh is hydraulic radius (area/wetted perimeter; see Equation (12-12) for rectangular  channels in the ChannelFlow chapter) and S  is  is the slope of the hydraulic grade line. See also Equation (12-4).. (12-4) This item is a detailed, extensive (scrollable) table of n for a variety of conditions in both pipes and channels. It is based on the table in Chow (1959). (1959) . Click here here to  to display the table.



Manning’s n in rivers 1



1



Figure 1-2. A typical description of a river for a particular Manning’sn. A series of 20 photographs of rivers shows the situation for different values of Manning’s n. A description of each case, including cross-sectional cross-sectional shapes, is included with the photos, Figure (1-2). (1-2). These pic-
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tures and descriptions are used to compare with an actual situation that requires a guess at Manning’s n. Click here here to  to display the pictures.



Moody diagram The Darcy-Weisbach Darcy-Weisbach equation for head loss due to friction in a round pipe is 2



 L V  h f  =  f ---- ----- D 2 g 



(1-6)



in which h f  is the head lost in length L length  L,, f  is  is the Darcy friction factor, D factor, D is  is the pipe diameter, V  is  is the average velocity and g  and g  is  is the acceleration due to gravity. The friction factor, f  factor,  f , is a function of the pipe Reynolds number and the pipe roughness. For turbulent flow the friction factor is given by the Colebrook-White Colebrook-White equation,



1  f 



$ e / D 2.51 ! "2 log10 && # 3 . 7 Re  f  %



(1-7)



where Re is the Reynolds number. For laminar flow, =



64 ------Re



(1-8)



These equations are plotted in the Moody diagram, Figure (1-3). (1-3) . The utility PipeFlow can also compute the friction factor, but PipeFlow does not display the Moody diagram. 1



The check box for grid lines turns the grid on or off in the plot. The relative roughness, e/D, e/D, the Reynolds number and the friction factor can be typed into the white edit boxes. Once two of the three quantities are known, a click on the screen computes the third. Pushing the “Pick Point” button allows positioning of the cursor in the plot where a point can be selected (the circled point in Figure (1-3)) (1-3)) by clicking with the left mouse button. A line is drawn through the point and the three quantities, e/D, e/D, Re and f   and f , are dis played in the white white boxes. Click here here to  to display the diagram.



Gas and liquid properties Although gas and liquid properties are listed separately on the pull-down menu in the program controller, they are combined here because those with interactive plots are combined under the general category of fluid properties. Those that are not interactive plots are simple tables. The interactive plots are described in the next section.



Gas and liquid conductivity and viscosity; liquid vapor pressure All of these interactive graphs work in a similar manner. That for gas conductivity is shown in Figure (1-4).. (1-4)
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1



Figure 1-3. The Moody diagram. The relative roughness, Reynolds number and friction factor for the circled point in the plot are displayed in the edit boxes on the left.



G as and liquid conductivity. The conduction of heat is described by Fourier’s law, which states that the (vector) rate of heat flow q h is proportional to the temperature gradient,



(1-9)



in which k   is the thermal conductivity. Since the thermal conductivity is positive, Equation (1-9) states that heat is conducted down the temperature gradient from a higher-temperature region to a lower-temperature region. Except at extreme values, the thermal conductivity is independent of pressure,  but it is a function of temperature. It can be fitted to the equation 2 3 * $ T   ' $ T   ' T  k ! k ,A# B # C && )) #  D && )) / ref  T ref , % T ref  ( % T ref  (  /. +



(1-10)



in which k ref  is the conductivity at temperature T ref  if A+ B+C + D=1. Data from Reid, Prausnitz and Poling (1987) form the basis of the plots in the conductivity graphs. Click here for gas conductivity or here for liquid conductivity.
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1



1



Figure 1-4. The interactive plot for gas conductivity. The menu near the lower left of the screen has items for gas viscosity, liquid conductivity, liquid viscosity and liquid vapor pressure.



G as and liquid vis cos ity. In two-dimensional, laminar simple shear flow the shear stress is (1-11)



in which $ is the coefficient of viscosity (often just “viscosity”), v x is the velocity in the x-direction and z  is an axis normal to the velocity vector. For liquids, the dependence of viscosity on temperature is well approximated by



$  ln ( --------- ) & $ re f '



=



T re f  T  a + b --------- + c ( --------- ) & T re f ' T 



+



T  2 d ( --------- ) & T re f '



(1-12)



The plots use Equation (1-12) with constants from Reid, Prausnitz and Poling (1987). For gases, the viscosity is described by the power law,



$



=



T  n $ re f ( --------- ) & T re f '
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or by the Sutherland law,



3



$



=



( T  --2) , ( ---------) * T re f  + S +, & T re f ' $ re f , ----------------------------------------- T + S  , , & '



(1-14)



For values of the constants in Equation (1-13) and Equation (1-14) see Chapman and Cowling (1964). Both laws are plotted on the interactive graph, but there is little difference between the two. Click here for gas viscosity or here for liquid viscosity.



Liquid vapor press ure. The vapor pressure of a liquid is the pressure at which the liquid boils for  a given temperature. For example, the vapor pressure of water is one atmosphere (101,300 Pa=14.7  psi) at 100o C (=212o F). The plots show the vapor pressure for several common liquids as taken from the formula



 p ln -----v  pc



3



=



--( 2 3 6) T c) --, A . + B .  + C  .  + D .  - (& --T  & ' '



(1-15)



in which pv is the vapor pressure, pc is the vapor pressure at the critical point where the temperature is T c and .  ! 1 " T / T c . The constants A, B, C  and D are given by Reid, Prausnitz and Poling (1987). Click here for vapor pressure



Examples. Two examples illustrate the use of the fluid properties console. First, find the viscosity of  water at 33 o C. From the FMS controller select “Fluid Properties” on the left-hand menu and then select “Liquid Viscosity” from the submenu, or simply click here. Water is the light blue line next to a darker blue, but the two lines may be difficult to distinguish. Make the line for water bold by placing a check in the square box to the right of “Water.” Now select the radio button to the left of “XY Cursor.” The cursor has now changed from an arrow to a cross. Place that cross over the line for water  approximately one-third of the distance between 0 and 100 degrees and click. Since three curves are very close at that point, it is likely that you have chosen a wrong line—say, carbon tetrachloride—instead of water. If that is the case, recheck the box for water.



The number appearing in the “ x=” edit box is probably not exactly 33. That number can be adjusted  by selecting it—either double click in the box or hold down the left mouse button while moving the cursor over the number—and typing “33.” When you then click outside the edit box, the “ y=” value will change to 0.00076592, the viscosity of water at 33 o C. Note that the point on the plot also moves to 33 but stays on the selected line. De-select the “XY Cursor” radio button to enable z ooming. Then zoom the plot by clicking at the position of the small cross, or hold down the left mouse button while drawing a small rectangle that includes the cross. Also, activate the grid lines by placing a check in the grid line box. After several levels of zoom, the value in the “ y=” box can be read approximately from the left scale of the plot. To restore the plot to the original scale, either press the “Reset Zoom” button or double-click anywhere on the plot. For the second example, find the viscosity of air at 90 o C. Select “Gas Viscosity” from the pull-down menu. Note that there are two formulas available, Sutherland’s formula and the power law. The lines on the plot for the two formulas are almost indistinguishable. 8
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Select the “XY Cursor” radio button and turn on the grid. Now you can choose a point on the line at approximately 90 o C and correct the point in the “ x=” edit box. The resulting viscosity is 2.122 x10-5 kg/m s or 2.127 x10-5 kg/m s, but which line (formula) is it? Zooming provides the answer. You first need to de-select the “XY Cursor” radio button, then draw a very small rectangular around the plus sign on the graph. The zoomed plot will reveal which line has been selected. Select the other line keeping the temperature at 90 o C to find the result of the other formula.



Other gas properties Density. The table has columns for density in kg/m 3, slugs/ft 3 and lb/ft3 and for specific gravity. The gases in the table are hydrogen, helium, water vapor, nitrogen, air, oxygen, CO 2, N2O, SO2, chlorine and CCl3F. Click here to display the table.



 Molecular properties . The gas properties are molecular weights, exponents for power-law variation of viscosity with temperature, and Sutherland constants. The listed gases are air, ammonia, argon, car bon dioxide, carbon monoxide, chlorine, helium, hydrogen, methane, neon, nitric oxide, nitrogen, nitrous oxide and oxygen. Click here to display the table.



Other liquid properties Density. The table has columns for density in kg/m 3, slugs/ft 3 and lb/ft3 and for specific gravity. The liquids are ethanol, carbon tetrachloride, gasoline, glycerine, kerosene, mercury, SAE 10 oil, SAE 30 oil, seawater and water. Click here to display the table.



 S A E vis cos ities . The table shows the viscosity requirements for motor oils at temperature -17.7 o C and kinematic viscosity at temperature of 98.9 o C. The oils are 5W, 10W, 20W, 20, 30, 40 and 50. Click here to display the table.



 S urface tens ion. The table shows the surface tension of various liquids in contact with air and a solid. They are benzene-4 with paraffin and teflon; n-decane with teflon; mercury with glass and teflon; n-octane with teflon; n-propanol with polyethylene, paraffin and teflon; and water with gold, glass,  platinum, human skin, teflon and paraffin. Click here to display the table.



Thermal properties. The table gives the specific heat at c onstant pressure and the coefficient of thermal expansion for benzene, carbon tetrachloride, ethanol, ethylene glycol, glycerine, kerosene, mercury, methanol, octane, sea water and water. Click here to display the table.



Water. The water utility gives several properties of water as functions of temperature, salinity and  pressure, Figure (1-5). The boxes in the top row are edit boxes in which the temperature (degrees Fahrenheit or Celsius), the salinity (parts per thousand) and pressure (kPa, lb/ft 2, or lb/in2) can be entered. The unit system is chosen in the next line. For the given pressure, temperature and salinity, the first column of light-gray boxes shows the viscosity, kinematic viscosity, density, specific weight, vapor   pressure, surface tension, modulus of elasticity, speed of sound, freezing temperature and boiling tem perature.
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The radio buttons labeled “Plot” activate a plot of the particular property. The property is plotted against temperature for the first eight items (through speed of sound)—with salinity as a parameter  in the density plot, Figure (1-5) —against salinity for the freezing temperature and against pressure for  the boiling temperature. Click here to run water. 1



1



Figure 1-5. The water utility. The plot is density as a function of temperature with salinity as a parameter.



Pipe diameter data Commercially manufactured pipes are chosen by nominal diameter. The nominal diameter is usually not the inside diameter that is needed for flow calculation. This interactive screen gives the inside diameter  in terms of the nominal diameter and the type of pipe for most commercially available pipes. Units are chosen from the radio buttons at the top of the screen, but the nominal diameter is always in inches, regardless of the chosen units Figure (1-6). 1



The type of pipe is chosen by selecting a radio button in the central part of the screen. The nominal diameter is typed into the white edit box in the lower center of the screen. The real inside and outside di-
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1



Figure 1-6. The screen for determining pipe diameter from nominal diameter. ameters are exhibited in the green boxes on the lower part of the screen after pressing the button “Find diameters” in the bottom center of the screen. In the case that there is no commercial pipe that has the nominal diameter in the edit box—the case shown in Figure (1-6) —two sets of green boxes appear. The first set is for the pipe size immediately smaller than the given diameter and the second set displays the real dimensions for a pipe immediately larger. The letters “na” appear in the boxes if the requested nominal diameter is outside the range of the table that is stored. This utility is also available in the program PipeFlow where the correct inside diameter is automatically entered into the program and the type of pipe, or a type with the same frictional properties, is checked on the friction screen of PipeFlow. Click here to run PipeData.



Standard atmosphere This interactive table and plot give values of the U. S. Standard Atmosphere (1962), Figure (1-7). The  pull-down menu under the word “System” allows selection of units. The white edit boxes in the h-row select the altitude, which can be a geopotential 4 or a geometric altitude. The pressure or density can also 4. Geopotential altitude is a fictitious altitude determined by integrating the hydrostatic equation while ass uming a constant value of the acceleration due t o gravity, g . It differs from the geometric altitude by less than one-half percent up to 31,600 meters.
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 be chosen. When one of these three quantities is chosen, clicking anywhere on the screen calculates the other two as well as the density, temperature, speed of sound, dynamic viscosity of air and kinematic viscosity of air. The plot shows temperature, density and pressure as a function of altitude. Each of these values is normalized to its sea-level value—they cross the sea-level line at unity on the  x-axis. The yellow line corresponds to the value that appears in the altitude box. The plot can be enlarged (zoomed) by clicking on any point, which doubles the scale around that point, or by using the mouse to draw a rectangle, which forms the limits of the zoomed plot. Double clicking on the plot restores the original scale. Click here to run StdAtmos.



Example As an exercise in using the Standard atmosphere utility, choose SI units and place 20000 in the geopotential altitude box. Click on the screen (or press the “Enter” key) to read that the pressure at 20 km altitude is 5457 Pa (compared to 101,300 Pa at sea level). Zoom about the point by drawing a zoom box at the point the lavender line (the density) crosses the yellow line. After sufficient zooming, read that the ratio of density at 20 km to that at sea level is 0.0719. On the pull-down system menu click for BG units and read the equivalent values (e.g., the altitude has changed to 65,620 ft). Double-click on the plot to return to normal scale. To find the altitude at which the pressure is one-tenth its sea-level value, return to SI units and enter  10130 in the geopotential altitude box. Change the units to EE and read 1.469 psi. Attempt to go to the limits of the atmosphere by entering 0.001 lb/ft 2 in the pressure box. Since the utility is not designed for such an extreme altitude, a warning box appears. Click OK in the warning box to reset the pressure to its minimum value of 0.003433 lb/ft 2. At that pressure the geopotential altitude is 291,200 ft, which differs from the geometric altitude (295,300 ft).
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1



Figure 1-7. The U. S. Standard Atmosphere. The properties are those of 30,000 m.



References Anon (1962). U. S. Standard Atmosphere , U. S. Government Printing Office, Washington, D. C. Chapman, S. and T. G. Cowling (1964). The Mathematical Theory of Non-uniform Gases , Cambridge. Chow, V. T. (1959). Open-channel Hydraulics, McGraw-Hill, New York. Horner, S. F. (1958). Fluid-Dynamic Drag , S. F. Horner, Midland Park, New Jersey. Reid, R. C., J. M. Prausnitz and B. E. Poling (1987). The Properties of Gases and Liquids, McGraw-Hill,  New York.
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CHAPTER  2



Units: Unit conversions Part of an engineer’s burden is dealing with a number of different systems of units. This utility is designed to convert (almost) any set of units to any other set of units. Click here to run Units.



Dimensions and units In fluid mechanics we deal with five 5 fundamental dimensions: length, time, mass, force and temperature. The amount of length, time, mass, force and temperature is expressed in units, for example meter, second, kilogram, newton and kelvin, respectively. The International System of units (SI) has been adopted by most countries, but unfortunately not by the United States. Thus, U.S. engineers—and those who deal with U.S. engineers or with old documents—face the burden of unit conversion.



Units is designed for conversion between three systems: • SI (Systemè International) in which the fundamental units are those listed above (meter, second, kilogram, newton and kelvin). • BG (British Gravitational) in which the fundamental units are foot, second, slug, pound force (usually simply “pound”) and degree Rankine. • EE (English Engineering) in which the fundamental units are foot, second, pound mass,  pound force and degree Rankine.



An obvious connection exists between mass and force on earth. It is



weight ! acceleration dueto gravity 0 mass m ft Wt. of 1newton ! 9.807 2 01 kg Wt . of l pound force ! 32. 17 01 slug s sec2



(2-1)



In Units this connection is made by selecting the radio button labeled “Link mass and force by the acceleration due to gravity. Affects this screen only” on the initial screen, Figure (2-1).



Using Units When Units is first invoked, the screen appears as in Figure (2-1). Actually, two screens appear in the figure. The left part is used for selecting what is shown on the right, which initially consists of basic con5. Units does not deal with electrical units.
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versions of mass, force, length and time. These four dimensions work independently unless the radio  button to link mass and force is selected, in which case the mass and force columns both change if any number in either is changed. On this and other screens the numbers in the edit boxes can be changed by selecting them or double clicking in the box and typing a new number. Then clicking anywhere on the screen changes the other numbers in the column to correspond to the number that was entered. 2



2



Figure 2-1. The initial Units screen. A check in one of the boxes on the left brings up different screens, shown below.



Length, area, volume This screen does the conversions for length, length squared and length cubed. Example: How many (US) gallons are in one imperial gallon? Put a 1 (one) in the edit box for imperial gallons and click on the screen to read 1.2009 U. S. gallons. The initial length screen is shown in Figure (2-2). 2



Velocity, flow rate This screen, Figure (2-3), does conversions for length/time, length cubed/time and mass/time. Like some of the screens that follow, there are radio buttons to obtain several constants 6. In this case all of the items in the constant column are velocities and selecting one of the radio buttons only changes the velocity column. 2



6. These constants are often approximations. For example, the viscosity of water on the viscosity screen is a representative value and does not take temperature into consideration.
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2



Figure 2-2. Conversion screen for length, area and volume.



Pressure The screen for the conversion of force/area is shown in Figure (2-4). Changing one of the edit boxes alters the values in both columns. 2



Viscosity On the viscosity screen, Figure (2-5), the columns for dynamic viscosity and kinematic viscosity are independent (except that using one of the radio buttons on the right changes both columns) and cannot be linked. They are related by density through the equation



dynamic viscosity ! kinematic viscosity 0density



(2-2)



2
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2



2



Figure 2-3. Conversion screen for velocity, volume rate of flow and mass rate of flow. 2



Figure 2-4. Conversion screen for pressure.
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2



Figure 2-5. Conversion screen for viscosity.



Density, specific weight Like the viscosity screen, the two columns of the density and specific weight screen, Figure (2-6), cannot  be linked even though they are related by the equation



(2-3)



density = specific weight / acceleration due to gravity 2



Surface tension The screen for conversion of force/length is shown in Figure (2-7). 2



Temperature The absolute temperatures are kelvin=degree celsius+273.15 and degree Rankine=degree Fahrenheit+459.67. Conversions between celsius and degree Fahrenheit and between kelvin and degree Rankine are



degree Fahrenheit =



 9 5



degreeCelsius + 32



degree Rankine =
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kelvin



(2-4)
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Figure 2-6. Conversion screen for density and specific weight. 2



Figure 2-7. Conversion screen for surface tension.



20



Fluid Mechanics Solutions



 Units: Unit conversions Using Units



These relationships drive the temperature screen, Figure (2-8). 2



2



Figure 2-8. Conversion screen for temperature. This screen also has a means to convert temperature and relative humidity to dew point temperature. To do so, put the temperature in any one of the edit boxes and click on the screen. Then put the relative humidity in the edit box in the lower-left part of the screen and click on the screen. The temperature boxes will then change to the dew point temperature. As an example consider a temperature of 30 o C and a relative humidity of 50%. The result is a dew point of 18.4 o C.



Work, energy and power  The conversion screen for force-length and force-length/time is shown in Figure (2-9). The SI units are linked to the BG and EE units so that the two columns at the top work together, as do the two columns at the bottom. 2



General The general screen, Figure (2-10), is intended to convert most mass, force, length and time units. First, the number to be converted is written in its units as m



f



l



n (mass units) (force units) (length units) (time units)



t



 



(2-5)



in which m is the exponent of the mass units, f  is the exponent of the force units, l is the exponent of the length units and t  is the exponent of the time units. These exponents are entered into the edit boxes for 
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2



Figure 2-9. Conversion screen for work, energy and power. mass, force, length and time in the columns marked “Fr” (from) and “To.” The exponents should be entered into the row corresponding to the unit. For each of the double columns (Mass, Force, Length and Time) the sum of the numbers in the “Fr” column must equal the sum of the numbers in the “To” column. The number to be converted is entered into the edit box at the top of the screen. Finally, the button la beled “Find results” is pressed and the answer appears in the green box near the upper right corner of  the screen. Before making another calculation, the user should press the “Set all exponents to zero” button to be sure that none of the previous values contaminates the new calculation. 2



Example 1. Convert 8.5 ft-lb/sec to N-m/hr. Under length put 1 (one) in the “Fr” column and “Foot” row, and put 1 in the “To” column and “Meter” row. Under force put 1 in the “Fr” column and “Pound” row, and put 1 in the “To” column and “Newton” row. Under time put –1 (minus one) in the “Fr” column and “Second” row and put –1 in the “To” column and “Hour” row. Now type 8.5 in the “Number to be converted” edit box and press “Find results.” The answer is 41,488.04.



Example 2. Manning’s equation for friction in SI units is



 1



V  !  Rh2 / 3 S 01/ 2 n



(2-6)



where V  is velocity, Rh is the hydraulic radius (area/wetted perimeter), n is a friction coeff icient and S 0 is the slope of the hydraulic gradient. The dimensions of n are T/L1/3. If Equation (2-6) is written in BG or EE units, it becomes



c 2 / 3 1/ 2 V  !  Rh S 0 n
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2



Figure 2-10. General conversion screen. where c is a constant, but n remains numerically the same. To find c, n is converted from SI units to BG units. Enter –0.33333 in the edit box in the “Fr” column and “Meter” row and the same number  (exactly) in the “To” column and the “Foot” row. (There is no need to enter the time dimension since  both SI and BG use seconds.) Pressing “Find results” gives 0.6729871. The reciprocal of that number  is c=1.486. In BG or EE units Manning’s equation is commonly written



V  !



 1.486 n



2/ 3



1/ 2



 Rh S 0



BG or EE units



(2-8)



where n has the same numerical value as in the equation written in SI units.



Prefixes The last screen (not shown here) in Units is the prefix screen. It is a simple table that shows the prefix to add to a unit to specify values of 10 –18 of the unit to 10 18 of the unit. For example, a petameter is 10 15 meter.
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CHAPTER  3



Hydric: Hydrostatic forces on plane surfaces Hydric computes the forces, moments and center of pressure on arbitrarily shaped plane surfaces under  hydrostatic pressure. The surface can be vertical, slanted or horizontal. The calculations are exact within roundoff accuracy, except that curved boundaries are approximated by straight-line segments between nodes. The next section briefly explains the basis of the calculations. Those wishing to begin running Hydric immediately can go to the explanation of how to use the program. Click here to run Hydric.



Basis of calculation The force on a submerged, flat surface (a plate) is



 F



=



/ p d A



(3-1)



 Ar ea



in which F  is the total force (which acts normal to the plate), p is pressure at any point on the plate, and the integration is over the area of the plate. The pressure is assumed hydrostatic,



(3-2)



 p ! " g 1 h0 " y sin 0 2



where  "  is the density, g  is the acceleration due to gravity, h0 is the vertical distance of the origin of the  x,y coordinate system—which is in the plane of the plate with  x horizontal—below the liquid surface and 0  is the angle the plate makes with horizontal, Figure (3-1). Using Equation (3-2) in Equation (3-1)



F



(3-3)



! " g  3  1 h0 " y sin 0 2 d  A  Area



The coordinates of the center of pressure are



 x !



" g



1 h " y sin 0 2x d A F   3 0



 Area



y!



" g F 



3  1 h " y sin 0 2y d A   0



(3-4)



Area
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Figure 3-1. The plate and coordinate system. (a) A view of the plate with the x  ,y -coordinate system in the plane of the plate and the x -coordinate horizontal. (b) A side view of the plate. For purposes of calculation, the area moments about the origin are defined as



 M  x



=



/ x d A



M  y



=



/ yd A



M  yy



=



/ y d  A 2



M  xy



/ xy d A



=



(3-5)



so that



F



(3-6)



! " g 1 h0 A " M y  sin 0 2



and
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(3-7)



Up to this point all of the integrals have been area integrals. The area integrals can be transformed into  boundary integrals along the edge of the plate. The basis is Green’s second identity (for a brief derivation see Green’s second identity section on page 106  in the BIEMer  chapter),
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in which U  and W  are arbitrary function of the x,y coordinates,
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erator, 2 W  3 2 n means 1 W 4 n where n is the outward unit normal to the boundary and 2A represents the boundary. In cylindrical coordinates for an axisymmetric field the Laplacian operator is written
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For all cases we define W  as 2
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Then 1 W  = 1 . The variable U  is defined variously according to what we want to calculate. For example, to calculate area, let U =1 so that
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where 5  is the distance from the origin to a boundary segment of the polygon along a line normal to the  boundary segment. Figure (3-2) shows how Equation (3-11)is applied to the integration around a polygon. A 6   7 5  coordinate system is created with its origin coincident with the origin of the  x,y coordinate 3
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Figure 3-2. Integration along the boundaries of a polygon. The 675  coordinate system is aligned with the 6 -axis parallel to the side of the polygon (j to j+1) where integration is taking place. The normal distance from the side of the polygon to the 6 -axis is 5   j . system and the 6 -axis parallel to the boundary segment along which the integration takes place. Then Equation (3-11) becomes  N 
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in which N  is the number of segments around the polygon and Ln is the length of the nth segment. The final form of Equation (3-13) results because 5   is, by definition, constant for any segment. Equation (3-13) could have been derived by summing the areas of  N  triangles, each with one vertex at the origin and one side along a segment of the polygon where the sign of 5  is taken into account. The moment equations have the form
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where m is zero or an integer. Setting U =1 and 1 W
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To find the area, for example, take m=0 so that
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The moment equations are complex and the reader is referred to Liggett (1988) for a full explanation. However, each moment equation can be expressed as an integral around the boundary of the plate. Those relevant to Hydric are
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The above equations are based on numbering the nodes counterclockwise around the plate; however, Hydric is written so that the nodes can be numbered either clockwise or counterclockwise.



Using Hydric The initial screen is shown in Figure (3-3). Units are selected by means of the radio buttons near the top left of the screen. Numbers for depth of submergence and for the highest and lowest parts of the plate are entered into the first two edit boxes. If the highest and lowest parts of the plate are the same distance from the liquid surface, the plate is horizontal. The liquid density is entered into the third edit box. 3



 Next, a polygon is formed by entering the  x, y-coordinates of the nodes on the edge of the plate. For a curved plate the edge is approximated by straight-line segments, the approximation being better the
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Figure 3-3. The initial Hydric screen. more closely spaced the nodes. The coordinate system lies in the plane of the plate with the  x-axis horizontal, Figure (3-2). Counterclockwise numbering of the nodes is preferred, but numbering in either direction should produce the same results. After entering the coordinate pair of each node, click on the “Add node” button. The position of the node is then plotted on the graph at right as a small yellow square. As nodes are added, the node numbers are advanced by one. At any time after entering three or more nodes, the user can press the “Connect nodes” button to connect the nodes and display the node numbers on the plot. Choosing a node number and pressing the “Remove node” button removes the node and renumbers those that follow. A node can be added between existing nodes by choosing a fractional node number (ex pressed as a decimal) and clicking on the “Add node” button. For example, choosing 2.4 for a node num ber adds a node between existing nodes 2 and 3. Hydric then renumbers the nodes. The aspect ratio of the plot can be set at unity by clicking on the button just below the plot. The radio  button below the plot toggles the grid on and off. The buttons at the bottom of the screen have obvious meanings. Clicking on the “Calculate” button finds the total force on the plate, its horizontal and vertical components and the coordinates of the center of pressure. The point at the center of pressure is added to the plot. The “Store data” button displays a dialog box for storing the data that is on the screen in a
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file with extension .sta. The “Retrieve data” button opens a dialog box for retrieving previously stored data.



Example Consider an isosceles triangular plate with base 2 m long lying in the water surface. The remaining vertex of the triangle is 1 m under the surface and the plate is vertical. On the main screen c hoose the submergence of the top as zero and the submergence of the bottom as 1 m. Use the density of water (the default value). The nodal coordinates are: (1) x=0, y=0; (2) x=-1, y=1; (3) x=1, y=1. (Note that the minimum y-value is at the lowest part of the plate.) The plate must be vertical because the  y-distance along the plate is equal to the difference in submergence of the top and bottom. After entering the nodal coordinates, press the “Connect nodes” button, press the “Calculate” button, and set the aspect ratio to one to produce the screen shown in Figure (3-4). Notice that the center of pressure is not at the centroid of the plate. To continue this example, choose both the top and bottom submergence as 2 m and press the “Calculate”  button. The total force is now  F  = "   gA h = 19.58 kN in which h is the submergence of the plate. All of the force is now in the vertical direction with the center of pressure at the centroid of the plate since the pressure on the plate is constant over the area. 3



Reference Liggett, James A. (1988). “Exact formulae for areas, volumes and moments of polygons and polyhedra,” Communications in Applied Numerical Methods , Vol. 4, pp. 815-820.
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Figure 3-4. The results screen of the example.
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CHAPTER  4



Hydric3D: Hydrostatic forces on arbitrary surfaces The primary difficulty with three-dimensional calculations is that the necessary data are often long and tedious to supply. Hydric3D is no exception. However, a number of predefined surfaces are available that may make the program easier to use. User-defined surfaces are also available to minimize the pain of entering data. The next section briefly explains the basis of the calculations. Those wishing to begin using Hydric3D immediately can skip to the explanation of how to use the program. Click here to run Hydric3D.



Basis of calculation The equations used for Hydric3D are basically the same as those used in Hydric, the primary difference  being that they must be written as vector equations. In both cases the hydrostatic force of a fluid on a surface acts normal to the surface. In Hydric that force acts in a single direction on all parts of the surface  because the surface is flat. In Hydric3D the surface is made up of elements whose normal directions are, in general, different. The force on an element of a submerged surface is
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in which  F e is the total force, p is pressure at any point on the element, n is a unit vector normal to the element, and the integration is over the area of the element. The pressure is assumed hydrostatic,
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where  "  is density, g is the acceleration of gravity, h0 is the vertical distance of the origin of the  x,y,z  coordinate system below the liquid surface, and z  is vertical, Figure (4-1). Using Equation (4-2) in Equation (4-1) gives the magnitude of the force acting normal to the plate as
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The total force on a surface is Fluid Mechanics Solutions
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in which the summation is a vector sum. 4
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Figure 4-1. An element and coordinate system. (a) A view of the element with the  z -coordinate vertical and the x- and y -coordinates horizontal. (b) A side view of the element. Hydric3D uses two methods to compute forces and moments. The first, numerical area integration, is the simplest (and fastest from the computational point of view) but is approximate. Its accuracy depends on the discretization of the surface, a finer discretization being more accurate. It can be used for most of the predefined surfaces (see The predefined surfaces section on page 39 ) although it is not suitable for the ellipsoid and the hyperboloid(1). For all surfaces the user has the option of choosing the second method. It uses the boundary integral equation method (BIEM, see Basis of calculation section on page 25 in the Hydric chapter). The accuracy is independent of the discretization, except that elements are defined by straight lines along their boundaries, so that if the elements have curved boundaries, shorter line segments will more accurately approximate the boundary. The BIEM is an alternate for predefined surfaces and is the only method available for user-defined surfaces. The methods are explained in the following paragraphs.



Approximate area integration For the predefined surfaces Hydric3D divides the surface into quadrilateral elements 1. These elements must be planar and, when entering coordinates for the elements, the user is responsible for ensuring that they are, in fact, planar. The area of the element normal to the i-axis is computed as e
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1. Elements that touch t he poles of the elliptic c ylinder are redundant quadrilaterals. Two of the nodes are placed at the pole with a zero-length line segment between them.
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where a , b , c and d are the four sides of the quadrilateral and ni is a unit normal in the ith direction. The forces on the element in the coordinate directions are
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in which h is the distance under the fluid surface of the centroid of the element. Moments are computed  by



 M  x



! Fy z " Fz y



My



! Fz x " Fx z



Mz



! Fx y " Fy x



(4-7)



where * x7 y7 z + is the centroid of the element. Of course, the force does not necessarily act at the centroid so Equation (4-7) is an approximation that is exact only in the limit of vanishingly small elements. Hydric3D allows the user to specify the number of elements in a surface, with more elements representing a better approximation at the penalty of longer computing times.



The boundary integral equation method The integrals around the boundary are performed in much the same manner as in Hydric (see Basis of  calculation section on page 25 ). For that purpose a coordinate system ( p,q) is defined with its origin at node number 1 of the element and oriented such that the  p,q-plane is in the plane of the element with the q-axis horizontal. The methods of Hydric can then be applied directly. For purposes of calculation, the area moments—not to be confused with the force moments represented  by Equation (4-7) —are defined about the origin as  A
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where n is the unit normal to the p-q plane. From this point the method parallels that used in Hydric. The forces in each of the coordinate directions are summed from the forces on the elements. The coordinates of the center of pressure of each element are used to compute moments and Equation (4-7) ap plies with the centroid replaced by the center of pressure,
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However, in Hydric3D the center of pressure for the entire surface is not calculated because for  three-dimensional objects it is not always well defined. Knowing the moments, the user can compute the center of pressure if that is a useful quantity.
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Using Hydric3D with predefined surfaces Hydric3D is composed of two screens. The initial screen, shown in Figure (4-2), is used to compute forces and moments on the predefined surfaces. An additional screen is available for user-defined surfaces. This section describes the items on the initial screen and the use of each of the predefined surfaces. 4



4



Figure 4-2. The initial screen of Hydric3D. Units are selected on the initial screen by the radio buttons near the top left of the screen. Other items are: • Depth of origin is the distance below the surface of  z =0. • The default for liquid density is water. • The pull-down menu contains a number of surface types, as shown in Figure (4-3), that are defined by equations. Surface types are Plane, Elliptic cylinder 1 , Parabolic cylinder, Sinusoidal cylinder, Tangential cylinder, Cubic cylinder, Ellipsoid, Elliptic paraboloid, Elliptic cone, Hyperboloid(1), Hyperboloid(2), Hyperbolic paraboloid, and User defined.



1. The word “cylinder” is used in Hydric3D to indicate that the surface is not a function of x ; nothing changes along the x -axis. “Cylinder” does not imply that the surface is circular.
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When one of the predefined surfaces is selected, the equation of the surface appears in the next line. When the user-defined surface is selected, a new screen is shown for the purpose of defining the surface. 4



4



Figure 4-3. The pull-down menu showing the available surface types. • The vertical extent of the surface can be limited by specifying maximum and minimum depths. (See Limiting surfaces section on page 38 ). • The surface equations contain parameters that can be changed to alter the shape of a surface. These parameters are specified in the next three edit boxes. • The surface can be rotated about either the  x-axis or y-axis, but not both. Enter the angle of  rotation in the appropriate edit box. (See further explanation under the Plane example 3 (cutoff plane) section on page 42.) • The next four edit boxes limit the extent of a surface in the x- and y-directions. (See Limiting surfaces section on page 38.) Note that limits to the extent of the surface are applied before rotations, except that any part of the surface above the liquid surface is eliminated. • The extent of a surface can be further limited by defining vertical cutoff planes. (See Limiting surfaces section on page 38.) • The x-resolution and y-resolution specify the number of grid points in the  x-direction and the  y-direction. More grid points generally lead to greater accuracy at the expense of longer  computation time. • Results are given in the boxes near the lower left of the screen. These boxes have a green  background when the computation is complete. The signs of the forces must be interpreted according to which side of the surface is in contact with the liquid. • The “Set aspect ratio=1” button makes the scaling of each of the coordinate directions equal on the plot. There is no undo for this button.
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• The “Grid on” radio button toggles the grid in the plot. • The surface can be plotted in a mesh or as an opaque surface according to which box is checked. • The “Close” button terminates the program. • The “Clear coordinates” button restores default values. • The “Store data” button writes the data of this screen and the user-defined screen to a file with extension .hy3. Its function is identical to the equivalent button on the user-defined screen. • The “Retrieve data” button writes data that was previously stored in a file to the screen. • The “Calculate” button initiates the force and moment calculations. • The “Info” button opens a screen that provides explanation about the program.



Limiting surfaces The user can limit the extent of a surface by specifying cutoff planes. For example, the equation of a cylindrical surface indicates that it extends to infinity in the positive and negative  x-directions, but the extent of the surface can be limited by specifying planes normal to the  x-axis. Hydric3D provides for the definition of two horizontal and six vertical cutoff planes. The two horizontal planes are defined by the minimum and maximum depths. Two of the six vertical cutoff planes are defined by the numbers in the  x-coordinate “To” and “From” boxes and an additional two are defined by the numbers in the  y-coordinate “To” and “From” boxes. The remaining two vertical planes cut across grid lines and have the equations
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in which the user supplies the values of p, q, u, r , s, and v. All points on a surface where the inequalities are valid become a part of the force and moment calculation. If no limiting plane is chosen, the parameters in the inequalities should remain zero. See defining a Plane section on page 39  for further explanation and an example. The full extent of the generated grid (all points implied by setting the  x- and y-resolutions) are used if  there is no limiting surface. Specifying horizontal and vertical limiting surfaces often cuts off grid points that are otherwise generated and included in the c alculation, thus creating fewer active grid points than the resolution implies. Limiting planes may have an unexpected effect on the surface. Any element that has a node that falls outside the limiting planes is discarded in the calculation. Thus, the area of a surface is always equal to or less than the true area, as specified by the equations and the limiting surfaces, and the boundary of  the surface may ragged. See Plane example 3 (cutoff plane) section on page 42. Rotation changes the way the horizontal and vertical planes limit the extent of a surface. The limits are applied before rotation.
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The predefined surfaces The predefined surfaces available in Hydric3D are described below with example plots and calculations. Discretization for the purpose of integration is done in either of two ways: (1) A grid is generated on the  plane z =0 and the z -coordinate is calculated from the equation of the surface, or (2) A grid is generated in cylindrical coordinates about the origin of the coordinate system and the  z -values are based on that grid. Method (1) has the disadvantage that large (nearly vertical) elements are formed near vertical surfaces. It is used with direct area integration ( Equation (4-3) for example). Method (2) is used with the BIEM. Although the user has a choice of integration methods, only the BIEM can be used for the ellipsoid and the hyperboloid(1). In these cases the user chooses the resolution from a single edit box instead of choosing x- and y-resolutions separately. The first predefined surface is the plane, which is used to illustrate some of the features such as the cutoff   planes and rotation.



Plane The plane surface is included in Hydric3D for generality and because it is used for detailed explanation of how the data are specified. Serious calculations on plane surfaces are better done in Hydric as Hydric3D is less efficient, less accurate and less general for planes. For example, the predefined plane in Hydric3D cannot represent a surface with a curved boundary that is approximated by short line segments whereas such a surface can be defined in Hydric. However, such a surface can be defined in Hydric3D as a user-defined surface. A plane is defined by the equation
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where a and b are supplied by the user in the appropriate edit boxes. The parameter c is not used for the  plane.



Plane example 1 (horizontal plane). As an example make the following selection on the initial screen: • Depth of origin = 2 m • Type of surface = plane (The equation of a plane then appears below the menu.) • a=0, b=0, c arbitrary •  No axis of rotation •  x-coordinate from 0 to 4 m, y-coordinate from 0 to 2 m •  No additional limiting planes (all parameters zero). The limitations on the x- and y-axes have formed limiting planes. • Make the x- and y-resolutions equal to 20; do not use the BIEM.
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Click on the “Calculate” button and read the results, which appear in Figure (4-4) where the aspect ratio has been set to unity. Since the surface is horizontal, there is no force in either the  x-direction or   y-direction. The first green box gives the total force (the vector resultant of the forces in the three coordinate directions) as 156.6 kN. The last box give the z -force as –156.6 kN. Hydric3D does not know which side of the plate is wet; it has guessed that the top of the plate is wet and the force of the water  on the plate is downward, in the negative z -direction. The true sign of the force should be obvious to the user. Moments about the axes are computed from the forces and their signs must be reversed if the sign that Hydric3D has assumed for the forces is wrong. The sign of the moments is found according to the right-hand-screw rule. 4



4



4



Figure 4-4. The results of the plane calculation.



Plane example 2 (slanted plane). Change the current example to a slanted plate with the edge x=4 in the water surface. Change the parameter a to 0.5, make the x-range from 0 to 4, make the y-range from 0 to 2, and change the x-resolution to 40, which is expected to make square elements. Clicking on “Calculate” produces the screen in Figure (4-5). 2



2



 Notice that the length of the plate is no longer 4 m; it is height + length = 4.472 m . To check  this calculation set a=0, the  x-coordinate range from 0 to 4.472, and the rotation about the  y-axis=25.565 deg=tan -1 0.5. The result is the same as that for the previous calculation.
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To test the effect on resolution, make both the  x- and y-resolutions equal to unity. One might expect that such a crude approximation would give very bad results. However, we see that the calculated forces on the plate are the same as in the previous calculation, as are the x- and z -moments. However, the  y-moment is quite different. The force on the plate has been assumed to act at the centroid, which makes no difference in the x- and z -moments but is incorrect in the  y-moment. Keeping the same resolution (unity in both directions), select the “Use BIEM” radio button and calculate. All of the results, including the  y-moment, are now correct. The boundary integral equation method is exact within the geometrical approximation, and in this case the geometry is exact. 4



4
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Figure 4-5. Forces on a slanted plane. Suppose that we are interested in only the upper half of the plate. We could, of course, change the parameters to make the origin at x=2 and the length equal to 2.236 m. Another method is to use a vertical cutoff plane. Set p=1, q=0, and u=2, which excludes all points for  x


1. If the x -resolution is unity, Hydric3D will give a message that the entire surface area is zero. That is the case because there is no element that is entirely  in the area where x  is equal to or greater than 2.
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Plane example 3 ( cutoff plane). As a further exercise in the use of cutoff planes, make the plate 4 m long ( x-direction), 2 m wide ( y-direction) with a rotation about the y-axis of 30 degrees and compute forces that act on the plate for  y+0.5 x9:7 i.e., the plate is to be cut by a diagonal from (0,2) to (4,0). Make r =0.5, s=1, and v=2. Make the x-resolution equal to 40 and  y-resolution equal to 20. The plot of the plate is shown in Figure (4-6). The diagonal edge is very ragged and the area of the plate over  which the pressure is computed is less than half the area of the undivided plate. Hydric3D excludes any element with a node outside of the designated area. 4



4



4



Figure 4-6. The plot of a plate cut on the diagonal (aspect ratio=1). The results of the calculations are  x-force=12.09 kN, z -force= –20.94 kN and total force=24.18 kN. The same calculation using Hydric produces  x-force=13.05 kN,  z -force= –22.61 kN and total force=26.1 kN. The calculation of Hydric is exact, but Hydric3D has underestimated the force due to the exclusion of area along the diagonal boundary. If the resolution is increased to 160 by 80, the total force is calculated to by 25.6 kN, still an error of almost 2%. Thus, the resolution can make a large difference when dealing with cutoff planes that are not parallel to element boundaries.



Plane example 4 (vertical plane). Using Equation (4-12), Hydric3d cannot compute forces on a vertical plane since a would be infinite. Forces on a vertical plane have to be computed by rotation. First, the plane is generated on a horizontal surface (or on a slanted surface) and then rotated to the vertical. As an example consider a plane with the depth at the origin of 2 m, take a=0 and b=0, make it extend from x=0 to x=4 and y=0 to y=2, make the resolution 4 by 4 and use the BIEM. The calculated force
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is 156.6 kN in the vertical direction on the horizontal plane. Now give the plane a 90-degree rotation about the x-axis and calculate. The resulting force is 78.31 kN in the  y-direction. Forces on the other   predefined surfaces are often better calculated if the surface is generated on a horizontal plane and then rotated if that makes the near-vertical elements a consistent size with the near-horizontal elements.



Elliptic cylinder  The elliptic cylinder is in the shape of an ellipse when viewed along the  x-axis (in the y,z -plane). Its cross sectional shape is constant with  x. The equation of an elliptic cylinder is
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(4-13)



The vertical coordinate, z , is not a function of x. The parameter a does not appear in the equation.



E lliptic cylinder example 1 (circular). Consider a circular cylinder of unit radius with the upper  most generatrix in the water surface. Make the depth of origin unity, b=1, c=1, the x-coordinate from 0 to 1, and the y-coordinate from –1 to 1. When choosing one of the cylindrical objects, the default value of the x-resolution is unity since the accuracy of the calculation does not depend on the  x-resolution. Make the y-resolution equal to 32. Calculation with the BIEM radio button unselected gives a total force of 30.57 kN in the vertical direction. The value of the vertical force should be the weight of water in the cylinder, which is 30.75 kN. The discretization of the cylinder is shown in Figure (4-7)a. If the BIEM radio button is selected, the force is 30.56 kN and the discretization is shown in Figure (4-7) b. In the first instance the grid is first generated on a horizontal plane, making the near-vertical elements large. In the second case the grid is generated for equal angles so that all of the elements are the same size. 4



E lliptic cylinder example 2 (half ellips e). Our objective in this example is to calculate the forces on a half ellipse such as is shown in Figure (4-8). Before we do that, however, we will compute the forces on a full ellipse that touches the water surface; i.e., a surface like that of Figure (4-8) except that it extends below the plane z =0. One might imagine that the calculation could be done by selecting depth of origin=1 m, a=0, b=0.5, x-range 0 to 1, y-range –1 to 1 and then a 90-degree rotation. Figure (4-9)a shows the results without the rotation. A 90-degree rotation about the  x-axis produces Figure (4-9) b, which is the shape that we want, but it does not extend to the fluid surface. 4 4



With that clue, the method to generate the surface shown in Figure (4-8) is to choose parameters depth to the origin=1, Max depth=1 (which cuts off the bottom half), b=2, c=1, and y-range from –2 to 2 with no rotation. The resulting force is vertical at 8.6 kN using the BIEM. Again, Hydric3D does not know on which side of the surface the fluid is; in this case it has assumed the bottom of the surface, giving a positive z -force.



Parabolic cylinder  The parabolic cylinder has the equation
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4



(a)



(b)



Figure 4-7. The elliptic cylinder (a) normal discretization and (b) using BIEM. 4



Figure 4-8. A half-ellipse that touches the water surface. To generate a shape much like Figure (4-8), set the following parameters: Depth of origin=0, Min depth=0, Max depth=1, b=1, c= –1, x-range of 0 to 1, y-range of –1 to 1 and BIEM checked. The surface is shown in Figure (4-10). The resulting force is 6.539 kN. 4
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4



(a)



(b)



Figure 4-9. An ellipse (a) before rotation and (b) after rotation. 4



Figure 4-10. An example of a parabolic cylinder.



Hyperbolic cylinder  The equation of a hyperbolic cylinder is
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An example of a hyperbolic cylinder is shown in Figure (4-11). It was generated with the following parameters: Depth of origin= –1, Min depth=0, Max depth=Inf, b=0.5, c= –1, x-range 0 to 1, and y-range  –1 to 1. 4



4



Figure 4-11. An example of a hyperbolic cylinder.



Sinusoidal cylinder  The equation for a sinusoidal cylinder is



 z
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An example of a sinusoidal cylinder is shown in Figure (4-12). It was generated using: Depth of origin=1, Min depth=0, Max depth=Inf, b=0.5, c=1, x-range 0 to 1 and y-range –0 to #. Often only a part of the sine curve is used to fit a real surface. 4



Tangential cylinder  The equation of the tangential cylinder is
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(4-17)



The example of Figure (4-13) was generated using Depth of origin=2, Min depth=0, Max depth=Inf, b=1, c=1, x-range 0 to 1 and y-range –1 to ;
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Figure 4-12. An example of a sinusoidal cylinder. 4



Figure 4-13. An example of a tangential cylinder.



Cubic cylinder  The equation of a cubic cylinder is



 z



! ay # by 2 # cy 3



Fluid Mechanics Solutions



(4-18) 47



 Hydric3D: Hydrostatic forces on arbitrary surfaces The predefined surfaces



The example of Figure (4-14) was generated using: Depth of origin=2, Min depth=0, Max depth=Inf, a=1, b=1, c=0.5, x-range 0 to 1 and y-range –2 to ;< Since the cubic cylinder is a polynomial that uses all three parameters, it is flexible. 4



4



Figure 4-14. An example of a cubic cylinder. .



Ellipsoid The equation of an ellipsoid is 2
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A full ellipsoid with parameters Depth of origin=1, Min depth=0, Max depth=Inf, a=2, b=0.5, c=1,  x-range –2 to 2 and y-range –2 to 2 is shown in figure Figure (4-15)a. Setting the Max depth=1 produces the dome-like structure of Figure (4-15) b. 4



The ellipsoid can be produced only by using the BIEM because of the vertical surfaces. The poles also form unusual elements that have only three nodes.



Elliptic paraboloid The equation of an elliptic paraboloid is
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An example is shown in Figure (4-16) with parameters Depth of origin=0, Min depth=0, Max depth=Inf, a=1, b=1, c= –1, x-range –1 to 1 and y-range –1 to 1. 4
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(a)



(b)



Figure 4-15. An ellipsoid. (a) The full ellipsoid and (b) a dome produced by a half ellipsoid. 4



Figure 4-16. An example of the elliptic paraboloid.



Elliptic cone The equation of an elliptic cone is 2
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Figure (4-17) shows an example of an elliptic cone with parameters Depth of origin=0, Min depth=0, Max depth=Inf, a=2, b=1, c= –2, x-range –2 to 2 and y-range –1 to 1. 4
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4



Figure 4-17. An elliptic cone.



Hyperboloid(1) There are two hyperboloids. Pressures on the first can be calculated only using the BIEM in angular coordinates. The equation is
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Figure (4-18) shows an example with parameters Depth of origin=10, Min depth=0, Max depth=Inf, a=0.1, b=0.1, c=5, x-range –0.3 to 0.3, y-range –0.3 to 0.3, and resolution=16. 4



Hyperboloid(2) The hyperboloid(2) can have two unconnected surfaces, one the mirror image of the other for negative  z -values. Hydric3D will only compute one surface, however. The equation is 2
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Equation (4-19) shows an example using parameters Depth of origin=30, Max depth=Inf, a=0.5, b=0.5, c=5, x-range –2 to 2, and y-range –2 to 2. 4
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Figure 4-18. Example of hyperboloid(1). 4



Figure 4-19. Example of hyperboloid(2).



Hyperbolic paraboloid The equation of the hyperbolic paraboloid is
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Figure (4-20) shows an example using parameters Depth of origin=30, Max depth=Inf, a=0.5, b=0.5, c=5, x-range –1 to 1, and y-range –1 to 1. 4



4



Figure 4-20. The hyperbolic paraboloid.



User-defined surface 4



The last item in the surface-type menu, Figure (4-3), brings up the screen for a user-defined surface. The initial screen is shown as Figure (4-21). The units and liquid density are selected on the main screen; otherwise, the user-defined screen is independent of the main screen. All of the calculations are done by the BIEM so discretization is not important except that the geometry must be adequately represented by straight line segments. The message at the top of the screen indicates that nodes for an element must be specified in order, but the direction around the element is not important.



Entering nodal coordinates The two rows of edit boxes in the upper left of the screen and the row of push buttons below these edit  boxes are used to enter the coordinates of the elements. The “Origin depth” is entered first and does not usually change throughout the calculation. The user must enter the elements in order beginning with 1 and the nodes in order, but elements and nodes can be added or subtracted later as noted below. The text  box gives the depth of the current node; it is simply the origin depth minus the  z -coordinate. All of the nodes of an element must be in the same plane; if they are not, an error message appears. The functions of the edit boxes and push buttons near the upper left of the screen are described below.
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Figure 4-21. The user-defined screen.



 A dd node. The function of the “Add node” button depends on the context. Usually it is used to add nodes sequentially to an element. It is also used to add intermediate nodes, i.e., nodes between existing nodes and to change the position of an existing node. When entering nodes sequentially, click on the “Add node” button after the coordinates are specified for a node, including element and node numbers. A small yellow square is placed in the plot at the location of the node and the node number appears to the right of the square. When adding an intermediate node, the node number is specified as a fraction that is greater than the previous node and less then the next node (e.g., 3.8 to add a node between existing nodes 3 and 4). To change the location of  an existing node, place the new coordinates in the  x, y, z -boxes and specify the node number. The coordinates of an existing node can be determined by entering its element and node numbers in the ap propriate edit boxes.



Hydric3D makes several checks when a node is added, one of which determines if the node is in the same plane as the other nodes. That check is not made until the fourth node (or more if the first three nodes are in a straight line) is entered.



 S ubtract node. If a mistake has been made entering a node, click on “Subtract node” to eliminate the node and renumber the remaining nodes. Be sure that the numbers in the element number and the node number edit boxes are correct for the node that you wish to subtract. After a node has been added, the Fluid Mechanics Solutions
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number in the node number edit box advances by one. Thus, if you add a node with incorrect coordinates and want to change it immediately, the node number must be corrected first to avoid an error  message.



Fi nis h elmnt. When at least three nodes have been added, the “Finish elmnt” button becomes active. When all the nodal coordinates have been added for an element and the finish element button is  pressed, the node numbers disappear from the plot, the surface of the element is given a transparent color, and the element number is advanced to the number of elements plus one. The plot can then be rotated by means of the mouse to enhance the three-dimensional view.



 S ubtract elmnt. An entire element can be removed by use of this button. Be sure that the number of  the element that you wish to remove appears in the element number edit box. Only finished elements (i.e., those that show the element surface as generated by the “Finish elmnt” button) can be subtracted.



Reviewing elements. The coordinates of any node can be displayed by entering the element number  and the node number and clicking on the screen. The coordinates then appear in the  x, y, and z  boxes.



 A dding intermediate nodes . Intermediate nodes can be entered either before or after an element is finished. First, be sure that the proper element number is entered into the box. Then specify a fractional node number that is between the neighboring nodes. For example, to add a node between node 3 and node 4, specify 3.2 for the node number. After specifying the node number and entering its coordinates, press the “Add node” button. All of the nodes will be displayed with revised numbers where necessary. The resulting element will be unfinished so that the “Finish elmnt” button should be  pressed after the element is complete.



R evis ing nodes. The location of a node already in place can be revised. Enter the element number  and the node number. The x, y, and z  edit boxes will display the coordinates of the node after clicking on the screen. To change the location of a node, revise the coordinates and press the “Add node” button. The element will be left unfinished so the “Finish elmnt” button should be pressed when ready.



E xample of manipulating elements and nodes . On the initial screen use SI units and 998.2 kg/m 3  for the density of the liquid. Choose “User defined” from the surface-type menu. The user-defined plot screen appears as in Figure (4-21). Use the default value of unity as the origin depth. Place the first node of the first element at the origin by pressing “Add node.” Note the small yellow square at the origin of the coordinate system with the numeral “1” beside it. Put the second node at (1,0,0), the third node at (1,0,1), the fourth node at (0,0,1) and press “Finish elmnt.” The resulting screen is shown in Figure (4-22). Note that the element number is 2 and the node number is 1 in preparation for entering the next element. The force is shown as applied in the negative  y-direction. Since there is only one element, the force results for the element and all completed elements are the same. 4



Add a similar element with nodes at (0,1,0), (1,1,0), (1,1,1), and (0,1,1). The results for the element are the same as for the first element and the results for all completed elements have doubled. Suppose that we wish to define the liquid on the other side of the surface for the second element. That can be done by pressing the button “Reverse force direction on element 2.” In fact, we can change the direction of the force on any completed element by putting the element number in its box, clicking on the screen, and pressing the “Reverse force ...” button.



54



Fluid Mechanics Solutions



 Hydric3D: Hydrostatic forces on arbitrary surfaces User-defined surface



4



Figure 4-22. The screen after one element is added. When the element number is changed, the items under “Results for element number n only” are changed accordingly. The item in the node number box becomes a horizontal line. To display the coordinates of a particular node, place the node number in its box and click on the screen. To continue the example, suppose that we want to change the coordinate of node 2, element 1, to (1,0,0.5). Change the element number to 1, click on the screen, change the node number to 2, make the coordinates (1,0,0.5), and press “Add node.” Node number 2 is moved to the desired position, but the element is now unfinished. We can finish the element by pressing the “Finish elmnt” button. Let’s put in a new node at (1,0,0) to restore the square element, but this time with five nodes. Make the element number equal to 1, put in a node number as a fraction between 1 and 2 (say, 1.4), make the coordinates (1,0,0), and press the “Add node” button. The new node is added, but the element is unfinished. Press the “Finish elmnt” button.  Nodes can be added or subtracted from a finished or unfinished element. Only finished elements can  be subtracted. In the example place 1 in the element number box and press the “Subtract elmnt” button. The elements are renumbered so that element 2 now becomes element 1, which can be verified  by showing the coordinates of one of the nodes.
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Results boxes Results for both elements and completed surfaces are shown with a green background at the left center  of the screen. The total force, the force components and the center of pressure are shown for the element. The moments about the origin are shown instead of the center of pressure for a surface. The element whose results are shown in the element boxes is indicated in the white band above the result  boxes. Typing a number in the element number box and clicking on the screen brings up the results for  any finished element. The gray push button below the element result boxes reverses the force on the element whose number  is indicated in the push button. The button reverses the sign of the force components on the element and affects the results for the total surface.



The figure As nodal coordinates are specified, they are entered on the figure as small yellow squares with the node number placed to the right of the square. To avoid clutter and confusion, the node numbers are displayed only for the current element, the element whose number is in the element-number box. Thus, when the number in the element-number box is changed to that of a finished element, the node numbers are dis played for that element. The face of each element is given, in general, a different color. The face is transparent so that an e lement  behind also shows and the combination of colors shows the overlap. The viewing angle of the plot is changed by the edit boxes near the bottom left of the screen, the “Set the viewing azimuth” box and the “Set the viewing elevation” box. Also, the plot can be rotated using the mouse in the figure itself. The aspect ratio of the figure is not normally unity but can be made unity by pressing the “Set aspect ratio=1” button. The grid can be cycled on or off by toggling the “Grid on” radio button.



Bottom-of-the-screen buttons The “Return to main screen” button brings up Hydric3D’s initial screen. The information on the user-defined screen is not lost. “Clear coordinates” erases the current information on the screen and resets the default values. “Store data” on this screen acts in the same manner as the comparable button on the main screen. Both  buttons store information on both screens in files with .hy3 extension. The “Retrieve data” button retrieves the stored data from a file and displays it on the screens. The “Info” button brings up a screen that provides information about the user-defined screen.



Error and warning messages The following messages appear in a red or yellow band near the bottom of the screen and just above the lower push buttons. Where the notation xxx or yyy appears, it represents a part of the error statement that depends on the context
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The initial screen From the “Calculate” button. “You have not chosen a surface type.” The surface type pull-down menu still reads “Select type of surface.” “Parameter b must be >= abs(max( y)). To get the bottom part of the cylinder, make Max depth=Inf  and set b=abs(max( y)).” In one of the cylinder calculations, the parameter b is specified as too small. “The y-resolution must be at least 5 for the elliptic cylinder using the BIEM.” There is a lower limit to the resolution using the BIEM for the elliptic cylinder. “The parameter "a" must be non-zero.” This message occurs for those surfaces where the formula contains a division by a. These include the ellipsoid, the elliptic paraboloid, the elliptic cone, the hy perboloid(1), the hyperboloid(2), and the hyperbolic paraboloid. “The parameter "b" must be nonzero.” This message occurs for those surfaces where the formula contains a division by b. These include the elliptic cylinder, the parabolic cylinder, the hyperbolic cylinder, the sinusoidal cylinder, the tangential cylinder, the ellipsoid, the elliptic paraboloid, the elliptic cone, the hyperboloid(1), the hyperboloid(2), and the hyperbolic paraboloid. “The ellipsoid uses only BIEM calculation. Calculation continues after button press.” Calculation with the ellipsoid cannot use area integration but only the BIEM. The calculation automatically continues after the user clicks on the screen. “The resolution must be at least 6 for the ellipsoid. Calculation continues after button press.” There is a lower limit to the resolution for the calculation of the ellipsoid. That resolution is set to the minimum and calculation continues after the user clicks on the screen. “The hyperboloid(1) uses only BIEM calculation. Calculation continues after button press.” Area integration cannot be used with the hyperboloid(1). Calculation continues using the BIEM after the user  clicks on the screen. “The resolution must be at least 5 for the hyperboloid(1). Calculation continues after button press.” There is a lower limit to the resolution for the hyperboloid(1). After the user c licks on the screen, calculation continues at the minimum resolution. “Given your parameters, the defined surface area is zero.” This is a common error message that occurs when all the elements of the surface have at least one node that either is above the liquid surface or  outside of the prescribed boundaries of the surface. For a calculation to proceed, at least one element has to be completely submerged and completely within the prescribed boundaries.



Fr om the B IE M calculation. “The element is entirely in or above the liquid surface. It is eliminated.” Only elements that are entirely submerged are valid. Hydric3D deletes elements that have a node above the surface. “The nodes of the element are in a straight line. Fix element and continue.” Each element must have a finite area.
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Other. “Calculation stopped by user.” This message comes after the “stop” button—which appears during a calculation—is pressed by the user. “Failure to open the file. The error message is: ...” This message comes when the “Retrieve data” operation fails. The message at the end (after the colon) is from M ATLAB. “The density appears to be an invalid number.” The user may have put in two decimal points or a nonnumeric quantity. “The quantity in the element number box must be a positive integer.” “The quantity in the node number box must be a positive integer.” “The quantity in the y-coordinate box appears to be an invalid number.” “The quantity in the x-coordinate box appears to be an invalid number.” “The quantity in the z -coordinate box appears to be an invalid number.” “The quantity in the max depth box appears to be an invalid number.” “This node already exists in this element.” “The quantity in the "a" box appears to be an invalid number.” “The quantity in the "b" box appears to be an invalid number.” “The quantity in the "c" box appears to be an invalid number.” “The quantity in the maximum depth of surface box appears to be an invalid number.” “The maximum depth must be a positive number.” “The quantity in the minimum depth of surface box appears to be an invalid number.” “The minimum depth must less than the maximum depth and positive.” “The value in the x-coordinate "From" box must be less than the value in the x-coordinate "To" box.” “The value in the y-coordinate "From" box must be less than the value in the y-coordinate "To" box.” “The quantity in the x-resolution box appears to be an invalid number.” “The  x-resolution must be an integer.” “The  x-resolution must be greater than zero.” “The quantity in the y-resolution box appears to be an invalid number.”
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“The y-resolution must be an integer.” “The y-resolution must be greater than zero.” “The quantity in the box for  p appears to be an invalid number.” “The quantity in the box for q appears to be an invalid number.” “The quantity in the box for r  appears to be an invalid number.” “The quantity in the box for  s appears to be an invalid number.” “The quantity in the box for u appears to be an invalid number.” “The quantity in the box for v appears to be an invalid number.” “The quantity in the x-axis rotation box appears to be an invalid number.” “The quantity in the y-axis rotation box appears to be an invalid number.”



The user-defined screen Fr om the element number box. “An error occurred reading the element number. It is not a valid number.” The user may have put in two decimal points or a nonnumeric quantity. “The indicated element does not exist. The last element number is xxx. The element number will be set to yyy.” The user has put in a number that does not represent a finished element. The number in the box is set to the number of the last finished element plus one. “The indicated element does not exist. Click anywhere to remove this message and add an element.” When the user enters an element number, Hydric3D tries to display a finished element. To enter a new element after the last finished element, simply click on the screen to remove the warning message.



Fr om the node number box. “An error occurred reading the node number. It is not a valid num ber.” The user may have put in two decimal points or a nonnumeric quantity. “The node number must be greater than or equal to one.” A negative number or zero has been entered. “An error occurred reading the element number. It is not a valid number.” “The element number is greater than finished elements and there is no unfinished element. Check element number.” “The node does not exist and cannot be added. Check the element number and node number.” “The node number is too high to be added. Check the element number and node number.”
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From the add node button. “Those nodal coordinates already exist as node number xxx in element number yyy.” A node cannot be added if it already exists in an unfinished element. “Node xxx is not in the same plane as the other nodes.” The nodes of each element must be in the same  plane. This error message may occur after the fourth or later node is added to an element, or an intermediate node is added to a finished or unfinished element. “An error occurred reading the origin depth. It is not a valid number.” “Nodes above the liquid surface are not allowed.” The  z -coordinate of the node that the user is attempting to add places it above the liquid surface.



Fr om the s ubtract node button. “An error occurred reading the node number. It is not a valid number.” “An error occurred reading the element number. It is not a valid number.” “You have asked to subtract a node that does not exist. Check node number.” “An error occurred reading the element number. It is not a valid number.” “Each element must contain at least three nodes.” In general this message should not occur because the subtract node button is not active until there are at least three nodes in the element.



Fr om the fini s h element button. “An error occurred reading the element number. It is not a valid number.” “Each element must contain at least three nodes.”



Fr om the s ubtract element button. “An error occurred reading the element number. It is not a valid number.” “You have asked to subtract an element that does not exist. Check element number.” Only a finished element can be subtracted. To eliminate an element that is unfinished, either subtract each node or finish the element and subtract it.
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CHAPTER  5



DiAna: Dimensional analysis Dimensional analysis forms a powerful tool in fluid mechanics and many other disciplines. It is based on the fact that the dimensions (force, mass, length, time, and temperature) of each term in an equation—that is, terms that are separated by plus, minus, or equals signs—must be the same. Although newtons (dimension of force) and meters (dimension of length) can be multiplied to form a term that has units of newton-meters (a unit of work), adding newtons to meters makes no sense. The fact that an equation must be dimensionally homogeneous forms a limitation on how equations are written; an equation that contains terms with different dimensions is simply wrong. In fluid mechanics we deal with five 1 fundamental dimensions: length, time, mass, force, and temperature. The amount of length, time, mass, force, and temperature is expressed in units. Conversion between different systems of units is conveniently done by the utility Units. In this chapter we are primarily concerned with dimensions. Click here to run DiAna.



Buckingham pi theorem A relationship that describes a physical process can be expressed quite generally as



 f (t1 , t 2 , t 3 , ..., t n ) ! 0



(5-1)



in which f  represents a general function and the t i are terms in that function. All of the t i must have the same dimensions. Each term can be made dimensionless by dividing by a group of variables or constants that has the same dimensions as the t i. Any of the t i would serve that purpose. More generally, Equation (5-1) can be written as a function of dimensionless variables



F (# 1, # 2 , # 3 ,..., # m ) ! 0



(5-2)



where m is equal to or less than n. The Buckingham pi theorem states that if the t i contain k  independent dimensions, then the number of terms in Equation (5-2) is n –k. Thus, Equation (5-2) has the advantage that it contains fewer terms than Equation (5-1), and in simple cases the function,  F , might be determined solely by dimensional analysis, especially if n–k is 1 or 2. 1. We do not deal with electrical units herein.
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However, the dimensionless variables are not unique and often can be formed in different ways. Convention has dictated how some of these variables should appear so that such common groups as the Reynolds number, Froude number, Mach number, etc. are formed. The number of possible combinations can  be limited by defining “primary variables”—those that are constrained to appear in only one dimensionless group, that is, in only one of the pi-terms—and “secondary variables”—those that are allowed to appear in more than one pi-term. As an illustration, consider the flow through a pipe. Through a series of experiments we would like to find how the pressure drop changes over a length of pipe. First, we speculate that the pressure drop, > p, is a function of the pipe diameter, d , the velocity in the pipe, V , the viscosity of the fluid, $ , and the density of the fluid, " . Expressed as a functional relationship in the form of Equation (5-1), it is



> p ! f ( L, d ,V , $ , " )



(5-3)



If we change each of the variables separately, the experiment would be very lengthy and the result would  be a six-dimensional plot. However, we can form dimensionless variables and write the function in the form of Equation (5-2), which gives
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 Now we have only three terms to deal with. If we speculate that the pressure drop is linear along the pipe, then
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 Now a plot could consist of the dimensionless group on the left plotted against the dimensionless group on the right, a much simpler process and one that requires far fewer measurements.



Using DiAna DiAna is spreadsheet that aids in forming dimensionless variables. The screen is shown in Figure (5-1). The edit boxes (those that can be changed by the user) are the eight boxes in each of the columns under   Name, L, T, M, and Theta. The user types the name of a variable in first column. The dimensions of that variable are entered in the next four columns as exponents. For example, velocity has the dimensions of  length/time, so 1 is entered in the length box and –1 in the time box. Density has the dimensions of  mass/length3, so 1 is entered in the mass column and –3 in the length column. 5



In general L=length, T=time, M=mass, and Theta=temperature, but each of these columns can stand for  any dimension. For example, if a problem is formulated in terms of force instead of mass, the force coefficient of each term might be entered in the mass column or in the Theta column. However, both force and mass should not be used in any one calculation if length and time are also used as these four dimensions are not independent. As each variable is entered (and the user clicks on the screen) the number of variables is incremented in the box labeled “N Vars.” When all of the variables have been entered, pushing “N Dim” calculates the number of independent dimensions in the problem and that value appears in the “N Dims” box. At 62
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5



Figure 5-1. The initial screen for DiAna. the same time DiAna calculates the number of dimensionless groups ( n–k ) that can be formed, enters that value in the “N Grps” box and selects the first variable and the last n–k   –1 variables as “Primary.” The the user then pushes the “Groups” button to form the dimensionless groups. Since the dimensionless groups are not unique, the answer may depend on which variables have been selected as “Primary.”



Some common dimensionless groups As examples in the use of Diana, the following paragraphs illustrate some of the common dimensionless groups used in fluid mechanics.



Reynolds number  Suppose that we wish to form a dimensionless group from velocity, length, viscosity, and density. Invoke DiAna and enter “V” in the first edit box, “L” in the second edit box under “Name,” “mu” in the third edit box (although viscosity is commonly represented by $ , DiAna does not take Greek characters), and “rho” in the fourth edit box. In the V-row enter 1 in the L-column and –1 in the T-column; in the L-row enter 1 in the L-column; in the mu-row enter –1 in the L-column and the T-column and 1 in the M-column; in the rho-row enter –3 in the L-column and 1 in the M-column. Press the “N Dim” button to find that these variables represent three independent dimensions and will form one dimensionless group.
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Pressing the Groups button gives the exponents as 1, 1, –1, and 1, respectively, which is the definition of the Reynolds number, Re
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This calculation is not unique since any power of a dimensionless number is also dimensionless. Click  in the primary-variable box in the mu-row, unselect V as a primary variable to avoid an error message and press the “Groups” button. The group that is formed is now the reciprocal of the Reynolds number.



Froude number  Without exiting the previous calculation, put in  g  (the acceleration due to gravity) in the fifth row and enter 1 in the L-column and –2 in the T-column. Pressing the N Dim button shows that the five variables form two dimensionless groups. The Reynolds number remains as a dimensionless group and the additional group is
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Although the dimensionless group is correct, it is not a standard group. To form standard groups, make  "  and g  the primary variables (remember to unselect V). Then the second dimensionless group is F
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which is the square of the reciprocal of the Froude number. Changing the primary variables produces other dimensionless groups, illustrating the nonuniqueness of the process.



Mach number  In a clean copy of DiAna enter velocity (V , L/T) and the speed of sound ( c, L/T) to produce the Mach number 
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Pressure coefficient Enter velocity (V , L/T), density ( " , M/L3) and pressure ( p, ML –1T –2) and make pressure the primary variable; the result is



2



/ " V  . The pressure coefficient is a similar group defined as C  p  !
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in which the infinity subscripts refer to the free-stream conditions, far from any object in the flow.



64



Fluid Mechanics Solutions



 DiAna: Dimensional analysis Some common dimensionless groups



Capillary number  Consider the height h to which a fluid of specific weight ?  rises in a tube of diameter  D due to surface tension @ . Enter h (L), gamma (ML –2T –2), D (L), and sigma (MT –2) into the DiAna spreadsheet and click on the “NDim” button. Note that, even though we have entered properties involving three dimensions (M, L, and T), DiAna tells us there are only two independent dimensions for this problem because M and T appear only in the combination M/T 2; i.e., (M/T2) as a unit and L are the only two independent dimensions. Clicking on the “Groups” button then shows us that the variables must be related as



$ @  ' !  f  & 2 )  D % ?  D  ( h



Fluid Mechanics Solutions



(5-11)



65



 DiAna: Dimensional analysis Some common dimensionless groups



66



Fluid Mechanics Solutions



 PipeFlow: Steady and unsteady flow in pipes  Basic equation for flow in pipes



CHAPTER  6



PipeFlow: Steady and unsteady flow in pipes Flow of liquids and gases in pipes has long been a topic in hydraulics and fluid mechanics. The PipeFlow utility is concerned with liquids since it assumes a constant-density fluid (except in the water hammer part, where compression waves are allowed to travel along the pipe, and except where gases can be treated as incompressible—see the air flow example). Pipes may contain machines (turbines and  pumps). Flow can be steady (independent of time) or unsteady. PipeFlow is designed to solve a variety of such problems. Click here to run PipeFlow.



Basic equation for flow in pipes Flow in pipes, as in other aspects of fluid mechanics, is governed by the equations of conservation of  mass, momentum, and energy. PipeFlow, however, treats only conservation of mass directly and replaces the equation of conservation of energy with an equation of mechanical energy, which is not conserved. The loss of mechanical energy is calculated empirically (for turbulent flow). Although most problems are conceptually simple, the calculations can become tedious when done by hand. The primary variables in flow of a liquid through a pipe consist of volume flow rate, Q, pressure, p, elevation, h, pipe diameter, D, pipe length, L, and power, P , from or to a machine. The problems often consist of relating conditions at one pipe section to those at another, so the variables are usually subscripted 1 or 2 to indicate upstream and downstream positions.



Conservation of mass If we consider two sections of a single pipe, the law of conservation of mass becomes trivial. It simply states that mass flow rate past one section is equal to the mass flow rate past a second section (in the absence of leaks). Since PipeFlow deals with a constant-density fluid (except in the unsteady—water  hammer—portion), the volume rate of flow passing one section is equal to the volume rate passing another section,



Q1



=



Q2



(6-1)



The flow rate, Q, is often expressed as a velocity times an area



Q



=



AV 
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in which V  is an average velocity in the cross-section of the pipe defined according to
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where v is the axial component of velocity in the pipe, which, in general, changes from point to point and A is the cross-sectional area.



The mechanical energy equation The total mechanical energy—thermal energy being excluded—for flow in a pipe consists of kinetic energy of the moving fluid and potential energy due to elevation above a datum. These energies can be changed by work done by pressure, the friction in the pipe, and a machine that can either add or subtract mechanical energy. PipeFlow uses the energy equation in the form
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in which !  is an energy correction coefficient defined as
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in which the integral is taken over the c ross-sectional area of the pipe,  "  is the fluid density, g  is the acceleration due to gravity, h is elevation above a datum,  f  is a frictional coefficient, L is pipe length between points 1 and 2,  D is pipe diameter,  K m is a minor loss coefficient with the terms under the summation sign summed over all minor losses and P  is power (positive for a turbine where energy is subtracted from the flow and negative for a pump where energy is added the flow). The separate terms of  the mechanical energy equation have the dimension of length and are called “head.” The first term on each side of the equation is the “velocity head,” the second is the “pressure head” and the third is the “elevation head.” The friction term is “head loss” due to friction and the term under the summation sign is the “head loss” from appurtenances such as bends, elbows, contractions, expansions, valves, entrances, exits, couplings, tees and meters. The last term is the head added by a pump or subtracted by a turbine. Mechanical energy is not conserved because a part is converted to heat by frictional processes and tur bulent mixing. In a constant-density fluid there is no mechanism to convert heat energy to mechanical energy so the frictional losses cannot be recovered as velocity, pressure or elevation heads. As the Q are not subscripted, Equation (6-4) has made use of conservation of mass, Equation (6-1). Since the entire calculation involves a single equation, we can only solve for one item. If conditions are known at section 1, we must also know all but one condition at section 2 to make a solution possible.



Pipe friction For laminar flow1 —generally corresponding to a Reynolds number below about 2200—there is an analytic solution for the friction factor, 1. Here, and subsequently, we assume the cross-section of the pipe is circular. Other cross-sectional shapes can be solved by using a “hydraulic radius” (not equal to the radius of a circular pipe), although calculation of frict ional resistance is more approximate than in circular pipes due to the occurrence of secondary currents.
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in which Re ! VD " / $  where $   is viscosity. For turbulent flow  f  is defined empirically according to the Colebrook-White equation,
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in which e is the height of the roughness elements on a pipe wall 2 and e/D is a dimensionless quantity called the “relative roughness.” The friction factor is presented graphically in the Moody diagram, Figure (1-3) of the Data chapter. Although Equation (6-7) is nonlinear and transcendental in  f , it is solved simultaneously with the mechanical energy equation in PipeFlow and is thus transparent to the user. Head loss due to pipe friction in PipeFlow is defined by the Darcy-Weisbach equation,
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Calculations, however, can be done by alternate frictional equations including the Fanning equation, the Chezy equation, the Manning equation and the Hazen-Williams equation. The Fanning friction factor  differs from the Darcy friction factor by a factor of 4. Hazen-Williams (see Equation (1-4)) and Manning (see Equation (1-5)) friction factors can be found in the Data chapter. The Chezy equation is
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in which Rh is the hydraulic radius (one-half of the radius of a circular pipe) and S  is the slope of energy grade line. Expressed in terms of the Darcy friction factor, the Chezy coefficient is
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See Equation (6-18) for the relation to Manning’s n.



Water hammer  Although PipeFlow is primarily about steady flow in pipelines, calculation of pressure during an unsteady event, especially closing of valves or transients caused by machinery, is an important aspect of  design. Such pressures can reach enormous values, causing failure of the system. If a valve is suddenly (instantaneously) closed at the end of a pipeline, the change in pressure is the “Joukowski value,”
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2. Note, however, that the height of roughness elements cannot be measured in commercial pipes. In a sort of  circular reasoning, e is defined by Equation (6-7). PipeFlow suggests roughnesses and relative roughnesses for  various pipes, but the user can independently select either a friction coefficient or a roughness value.
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in which a is the effective speed of sound (the “wave speed”) in the pipe given by ( Wiley and Streeter , 1993)3
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in which K  is the bulk modulus of the liquid,
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where  "   is its density and > "  is a change of density for an increment of pressure > p, E  is the elasticity of the pipe, D is its diameter, et  is the wall thickness of the pipe and c1 is a coefficient that depends on how the pipe is anchored and is given by
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Exp  pansion joints throughout



where P r  is Poisson’s ratio of the pipe material. In most cases the value of c1 influences the wave speed only slightly and is unimportant for computing only the maximum pressure. Although Equation (6-11) gives the pressure increment for sudden closure, practical water hammer calculations must give the pressure increment for slow closure, or partial closure, of a valve. Such a calculation requires solution of the partial differential equations that describe unsteady flow of an elastic liquid in an elastic pipe. Since the development is lengthy, the reader is referred to Wiley and Streeter  (1993). These equations are programmed into PipeFlow to give not only the maximum pressure due to change of flow rate but the pressure history during the period of unsteady flow. The water-hammer problem solved by PipeFlow is the basic one, that of flow from a reservoir into a  pipeline. Most water-hammer problems lend themselves to that configuration. If the pressure at the end of the pipeline is not zero (atmospheric), the pressures calculated by the water-hammer module need to  be adjusted accordingly.



Using PipeFlow PipeFlow is a multiscreen program. Basic calculations, in general, are done on the initial screen with the other screens serving to define parameters.



3. The wave speed analysis and the water hammer equations in general are given for elastic (mostly metal) pipes. Viscoelastic pipes (mostly polyethylene and PVC) are only roughly represented by this analysis.
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Initial screen When PipeFlow is first invoked, the screen shown in Figure (6-1) is displayed. The top of the figure shows the mechanical energy equation, although the equation displayed here can change depending on the problem being solved. The unknown in the equation is presented in red. The radio buttons in the first white box select the units. Other features of the program are described below. 6



6



6



Figure 6-1. The primary PipeFlow screen.



B oundary conditions. If the boundary conditions are selected as “In a pipe,” the velocity head is ap plied. If they are selected as “In a reservoir,” PipeFlow takes both the velocity and the pressure as zero and applies only the elevation of the water surface of the reservoir. The pressure condition is set automatically in the edit box—which becomes a text box—corresponding to the upstream and/or the downstream pressure.
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 S pecifying unk nowns . The unknowns for any problem are specified by selecting one of the radio  buttons on the lower two-thirds of the screen. In the left most column only one of the radio buttons can be selected; selecting another turns off the one that had been previously selected. In many problems of flow in a pipe, the friction factor is an unknown as well as one of the primary variables; that is, Equation (6-4) and Equation (6-7) must be solved simultaneously. Therefore, the user is allowed to specify “f (from Moody diagram)” as an unknown as well as a primary (first-column) variable. On the other hand “f (from Moody diagram)” can be specified as the only unknown, in which case only Equation (6-7) is to be solved and the extraneous primary variables disappear from the first column. If “f (Using the energy equation)” is selected, Equation (6-4) is solved for the friction factor and none of the primary variables can be chosen as unknown at the same time. The same is true if “Head loss from energy” is the unknown. Choosing “Friction loss from Darcy” means that Equation (6-8) is to be solved for the variable on the left. Again, the extraneous variables in the first column disappear. “Friction loss from Darcy” can be chosen at the same time as “f (from Moody diagram),” in which case equation Equation (6-7) is also solved.



Primary parameters . The following parameters can be specified by changing the number in corresponding edit boxes: • flow rate, which is assumed the same in both sections of the pipe, • upstream pressure, • downstream pressure, • upstream elevation, • downstream elevation, • internal pipe diameter, which can also be specified on the Pipe-size Screen, Figure (6-5), • machine power (positive for a turbine and negative for a pump) and •  pipe length.



In addition to the primary parameters, the user can specify the velocity factors, the !  of Equation (6-4). If a boundary condition is set in a reservoir, the corresponding velocity factor is set to zero.



Calculated items. Any of the primary variables that are flagged as unknowns are calculated. Additional calculations are the friction factor if it is an unknown, the overall head loss, the head loss due to pipe friction (exclusive of minor losses), the rate of energy loss (power loss), the Reynolds number  of the flow, the velocity in the pipe, the upstream elevation of the hydraulic grade line and the downstream elevation of the hydraulic grade line.



The buttons. Each button in the first row at the bottom of the initial screen brings up another screen. These are treated individually below. The “Close” button terminates the program. The “Solve” button is pushed when the user has specified the complete problem. The “Plot” button brings up a screen for   plotting one variable against another.
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The “Screen to file” button writes the data for the current problem into a file for later use. The data written to the file are not only those on the initial screen but the data on all of the screens. A dialog  box is presented so that the user can specify a file name, but the file extension must be “.pip.” The data saved in a file are retrieved by the “File to screen” button. Most of the screens contain “Info” buttons that bring up information about the screen.



Friction screen The friction screen, Figure (6-2), is accessed by pressing the “Friction” button near the lower left of the  primary screen. It allows the user to specify pipe friction in one of three ways. 1. The radio buttons down the left side of the friction screen select the type of pipe. The type of pipe  plus its diameter determine the roughness and the relative roughness and these values are entered into text boxes near the upper right of the screen. 2. Selecting either of the radio buttons for roughness opens an edit box for that item that allows the roughness to be specified directly. 3. Selecting any of the radio buttons under friction factor opens an edit box in which that particular  value can be specified. The equivalent values of the other friction factors are shown in text boxes. Those equivalent values may depend on the solution to the problem and must be considered approximate until the problem is solved. 6



If the friction factor is not explicitly specified as in point 3, the “f (from Moody diagram)” must be checked as an unknown on the primary screen before the problem can be solved. If it is not, an error message appears.



Fluid-properties screen The radio buttons near the top of this screen, Figure (6-3), allow the user to 1. choose water, in which case the temperature, salinity, and pressure 4 can be specified, or  2. choose an arbitrary fluid, in which case the viscosity, kinematic viscosity, density, specific gravity, and specific weight can be specified. 6 6



WARNING



Some of the values in the second option are interdependent. If viscosity is chosen, it is divided by the density to form the kinematic viscosity and if the kinematic viscosity is chosen, it is multiplied by the density to obtain the viscosity. However, if kinematic viscosity is to be specified, it is important that den  sity be specified first or PipeFlow  may use an incorrect value of the viscosity , which is the quantity used in calculating. Changing either density, specific gravity, or specific weight changes the other quantities. Changing density changes the value of the kinematic viscosity, but not vice-versa. Since these values are interrelated, the user should check that all are correct before solving a problem .



Minor-loss screen So-called minor losses are often a major part of the conversion of mechanical energy to heat. Most minor  losses are calculated by using the equation 4. The pressure seldom has an effect on the calculation and can be left at atmospheric for most problems.
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6



Figure 6-2. The pipe friction screen. Choose pipe type, roughness or friction factor. 2



h L



V  =  K  -----m 2 g 



(6-15)



in which h L is the head loss and K m is a minor loss coefficient. These minor-loss coefficients are specified on the minor-loss screen, Figure (6-4). 6



The screen is divided into three sections: (1) valves; (2) bends, elbows, and tees; and (3) miscellaneous. All of the loss coefficients are treated as in Equation (6-15) and summed to form the total minor loss; thus, any box can be used for any appurtenance. For example, a flow meter is not shown, but the user  can simply call a flow meter a foot valve and put the coefficient for the meter in that category. The narrow edit boxes, which are initially all zero, hold the number of a particular item in the pipeline system. Once the number of items is entered and the user clicks on the screen 5, the text box holding the coefficient becomes an edit box so that the number can be changed. The value already in the coefficient



5. The user will not get these results by clicking anywhere on the screen. If another text box is clicked, including those that hold the name of an appurtenance, for example “Foot:”, nothing happens. A safe place to click is at the bottom between “Reset” and “Info.”
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6



Figure 6-3. The fluid properties screen.  box is a suggestion, but it may not at all fit a given case. Thus, the user is responsible for supplying the correct coefficients. The angle bends form a special case. Changing the number from zero creates three edit boxes: the angle through which the bend turns, the radius of the bend divided by the diameter of the pipe (R/D), and the loss coefficient. Changing the angle or R/D provides a new value for the suggested coefficient in most cases. If, however, the angle and/or the R/D value are not in the range of the table that is stored in PipeFlow, the suggested coefficient will be “na” and the user must supply a numerical value in the edit box.



Pipe-size screen Commercial pipes are usually sold according to a nominal inside diameter expressed in inches. The real inside diameter of the pipe can be sufficiently different from the nominal diameter to make a difference in the calculation. PipeFlow contains tables for several types of pipes that convert the nominal diameter  to the real diameter in the units used by the program. The pipe-size screen is shown in Figure (6-5). Eight materials are shown: commercial steel (standard and extra strong), aluminum, copper, copper tubing (types K and L), PVC, ductile iron (class 150 and 250), ductile iron with bell and spigot, and concrete (irrigation pipe and walls A, B, and C). The type of pipe is chosen by selecting the radio button beside the name. After choosing the type of pipe, place the nominal diameter in its edit box and click on the screen. The nominal diameter, inside diameter, and outside diameter then appear in green text boxes near the bottom of the screen. If a nominal diameter is entered that is not in the table of values, two results appear, one for a pipe of  nominal diameter less than that given and one for a greater diameter. Also, two check boxes appear to choose either the smaller pipe or the larger pipe. A check in one of these boxes exits the pipe-size screen Fluid Mechanics Solutions
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Figure 6-4. The minor loss screen. and places the diameter in the appropriate edit box on the primary screen. Of course, the user can place a number in the diameter edit box on the primary screen without reference to the pipe-size screen. 6



Added note: although actual diameters can be found from PipeFlow, doing so may not be as accurate as it appears for purposes of frictional resistance. Friction tables and calibration, especially when using friction equations other than Darcy-Weisbach, may be based on nominal diameters. Using actual diameters does bring consistency to the process.



Water-hammer screen The last button in the top row of the primary screen brings up the water-hammer screen, Figure (6-6) (see the Water hammer section on page 69). Before invoking the water-hammer screen, the basic steady-flow  problem should be solved. When that is done, the steady-flow solution and parameters are automatically entered into the gray text boxes in the upper part of the water-hammer screen. Other items are: • Unsteady friction. In unsteady flow the boundary layer continuously changes, meaning that the dissipation of mechanical energy into heat is not as assumed by the steady-flow equations. Experiment has shown that water-hammer oscillations have a much higher rate of  damping than they would if a steady-flow friction formula is used. However, the maximum  pressure in the pipe—that which occurs soon after the flow is changed—is not substantially
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Figure 6-5. The pipe size screen with a choice of pipes after finding diameters and clicking on the “Close” button, which has disappeared. different from the calculation assuming steady friction. PipeFlow  uses an empirical formula, which is invoked when the unsteady friction radio button is selected, to account for  the added dissipation. See the example in the Unsteady friction section on page 89 . •  Pipe properties. The modulus of elasticity of the pipe material, the wall thickness, and Poisson’s ratio for the pipe material should be entered in the first three edit boxes. If a pipe is chosen on the pipe-size screen, these values are entered automatically, but the user should ensure that they are correct for the problem at hand. •  Bulk modulus. The default value is that of water. If another fluid is used, its bulk modulus must be entered into this edit box by the user. 6



•  Anchors. Select the proper radio button, but the calculation usually is not sensitive to the support method. • Valve closure. PipeFlow uses the following valve closure formula:
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Figure 6-6. The water hammer screen. in which A0 is the area of the pipe, P init  is the initial percentage opening of the valve, t  is time, t c is the time of closure of the valve (or the time over which the formula applies), e1 is an exponent to be entered into the “Exp1” box, and e2 is an exponent to be entered into the “Exp2” box. This equation allows considerable flexibility in the valve closure formula since  P init , t c, e1 and e2 can all be chosen as well as the initial and final valve opening percentages in their respective edit boxes. • Wave speed . The parameters generally determine the wave speed in the pipe, but it is not automatically calculated. Press the “calculate” button to find the wave speed or place a number in the edit box. •  Joukowski pressure rise. This text box contains the results of Equation (6-11)  for the maximum pressure rise—expressed as head (length)—for a sudden valve closure.



After the parameters are set, press the button “Water hammer calculation and plot” at the bottom of the screen to bring up the water hammer plot screen, Figure (6-7). The radio buttons at the top specify the  positions at which time histories are to be plotted. For example, selecting the radio button next to 0.3 causes the head at 30% of the pipe length to be plotted. The lines are color coded in order to differentiate them on the plot. 6



The water hammer plot screen has three edit boxes that determine how the plot will look and its accuracy. The first sets the accuracy for the friction equation, which is iterated to determine the friction factor. Usually two iterations provide sufficient accuracy. The number of cycles to plot determines the (time)
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Figure 6-7. Water hammer plot screen. length of the plot. Many cycles may lead to a long calculation. The number of intervals to divide the pipe into affects the numerical solution to the partial differential equations; however, 10 to 20 intervals are usually sufficient. The number of intervals is always a multiple of 10, so the number entered is rounded to a multiple of 10. Three text boxes appear below the edit boxes. The first is the steady-state flow in the pipe for the final valve setting. If the valve is completely closed, this value is zero. The second text box gives the maximum head for the calculation and the third gives the maximum pressure—simply the maximum head converted to pressure. The plot and the text-box numbers appear only after clicking on the “Calculate”  button. The plot displays the values of head vs time at each point for which the radio buttons at the top of the screen have been selected. The horizontal black line is the head at the valve under steady-state conditions (time at infinity).



Plot screen The “Plot” button in the lower center of the primary screen leads to the plot screen, Figure (6-8), from which plots can be made of the variables in PipeFlow. The two pull-down menus in the upper left corner  of the plot screen contain the same variables as those on the left side of the primary screen. These menus are used to select the independent ( x-axis) and dependent ( y-axis) variables for the plot. 6
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Figure 6-8. Plot screen. The range of the independent variable is set in the two edit boxes at the top of the screen. The “Steps” edit box sets the number of steps in the independent variable for calculating the dependent variable. More steps make a smoother plot at the expense of greater computing time. The friction factor can be made constant for every point on the plot. If, however, the flow rate is one of the variables, the friction factor would naturally change with the Reynolds number, which is a function of the flow rate, so the user  would probably allow it to vary. If it does vary, it can be plotted on the same graph, in which case the friction factor scale appears on the right of the plot. However, if the friction factor is plotted, the plot cannot be zoomed. WARNING



The correct parameters, other than the independent and dependent variables, must be set on the primary  screen. After all is in place, clicking on the “Generate plot” button begins the calculation.



6



The plot screen may be used to superimpose a pump characteristic curve on a plot of flow rate. If flow rate is the independent variable and upstream elevation is the dependent variable, the screen appears as in Figure (6-9) after generating the plot. The check boxes near the bottom of the screen provide the user  with three choices: (1) plot a pump curve from the formula



h ! h0 " aQ



80



b



Fluid Mechanics Solutions



(6-17)



 PipeFlow: Steady and unsteady flow in pipes  Examples of flow in pipes



where h is head added by the pump and the user can select h0 —the maximum head across the pump or  the head at zero flow rate— a and b, or (2) plot a pump curve from a two-column table stored with extension .pmp with the first column values of flow rate and the second column corresponding values of  head added by the pump (stored in the PipeFlow directory with the .pip files), or (3) do not plot a pump curve. 6



6



Figure 6-9. Plot screen with the choice to superimpose a pump curve. If the downstream elevation on the primary screen is set to zero (that is, if the elevation datum is taken at the downstream end), the intersection of the two curves—the white curve of the flow rate vs upstream elevation and the yellow pump curve—is the operating point, or the point at which the pump will supply the indicated increased head for the flow rate at that point. The plot can be zoomed for precise reading of the operating point (but keep in mind that the plot consists of straight lines between the calculation  points so that it may not be precise unless the step size is small, which can be accomplished by taking many steps or by limiting the range to values near the operating point). See Pump design section on page 83.



Examples of flow in pipes The following examples illustrate typical calculations for pipe flow.
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Flow rate The calculation of flow rate is one of the most common problems in flow through pipes. It is complicated in that the flow rate depends on the friction coefficient, but if the Darcy-Weisbach equation is used, the friction coefficient is a function of the Reynolds number, which depends on the flow rate. Thus, the mechanical energy equation, Equation (6-4), has to be solved simultaneously with the Colebrook-White equation, Equation (6-7). For our example we need to find the flow through a 10-inch pipe (nominal diameter) from a reservoir  with water surface 20 m above the datum to a reservoir with water surface 10 m above the datum. Assume that the pipe is commercial steel and is 100 m long. Invoke PipeFlow and choose SI units (the default). Make both boundary conditions in a reservoir and notice that PipeFlow  automatically sets both the upstream and downstream pressures to zero (atmospheric). Choose the pipe-size screen and make the nominal diameter 10 inches. On closing the pipe-size screen, the inside diameter, 254.5 mm, is automatically entered in the diameter edit box on the primary screen. Make the upstream elevation 20 m, the downstream elevation 10 m and pipe length 100 m. From the friction screen be sure that the radio button for commercial steel has been selected (the default). Open the minor-loss screen and choose an entrance coefficient to account for the loss of energy as the flow enters the pipe from the first reservoir. Accept PipeFlow’s suggestion of K =0.5. Also, choose an exit coefficient of K =1.0. Assume that there are no other minor losses.  On the primary screen choose both flow rate and “f (from Moody diagram)” as unknown. Pressing the “Solve” button gives Q=0.2669 m3/s and f =0.01432. The screen gives the total head loss as 10 m (which should surprise no one as that is specified as the difference in reservoir elevations) of which 7.896 m is due to pipe friction and 2.104 m (10 minus 7.896) is due to minor losses. The rate of energy loss is 26.12 kW and the Reynolds number is 1,330,000.



Pipe design Perhaps one of the most difficult problems in steady pipe flow is that of determining what pipe size to use for a given situation. If the diameter is an unknown, so is the friction factor, including the relative roughness. The result is an iterative problem that is usually solved by assuming a pipe size and computing the flow rate. If the flow rate is not the specified value, another pipe size is assumed and the problem solved again. For the current example assume that we need a commercial steel pipe 760 m long that carries 1.5 m 3/s of water (20o C). It begins in a reservoir with a surface elevation of 80 m above the delivery section, has two flanged gate valves (plus an entrance loss) and is to deliver water at a pressure of 120 kPa at zero elevation. Use these quantities in PipeFlow and make the diameter and the friction factor unknowns. After solving, we find a required diameter of 489.8 mm, which is a bit over 19 inches. Putting in 19 inches nominal diameter in the pipe-size screen tells us that a 20-inch pipe has an internal diameter of only 489 mm, slightly less than that required. Nevertheless, we can calculate the flow rate with a 20-inch pipe, obtaining 1.494 m 3/s, only slightly less than design flow rate. From the pipe-size screen, the next larger  commercial pipe has a nominal diameter of 22 inches, which produces a flow rate of 1.922 m 3/s, considerably more than required. Thus, the designer has to choose between a pipe that is barely inadequate or a more costly pipe that delivers much more than is required. Perhaps design flow could be achieved if the 20-inch pipe is used with an increase in elevation of the upstream reservoir. To find out how much the elevation must be increased, make the flow rate 1.5 m 3/s, the nominal diameter 20 inches, and the upstream elevation the unknown. The result is 80.57 m. On the 82
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other hand the design delivery pressure could be relaxed. The design flow rate could be achieved with the original reservoir height and a delivery pressure of 114.5 kPa. Thus, the designer has several choices on how to configure and operate the system. 6



WARNING



Pipe flow calculations are not as accurate as implied above. The friction factor cannot be determined with high confidence and it will change as the pipe ages. In the case of pipe design, the designer may want to choose a high value of roughness to insure adequate performance throughout the life of the system.



Pump design Most design problems require several calculations to decide on a near-optimal configuration. With a  pump in the system, there is only a finite number of pipe sizes that can be used and also a finite number  of pump designs, and each pump design has its own operating characteristics. The following two exam ples are brief illustrations.



Power r equirements . Suppose that in the last example the flow of 1.5 m 3/s starts from a reservoir  at zero elevation and must deliver water at 120 kPa through a 20-inch pipe. The length remains at 760 m. The designer must choose a pump so that the system operates properly. Put these numbers in the  primary screen, but make the machine power the unknown. Don’t forget the minor losses through two gate valves and the entrance loss. The solution is that a pump must deliver 1183 kW to the flow, the minus sign on the screen indicating that power is delivered to the fluid—a pump—instead of taken from the fluid as in a turbine. The electrical requirement is the 1183 kW divided by the efficiency of  the pump and the efficiency of the motor that drives the pump. Is that the most economical solution? Note that 955.2 kW (81%) is expended to overcome losses in the system. If a 22-inch pipe is used, the power the pump delivers to the water is 790.8 kW and the losses amount to only 578.6 kW. The latter design trades a higher pipe cost for a lower pump cost and lower operating cost. The designer should calculate several such alternatives before doing an economic analysis to decide which is more economical over the life of the system.



Pump characteristics. We can verify the previous calculation with a plot. Put in the numbers from the previous paragraph (Q=1.5, p2=120 kPa, h1=h2=0, D=20 inches nominal, L=760 m, and two gate values plus an entrance loss). De-select all the radio buttons so that there are no unknowns. Click on the “Plot” button. In the plot screen make the independent variable the flow rate and the dependent variable the upstream elevation. This combination of independent and dependent variables allows the addition of a pump curve to the plot. Make the flow rate range from zero to 2.0 m 3/s in 20 steps. Leave the friction factor variable (“No” to the question “Is the friction factor fixed?”) and “ No” to the question of plotting friction so that the plot can be zoomed. Clicking on “Generate Plot” produces the results in Figure (6-10). Zooming on the plot for an upstream elevation of 80 m produces a flow rate of  1.494 m3/s, which agrees with the previous calculation. 6



The tag near the bottom of the screen asks if you want to superimpose a pump curve. There are three choices: (1) “Yes, from formula” allows you to specify the parameters in Equation (6-17) for the generation of the pump curve; (2) “Yes, from data” displays a dialog box in which you may specify a file (a table) of the pump characteristics that has been stored previously; and (3) “No” simply eliminates the question from the screen. For the current example choose the first option. Suppose that we try a  pump with a shutoff pressure of 150 m of water, a=50, and b=2. Clicking on the “Generate pump plot”
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Figure 6-10. The initial plot screen for the pump characteristics example.  button produces a yellow curve on the plot. The operating point is at the intersection of the yellow and white curve. In this case the pump adds 64.4 m of head to the flow at a flow rate of 1.308 m 3/s. Since we require 1.5 m 3/s, this pump is inadequate. If the impeller can be altered so that it gives a shutoff   pressure of 200 m, the flow rate will be increased to 1.53 m 3/s with 83.1 m of head added by the pump.



Alternate friction factors PipeFlow is oriented toward the use of the Darcy friction factor, but several other friction formulas are available. Much of the industry continues to use the Hazen-Williams equation. Choice of friction parameter is always difficult and the source of the greatest inaccuracy. If the user has broad experience with a particular friction formulation, that is probably the most accurate method to use. Consider a commercial steel pipeline 10 miles long that carries water. The head loss in the 10 miles is designed to be 300 feet when the flow rate is 23 ft 3/sec and there are no minor losses. Find the pipe diameter using the Darcy f , Manning n, and Chezy C . Choose EE units on the pri mary screen. On the fluid properties screen choose the temperature of water  at 68o Fahrenheit. On the friction screen choose commercial steel. On the main screen make Q=23 ft3/sec, the upstream and downstream pressures equal to zero, the upstream elevation equal to 300 ft, the downstream elevation equal to zero (which sets the head loss), the machine power equal to zero and the
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 pipe length equal to 52800 ft. Both boundary conditions should be “In a pipe” with no minor losses. Choose diameter and “f(from Moody diagram)” as the unknowns. Solving this problem gives 23.69 inches diameter and f =0.01279. Note that the head loss from energy and the friction loss from Darcy are  both 300 ft. To find the size of a commercial pipe, go to the pipe size screen, type 23.69 in the edit box and make sure that standard commercial steel is chosen. A 22-inch pipe has an inside diameter of 21.25 inches and a 24-inch pipe has an inside diameter of 23.25 inches. Both are too small. The next larger size is a 26-inch  pipe with an inside diameter of 25.25 inches. Being on a strict budget, we will select the 24-inch pipe. Return to the main screen and solve for the flow rate with the 24-inch pipe. It is 21.89 ft 3/sec, somewhat short of the design value of 23 ft 3/sec. If the alternate friction factors had been used, the results may have been quite different. Press the button for the friction screen and note for later reference that Manning’s n is 0.0093, Chezy C  is 141.5 and the Hazen-Williams coefficient is 145.1. For alternate friction factors we will use Hazen-Williams and Manning. Approximate values of the friction factors can be obtained from tables in handbooks and textbooks and in the Data chapter.



Hazen-Williams. The tables give the Hazen-Williams coefficient 6 at 130–140. We choose 140. Set that value on the friction screen and select the radio button for Hazen-Williams. Solving for diameter  on the primary screen with Q=23 ft 3/sec yields 24.02 inches internal diameter as the solution. However, the pipe-size screen gives the internal diameter of a 24-inch pipe as 23.25 inches. If a 24-inch  pipe is used with the indicated friction parameter, the flow rate is 21.21 ft 3/sec, whereas a 26-inch pipe gives 26.07 ft 3/sec. If the lower end of the range cited for the Hazen-Williams coefficient, C =130, is used, the pipe diameter is 24.7 inches, which leads to a 26-inch commercial pipe that produces a flow rate of 24.29 ft3/sec. This guess for the Hazen-Williams coefficient gives results similar to the Darcy-Weisbach formulation and leads to the same design. The quality of the result is dependent on the quality of the guess for the friction; the percentage error in the result is approximately equal to the percentage error in the guess.



 Manning . The tables give the Manning 7 n as 0.012. Using that value in the friction screen gives a flow



rate of 21.15 ft3/sec in a 26-inch pipe, considerably less than the Darcy or Hazen-Williams formulations. Perhaps since the Manning equation is used more often in open channels, which are not axially symmetric and thus contain secondary currents that increase frictional resistance, it is more conservative than the pipe formula. Using n=0.012 requires a 28-inch pipe in the design for a flow of 25.59 ft3/sec.



Chezy. Like Manning, the Chezy equation is most often used in open channels. However, the Chezy coefficient is rarely found in tables; instead, it is expressed in terms of either the Darcy-Weisbach  f  or the Manning n, most often as 1 3 6  R h C h = ------------n



SI units



(6-18)



6. Invoke Matlab and the FMU screen. Then use the Data menu to go t o Data/Friction coefficients/Hazen-Williams. 7. Taken from King (1954) as the minimum value to use in design for metal pipes. Higher values ofn lead to larger pipes.
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in which Rh is the hydraulic radius, which for a pipe running full is R/2. The equivalence with the Darcy-Weisbach f  is given in Equation (6-10). Thus, calculations with the Chezy equation are not inde pendent of the calculation with the Darcy-Weisbach equation or the Manning equation.



Hydroelectric production A small hydroelectric plant takes water from a reservoir with a surface elevation of 5479 ft. The water  flows through a 3251 ft long pipe that is 8-inch commercial steel. A turbine is placed near the downstream end of the pipe. The pipe terminates at an elevation of 3112 ft. If the turbine has an efficiency of  68%, how much power can be generated and what is the flow rate? Use EE units. Check the upstream boundary condition as in a reservoir. Put 5479 and 3112 in the edit  boxes for upstream and downstream elevation and enter the pipe length. On the friction screen check  commercial steel pipe then go to the pipe-size screen and put 8 inches in the edit box for nominal diameter. Use one entrance loss on the minor-loss screen. Flow rate, power and friction factor are all unknowns. The problem is best solved by generating a plot. Press the “Plot” button. Choose flow rate as the independent variable with a range between zero and 15 ft3/sec. Use 50 steps to generate a smooth curve. Choose power as the dependent variable, elect not to  plot the friction factor so that the plot can be zoomed and press the “Generate the plot” button. The result is shown in Figure (6-11). Zoom in on the peak of the curve to read 1632 hp at a flow rate of 9.3 ft 3/sec. To verify these results, return to the main screen, put 9.3 ft 3/sec in the edit box for flow rate, check power  and friction as unknowns and solve. The result should be 1632 hp. 6



With 68% efficiency the maximum power that can be generated is 1110 hp. Note that 851 hp is lost to friction in the system. At 9.3 ft 3/sec, the system has a frictionless ( f =0, no minor losses) potential to produce 2483 hp (1632+851, which can be verified directly using PipeFlow), but at 1110 hp the entire system is only 45% efficient. (If the system were really frictionless, the potential power would be about 14,000 hp at a flow rate of 78 ft 3/sec.) For any given power production below the peak, two different flow rates will produce the same power  governed by the equation



P !  " gQ:h



(6-19)



in which >h is the head across the turbine. A given power can result from a high head difference and low flow or from a low head difference and high flow. Most plants are run at the lower flow rate to conserve water.



PipeFlow provides for multiple solutions in some cases. Suppose that in this case 1000 hp is to be produced. Putting that value into PipeFlow and solving for the flow rate gives Q=13.54 ft3/sec, but in a yellow band near the bottom of screen the alternate solution of Q=3.993 ft3/sec appears.



Air flow A round air duct is used to transport 100 ft 3/sec air at 70o F. Use f =0.018 and compute the diameter of  the duct. At 70 o F and 1 atm pressure the specific weight of air is 0.07492 lb/ft 3 and the viscosity is 3.82x10 –7 lb-sec/ft2. Find the required diameter if the pressure loss is to be no more than 0.4 lb/in 2 in 100 ft of duct.
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Figure 6-11. The power curve for a turbine. For many applications (Mach number below about 0.3) air can be considered incompressible, enabling use of the mechanical energy equation, Equation (6-4). Begin the solution by choosing EE units, 100 in the flow rate box, 0.4 in the upstream pressure, zero in the downstream pressure, and 100 in the pipe length. On the friction screen make f =0.018. On the fluid properties screen set the viscosity 8 and density to the prescribed values. Select the diameter as the unknown and solve. The result is 10.8 inches. The rate of energy loss is 10.47 hp, which is an indication of the size of blower needed to force the air through the duct. The very large numbers for head loss and friction loss are due to the low density of air; they are 0.4 lb/in 2=57.6 lb/ft 2 divided by the specific weight of 0.07492 lb/ft 3.



Water hammer  Consider a 10-inch commercial steel pipe between two reservoirs that a re 1200 m apart. The pipe is horizontal at elevation zero. The elevation of the water surface in the upstream reservoir is 130 m and the elevation of the water surface in the downstream reservoir is 100 m. Assume that the pipe is anchored everywhere.



8. The viscosity is most easily set by temporarily checking the radio button for BG units. Then the proper units appear for the viscosity and the number is automatically converted when again selecting EE units.
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 Maximum pres s ure. The most frequent water hammer calculation is for maximum pressure so that the designer can calculate the structural integrity of the system. In this case consider the sudden closure of a valve in the downstream end of the pipe—next to the lower reservoir—after a steady flow has formed. Steady flow is calculated in the usual manner. Both boundary conditions are taken “In a reservoir.” A 10-inch pipe is chosen from the  pipe-size screen, commercial steel is specified on the friction screen, water at 20o C is selected on the fluid-properties screen, minor losses are one entrance loss and one exit loss 9, ignoring a valve loss. The upstream and downstream elevations of the reservoirs are specified in the proper edit boxes. Unknowns are flow rate and friction coefficient. The results after  solving are Q=0.1459 m3/s and f =0.01485. On the water-hammer screen the modulus of elasticity, wall thickness, Poisson’s ratio, and the bulk  modulus have already been entered from the choice of pipe and fluid. Select the radio button for the  pipe anchored everywhere. Exp1 and Exp2 make no difference since the closure is instantaneous. Set the time of closure at zero, the initial valve opening at 100% and the final valve opening at zero. Calculate the wave speed to be 1306 m/s. On the water hammer plot screen select the radio button for plots at 0.2, 0.4, 0.6, 0.8, and 1.0. Two iterations are sufficient, as are plotting one cycle and dividing the pipe into 10 lengths. Click on “Calculate.” The message “Pressure dips below absolute zero; plot invalid for time greater than the first absolute zero point” appears. The message means that a vapor cavity will form due to low pressure, assuming that the pipe can structurally resist the first high pressure wave and then not collapse before the cavity forms. Since PipeFlow is not designed to compute through the vapor stage, it ignores the vapor cavity, making subsequent calculations invalid. Click anywhere on the screen to remove the message. The screen then appears as in Figure (6-12). The maximum head is shown in the text box near the lower left of the screen and that head, converted to  pressure, is given in the next text box. Only the downstream end experiences the full pressure, but the maximum pressure at other points is nearly as high. 6



Li near closure. Assume that design standards call for a maximum pressure of 3000 kPa. If the valve is to be closed linearly—meaning the open area decreases linearly with time until closure—what is the minimum closure time to achieve that maximum pressure? (Note that with the valve closed, the entire pipe will eventually come to equilibrium at Q=0, h=130 m and p=1273 kPa.) Close the water hammer plot screen to return to the water hammer screen. Set both Exp1 and Exp2 to one (see Equation (6-16)). Guess a proper closure time to be 10 s. On the water hammer plot screen choose the number of cycles to plot as three in order to cover the entire closure time of 10 s. The result is a maximum pressure of 4588 kPa. Changing the closure time by trial and error until the design pressure is reached produces a maximum pressure of 2998 kPa with a closure time of 39.1 s (when plotting 11 cycles).



9. Note that specifying the downstream boundary “In a reservoir” has already chosen the exit loss coefficient as unity.
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Figure 6-12. Plot of the water hammer example.



Nonlinear closur e. Using a linear closure, the maximum pressure occurs near the end of the closure time. If we want to close the valve as rapidly as possible while keeping the pressure less than the design pressure, a better strategy is to close the valve rapidly at the beginning and slowly when it is nearly shut. Using Exp1=0.2 and Exp2=1.6 with closure time of 4.7 s yields maximum pressure of 2993 kPa. Figure (6-13) shows several cycles of the plot. 6



Uns teady friction. Experiment has shown the actual damping of oscillating flow is more than that  predicted by a steady-state friction formula such as Darcy-Weisbach. The reason is that the changing flow greatly disturbs the boundary layer, causing more dissipation of mechanical energy by boundary shear and turbulent eddies. Return to the water hammer screen and select the unsteady friction radio button, then go to the water  hammer plot screen and calculate again. The result is shown in Figure (6-14). There is small increase in the maximum pressure, but this increase is within the error of calculation. The striking feature is that the waves are damped much more rapidly by the unsteady friction. The unsteady friction formula used in PipeFlow is empirical and may not at all conform to reality. Approach this calculation cautiously and make only qualitative use of the pressures after the first  peak. 6
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Figure 6-13. The pressure plot with a nonlinear closure and without unsteady friction.



Error statements The user may encounter the following error and information statements while using PipeFlow. Most are self explanatory, but some brevity is necessary to present the e rror messages in the allotted space on the screen. Numbers on the error messages are an aid to determining what went wrong. If error messages are obtained for no apparent reason, please record the data in a .pip file and report the error to [email protected]. Data error in reading xxx on the yyy screen. It is not a valid number. PipeFlow has a large number of  error statements of this type where xxx refers to a specific edit box and yyy refers to a specific screen. The user has probably put a typo in the edit box. Some typos are difficult to see, such as l (lower case L) in place of 1 (numeral one). If the error is not apparent, it is best to double click on the edit box to select the entire number and retype it. Divide by zero when calculating flow. Check that the pipe length is not zero. (Error 012) Do not save the file while some of the variables do not contain valid numbers. Press the "Solve" button  before saving. All the entries in all the edit boxes must be numbers before a .pip file can be saved. An entry cannot include the word “Unknown” or the phrase “See friction screen.” Error in the pump-characteristic data file. PipeFlow cannot interpret data in the pump characteristic file.
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Figure 6-14. The pressure plot with a nonlinear closure and with unsteady friction. Failure to find the diameter in CalcDiameter. Check that parameters are reasonable. (Error 003). PipeFlow has iterated for the diameter while using alternate friction factors but the iteration did not converge. Failure to find the diameter in CalcDiameter. Check that parameters are reasonable. (Error 004) . PipeFlow has attempted to solve for diameter from a fifth-order, algebraic equation by an iteration process that did not converge. Failure to find the flow rate. Check that parameters are reasonable. Possibly Q=0. (Error 006); Failure to find the friction factor. Check that parameters are reasonable. Possibly Q=0. (Error 007); Failure to find the friction factor. Check that parameters are reasonable. (Error 008). Error statements while solving for the flow rate. Failure to find the friction factor from Colebrook. Check that parameters are reasonable. (Error 017).  Iteration for f  did not converge. Failure to find the friction factor in CalcDiameter. Check that parameters are reasonable. (Error 001). While calculating the diameter, the iteration for Darcy’s  f  did not converge. Failure to find the friction factor in CalcDiameter. Check that parameters are reasonable. (Error 002). While calculating the diameter, the iteration for Darcy’s  f  did not converge.
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Failure to find the primary flow rate. Check that power to a turbine is not too great. (Error 009); Failure to find the flow rate. Probably the power to a turbine is too great. (Error 011) PipeFlow could not find a flow rate, probably because the user-specified power to a turbine is greater than the system can provide. Failure to find the secondary flow rate. (Error 010). PipeFlow has determined that the solution is not unique, but cannot find an alternate solution. Failure to open the file. The error message is: --- The user has requested a .pip file, but PipeFlow cannot open it. The dashes represent an error message from M ATLAB. If a friction factor is not explicitly declared on the friction screen, it must be checked as an unknown here. Either an explicit friction factor must be declared on the friction screen or the “f (from Moody diagram)” radio button must be checked on the main screen. Manning is valid only for water flow.  The Manning n can be used only if water is selected on the fluid  properties screen.  No flow is possible as the downstream head is greater than the upstream head.  Note that PipeFlow will not compute negative flow rates. Solution is impossible. The friction loss is negative given the first-column parameters. The diameter cannot be zero or negative on the main screen.  Called from the plot screen. The range of  diameters on the plot screen can begin with zero, but only positive diameters are calculated. The diameter is negative or zero. (Error 013) The downstream pressure cannot be unknown if the boundary condition is in a reservoir. The pressure must be zero. The downstream boundary condition was chosen as “In a reservoir” on the main screen with the downstream pressure chosen as an unknown. The file that you requested doesn't exist. PipeFlow cannot find the pump characteristic file that you have specified. The "from" box has the same value as the "to" box. The range to plot the independent variable is zero. The independent variable and the dependent variable must be different.  The same variable was selected to plot on each axis of the plot screen. The upstream pressure cannot be unknown if the boundary condition is in a reservoir. The pressure must  be zero. The upstream boundary condition was chosen as “In a reservoir” on the main screen with the upstream pressure selected as an unknown. You must choose the unknown before invoking the solver.  The “Solve” button was pressed before an unknown was selected. You must choose a pipe type by selecting the corresponding radio button.  A pipe type has not been selected on the pipe selection screen. WARNING: The computed upstream pressure is negative and less than one atmosphere. PipeFlow will continue calculating, but this situation probably invalidates the results. Flow at downstream node is complex. Step number =xx.  This error occurs on the water hammer plot screen when a solution of a quadratic equation has produced a complex number. Please report this error.
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Pressure dips below absolute zero; plot invalid for times greater than first absolute zero point.  A water  hammer calculation has produced impossible pressures in the pipe. The calculation may be valid up to the time of pressure approximately absolute zero (actually the vapor pressure of the fluid), but is certainly invalid after that time. You forgot to press the "Find diameter" button.  The pipe size screen was closed with blanks in the pipe diameter boxes.



References Brunone, B., U. M. Golia, and M. Greco (1991). “Some remarks on the momentum equations for fast transients,” International Meeting on Hydraulic Transients with Column Separation, 9th Round Table, International Association for Hydraulic Research, Valencia, Spain, 201-209. King, Horace Williams (1954).  Handbook of Hydraulics , McGraw-Hill Book Company, Inc., New York. Vitkovsky, John P. (2001). Inverse Analysis and Modelling of Unsteady Pipe Flow: Theory, Applications and Experimental Verification , Ph.D. thesis, Department of Civil and Environmental Engineering, Adelaide University, Adelaide Australia. Wylie, E. B., and Streeter, S. L. (1993).  Fluid Transients in Systems , Prentice-Hall Inc., Englewood Cliffs, N. J., USA.
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CHAPTER  7



PotFlow: Potential flow using singularities PotFlow is an interactive program that uses singularities (sources, vortices, doublets, and parallel flow) to generate two-dimensional—plane and axisymmetric—potential flows of constant density and display them in graphical form. The resulting flow field can be visualized by plotting streamlines, equipotential lines, and/or pressure distributions. Click here to run PotFlow.



Basic potential theory Potential theory assumes that the flow is irrotational or, for most practical purposes, that the fluid has no viscosity 1. That approximation is useful for many types of calculations including a variety of aerodynamic flows and, strangely enough, the highly viscous flow through porous media. The approximation is generally unacceptable for flow very near boundaries and, often, flow away from boundaries but materially influenced by boundary friction. Potential flow can be derived from a “velocity potential” defined by the equation !



v ! 4;



(7-1)



in which v is a velocity vector and 1 is the gradient operator. Substituting Equation (7-1) into the constant-density equation for conservation of mass, which is expressed in two dimensions as



5v x  5v y # !0 5 x 5 y



(7-2)



where x and y are space coordinates and v x and v y are velocity components, produces Laplace’s equation,



5 2;  5 2; # !0 5 x 2 5y 2



(7-3)



Laplace’s Equation (7-3) has the property of linearity, meaning that the sum of any two solutions is itself  a solution. Potential flow theory uses that fact to build up complex solutions for a problem from the sum of several simple solutions. 1. There are a few viscous flows that are irrotational, and inviscid (no viscosity) fluids may flow in a rotational manner. The former can be treated as a potential flow, but the latter cannot.
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In two dimensions Equation (7-1) can be written as



v x



!



 5; 5 x



vy



!



 5; 5 y



(7-4)



Irrotationality is defined as



5v x  5v y ! 5 y 5 x



(7-5)



which must be the case when Equation (7-4) is substituted into Equation (7-5). Thus, irrotationality becomes a requirement for the definition of a velocity potential to make sense. Another quantity, called a “stream function,” can be defined in a similar way, v x !



 5 < 5 y



vy ! "



5< 5 x



(7-6)



Lines of constant A are streamlines, or lines everywhere tangent to the velocity vector. The stream function also satisfies Laplace’s equation,



5 2 <  5 2 < # !0 5 x 2 5y 2



(7-7)



In steady flow—which is the only type of flow treated in this chapter—path lines, lines along which fluid  particles travel, and streak lines, lines formed by particles that pass by a fixed point 2, are coincident with streamlines. Streamlines are everywhere orthogonal to equipotential lines. A plot of both equipotential lines and streamlines forms a flow net where flow direction and velocity, and hence pressure, can be determined by spacings of the two sets of lines. If B and/or A is known as a function of the space coordinates, the velocity components can be found. If the velocity components are known, the pressure can be found from Bernoulli’s equation,



v



2



2



p



# # gh ! constant



(7-8)



" 



where v2=vx2+vy2, p is pressure, "  is fluid density, g  is the acceleration due to gravity and h is elevation above a datum.



Singularities Constant-density potential flow is described by Laplace’s equation in both the velocity potential, Equation (7-3), and the stream function, Equation (7-7). Fundamental solutions to Laplace’s equation, from which complex flow cases can be built up, are described in this section.



2. Streak lines are often seen in fluid flow where dye or smoke is used t o mark particles. If dye is injected into the flow at a fixed point, each fluid particle that passes the injection point is colored. The line of colored particles forms a streak line, which, as noted above, is also a streamline if the flow does not change with time.
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Uniform flow The first of the fundamental solutions is that of uniform flow in the  x-direction, the uninteresting case of flow all in the same direction with the same velocity. The potential and stream function for this case are



; ! Ux # constant



< ! Uy # constant



(7-9)



The flow has a velocity U  that is parallel to the  x-axis. Because the velocity is defined only in a derivative, the values of the constants have no influence on the properties of the flow but do change the values of the stream and potential functions. Of course the flow can be in any direction. More generally,



; ! U ( x cos ! # y sin ! ) # constant



  < ! U ( " x sin ! # y cos !) # constant



(7-10)



in which !  is the angle the streamlines make with the x-axis.



Source flow Potential and stream functions for a source are defined as



;!



m



2#



ln r  # constant






m



2# 



0  # constant



(7-11)



where



r



! ( x " x0 )2 # ( y " y0 ) 2



and



0  ! tan "1



y " y0  x " x0



(7-12)



and m is the strength 3 of a source that is placed in location ( x0, y0). Lines of constant potential are those where r is constant, circles about the point of the source. Streamlines, A = constant , are straight lines that radiate outward from the point of the source. Streamlines and equipotential lines for a basic source are shown in Figure (7-1). All of the fluid emanates from a point—called a “singular point”—and flow radiates outward. Conservation of mass is not satisfied at the singular point and the velocity at that point is infinity. Conservation of mass is satisfied in the remainder of the flow and the mass rate of flow crossing any of the equipotential lines is the same as crosses any other equipotential line. Since the length of  the equipotential lines is 2 # R, where R is the distance from the source, the velocity changes as 1/ R; it  becomes smaller away from the source and is zero at infinity. 7



Vortex flow The stream function and potential function for a vortex are






K 



2#



ln r  # constant



;!"



K 



2# 



0  # constant



(7-13)



3. If m is negative, the singularity is often called a “sink.”
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7
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o



 x o



 x



Figure 7-1. A source in the x-y  plane. The equipotential lines and streamlines of a vortex are reversed from those of a source, Figure (7-2). The streamlines are circles about the singular point and the equipotential lines radiate outward. The velocity is infinity at the singular point and decreases outward as 1/ R. Conservation of mass is satisfied everywhere, but the flow is rotational in the singular point. Although parallel flow and source flow can be defined for three dimensions, vortex flow is limited to two dimensions. 7
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Figure 7-2. A vortex in the x-y  plane.
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The doublet A doublet is really a combination of a source and sink of the same strength and placed at the same point. First, consider a source at x= – C,  y=0 and a sink at x=C , y=0. The velocity potential is



;!



m



2# 



ln 1 x # C 2



2



# y2 "



m



2# 



ln 1 x " C 2



2



# y2



(7-14)



To place the source and sink in the same point, C  =  0 . But in that case the sink would exactly cancel the source leading to a zero potential. However, if we increase m so that mC =constant as C  =  0 , the resulting limit is



; ! $ 



 x



x 2



(7-15)



#y



2



where $  is the strength of the doublet. This doublet was formed in a particular manner in that the source was placed on the negative x-axis, the sink was placed on the positive x-axis and they were brought together at the origin. The equation of the doublet is sensitive to how it was formed. A more general equation is



; ! $ 



( x " x0 ) cos ! # ( y " y0 )sin !  # constant ( x " x0 ) 2 # ( y " y0 ) 2



(7-16)



in which the doublet is placed at ( x0, y0) and its angle with the x-axis is ! .



Using PotFlow PotFlow consists of two screens. The first sets up the problem with selection of the singularities, their  magnitudes, orientation and placements. The second is a graphics screen in which the pressure, streamlines, equipotential lines, pressure plus streamlines, or equipotential lines plus streamlines can be plotted.



The initial screen Complex potential flow can be built from the simple addition of the elementary flows. For example, adding a parallel flow to a source flow produces



; ! Ux #



m



2#



ln r # constant



< ! Uy #



m



2# 



0  # constant



(7-17)



where the parameters m and U  can be adjusted to change the configuration of streamlines and equipotential lines 4. PotFlow is designed to form such combinations and to plot streamlines, equipotential lines, pressure contours, or combinations of these. The basic PotFlow screen is shown in Figure (7-3). One source and one parallel flow have been entered on the screen. Data are entered in the upper right  part of the screen. The pull-down menu gives four choices for an element: source/sink, doublet, vortex 4. In fact, since m and U  are the only parameters defining this flow, all such flows are geometrically similar, having a scale factor of m/U .
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or uniform stream. The x and y coordinates, the strength and the angle are entered into the appropriate edit boxes. For a source/sink the angle is arbitrary; for a uniform stream the coordinates are arbitrary. Once these parameters are in place, the “Enter” button places the element in the gray box at the left center  of the screen. Once in place the properties of the element can be changed by using the box in the lower  right of the screen. Simply enter the element number and change the parameters in the edit boxes. When done, press the “Enter” button to place the element back in the gray box. 7



7



Figure 7-3. The PotFlow screen with a source and parallel flow entered. When all the elements have been entered, the flow can be displayed visually in several ways. “Draw Cp” displays contours of equal pressure, “Draw Phi” shows the equipotential lines,” and “Draw Psi” shows the streamlines. The “Draw Both” button on the left (between “Draw Cp” and “Draw Psi”) produces the  pressure contours and the streamlines on the same plot. The “Draw Both” button on the right displays the equipotential lines and the streamlines on the same plot. Click on the “Read Input” button to select a data file that has been prepared with all the elements in place. An edit box appears that allows the selection of a data file (extension .pfl). Reading this file adds elements to the existing list; if you want only the elements in the file, the list should be initially blank. The file consists of a matrix of data. The rows contain exactly five numbers and the number of rows corresponds to the number of elements. The numbers in a row are (1) a number that specifies the type of element, which is 1 for a source/sink, 2 for a doublet, 3 for a vortex and 4 for a uniform stream; (2) the  x-coordinate of the singularity (an arbitrary number for uniform flow); (3) the  y-coordinate of the singularity (an arbitrary number for uniform flow); (4) the angle of the element (an arbitrary number for a 100
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source/sink or vortex); and (5) the strength parameter. As an example consider the data file for “Beetle” (see The Beetle section on page 103 ) shown in Table (7-1). 7



Table 7-1. The “Beetle” singularities as appears in the input table. Elemt Type



 x -coordinate



 y -coordinate



angle



strength



1



-1.25



0



0



3



1



-1



0



0



-2.5



1



-1.25



0



0



0.5



1



0.5



0



0



-1



2



0.25



0



0



0.5



4



0



0



0



1



3



0.25



1



0



2



3



0.25



-1



0



-2



The first four elements are sources or sinks, the fifth is a doublet, the sixth is a uniform stream, and the last two are vortices.



PotFlow also permits the calculation and display of axisymmetric potential flows. Whether the flow is  planar or axisymmetric depends on the radio button just above the gray box. All buttons function similarly for the two types of flow except that the vortex element is unavailable for axisymmetric flow.



The graphics screen Figure (7-4) shows a plot of the streamlines for the initial screen of Figure (7-3). The object is called a “Rankine half-body.” It is equivalent to the solution for oncoming flow around a blunt nose plate in two dimensions. The streamline labeled “1.5” represents the solid surface of the body. 7



The label at the top of the plot indicates what the lines represent, in this case “Selected streamlines.” There are three buttons at the bottom of the screen. The first closes the screen. The second prints the screen or brings up a dialog box to select the printer. The third is used to label the lines, as shown in the figure. The “Label” button changes the cursor from an arrow to a cross hair. Placing the cross hair on any of the lines and clicking the left mouse button puts a label on the line. When the lines have been la beled, press “return” or “enter” on the keyboard to end the labeling and change the cursor back to an arrow.



Data entry PotFlow expects real numbers to be entered in the data boxes. There is no checking or error messages in PotFlow; a nonnumeric expression will simply give an unseen error. Thus, if pressing the “Enter”  button does not place the element in the gray box, you have probably made an entry mistake. However, arithmetic expressions in the boxes are valid. For example 2*3 produces 6. Also, “pi” is acceptable in  place of 3.14159265... and 2*pi=6.28318... . The graphical presentations may not always show what you intended, as the graphics cannot be scaled. The singularities should be placed a distance from the origin of order unity and the strengths of the singularities should be of unit order. For example, suppose that you choose a uniform flow of strength unity
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7



7



Figure 7-4. Streamlines for uniform flow plus a source at (-0.5,0). and a doublet of strength 100. That combination produces flow around a circle of radius 10. Because the  plotting screen sc reen is only 6 by 6, it will show only streamlines str eamlines near the origin—the ori gin—the details of the dou blet—instead of flow around a circle. If, on the other hand, the strength strength of the doublet is 0.01, the size of the circle is so small that the streamlines are barely deflected. These flows are basically the same except for scale. Thus, magnitudes of singularities and distances should be chosen so that the flow can be viewed on a desirable scale.



Examples The following brief examples illustrate the use of PotFlow.



Flow around cylinder or sphere Enter a doublet of unit strength and a uniform flow of unit strength. A plot of the streamlines is shown in Figure (7-5). (7-5). The streamline that forms a circle represents the boundary of the cylinder. Normally we are interested in the flow around the cylinder, cylinder, the streamlines outside the circle; the streamlines inside the circle are not usually of interest. The streamlines on the left half of the plot form a fairly realistic picture of actual fluid flow, but most real flows would separate from the cylinder somewhere in the neigh borhood of the shoulder shoulder so the streamlines on on the rear of the cylinder are not not realistic. 102
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7



Figure 7-5. Flow around a circular cylinder. The reader should check the axisymmetric radio button and try the flow around a sphere using the same  parameters. The result is qualitatively the same, but the details of the streamlines and the pressure are different.



The Beetle Flow around a car-like object can be produced by the singularities shown in Table (7-1). (7-1). The streamlines appear in Figure (7-6). (7-6) . The outline of the car is the streamline labeled “0.” The car is resting on the ground, which is simulated in PotFlow by using an image car, so that all streamlines are symmetric about the ground. The use of images is a common practice to produce symmetry. The placement and strengths of the singularities can be changed to alter the shape of the car. 7
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7



Figure 7-6. Streamlines around a car-like object on a flat surface.
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CHAPTER  8  8



BIEMer: Potential flow using the boundary integral equation method The boundary integral equation method (BIEM) is a numerical technique for solving linear partial differential equations. It is most often used for the solution to Laplace’s equation,



5 2;  5 2; # !0 5 x 2 5y 2 where in the case of fluid flow



(8-1)



B is the velocity potential, defined by the equations v x



!



 5; 5 x



vy



!



 5; 5 y



(8-2)



in which v x and v y are velocity components and x and  x and  and y  y are  are space coordinates1. The basis for potential flow is given in Chapter 7 (see Basic potential theory section on page 95 ). Much of the basis for the  boundary integral equation method is given in Chapter 3 (see Basis of calculation section on page 25) 25 ) and in Chapter 4 (see The boundary integral equation method section on page 35 ). The BIEM has a distinct advantage over most other numerical methods such as the finite element method and finite difference method. The latter two require that the solution domain be discretized in small elements with derivatives approximated by subtracting values that are defined at points a finite distance apart and then dividing by that distance. In contrast, the BIEM does not approximate derivatives at all, except that both functions and derivatives are interpolated between nodal values. That interpolation may  be of any order, order, but in BIEMer  it  it is confined to linear interpolation. As is demonstrated in the chapters on hydrostatic forces ( Hydric and Hydric3D), even such an apparently crude approximation allows some problems to be solved exactly using a minimum of points and discretizing only the boundary instead of the entire solution domain. The BIEM pays for this efficiency and accuracy by being limited to linear equations and, thus, is not as general as finite elements 2. 1. Often the potential is defined with a minus sign in the equations. In hydrodynamic and aerodynamic problems the potential is an artificial quantity and the sign is arbitrary. In porous media problems, however, the potential is related to the head (h (h, pressure plus elevation) and the hydraulic conductivity, k . Assuming isotropy, Darcy’s law is



v



= –



(8-2) if BDEkh (further kh (further assuming homogeneity). k 1 h , which is equivalent to Equation (8-2) if



2. The BIEM can be applied to nonlinear equations, but in doing so it loses much of its advantage.
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Boundary integral equation methods come in two varieties. The “indirect method” utilizes surface (three dimensions) or line (two dimensions) sources and distributes those singularities with variable strength along boundaries. The method solves for the strength of the sources such that the boundary conditions are satisfied. BIEMer   uses the “direct method,” which solves directly for the velocity potential, B , on the boundary if it is unknown or for the velocity normal to the boundary, 2B / 2 n , if it is unknown. In a well-posed potential flow problem, one of these two quantities (or a relationship between them) is known everywhere on the boundary so the BIEM simply solves for what is not known. When both B and 2B / 2 n are known everywhere on the boundary, the interior solution is found by simple integration. Often, however, the analyst is primarily interested in the boundary solution. Click here to run BIEMer .



The BIEM In the following paragraphs only an outline of the method is given. A somewhat different explanation is given in Chapters 3 (see Basis of calculation section on page 25 ) and 4 (see The boundary integral equation method section on page 35 ) where the objective is to integrate over areas to obtain the force due to pressure. In those chapters the BIEM is used to convert an area integral to a boundary integral and the results are exact within the approximation that the straight lines between nodal points reproduce the boundary geometry. In the potential flow application, we again convert an area integral to a boundary integral3. The solution is not exact if the potential and its normal derivative are not linear on the boundary.



Green’s second identity The divergence theorem of mathematics (sometimes called Green’s first identity or the Gauss theorem) is often derived by assuming a fluid of constant density in some volume S  that has a curve C  as its border. If S  is divided into small particles, the flow from every point in S is the divergence of velocity, 1 F v , where 1 is the gradient operator and v is the velocity vector in the point. If we sum (integrate) the outflow from all points in S , the result is the flow out of S . On the other hand we can compute the flow from S  by taking the component of velocity that is normal to the boundary and summing over the boundary. Then we have the equivalence of two integrals,



(8-3)



 3 v >n d s ! 3 4 > v d A ! !



!



C



S 



where n is the unit outward normal vector at any point on the boundary, C . Two scalar, twice-differentiable quantities, U  and V , are defined such that v = U 1 V . Substituting into Equation (8-3) gives



 3



U 4V > n d s !



C



in which



v



=



1



2



=



22 + 22 2 x2 2 y 2



!



3 (4 U > 4V # U 4 V ) d A 2



 



(8-4)



S 



is the Laplace operator. Now we redefine the velocity so that it is



V 1 U  and instead of Equation (8-4) we have



3. The three-dimensional application converts volume integrals to area integrals (and sometimes to line integrals from there).
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 3



3 



!



V 4U > n d s ! (4 U > 4V



C



(8-5)



# V 4 2U ) d A  



S 



Subtracting Equation (8-5) from (8-5)  from Equation (8-4) gives (8-4)  gives Green’s second identity,



 3 



 3 



!



(U 4V " V 4U ) > n d s ! (U 4 2V " V 4 2U ) d A  



C 



(8-6)



S 



which converts a surface integral to a boundary integral or vice-versa.



Green’s third identity Since the functions U  and  and V  are  are arbitrary, arbitrary, we can select functions that satisfy Laplace’s Laplace’s Equation (8-1). (8-1) . Then the right side of Equation (8-6) is (8-6) is identically zero and



 3 (U 4 V " V 4U ) > n d s ! 0 !



(8-7)



C 



In fluid flow potential problems c onvenient choices for U  and  and V  are  are



U



?;



and



V



? ln r 



(8-8)



in which r ! ( x " x0 ) 2 # ( y " y0 ) 2 is the distance from the location of the singularity where r  = 0 . U satisfies U satisfies Laplace’s Laplace’s equation since B does. Also, V  satisfies  satisfies Laplace’s equation everywhere except at the singular point where r  = 0 . Consider a domain S bordered by C  as  as shown in Figure (8-1). (8-1). In order that Equation (8-7) apply, (8-7)  apply, the integral must exclude the singular point r  = 0 . Thus, we integrate around C , along C 1, around the small circle C 3, and back along C 2 so that 8



 3 (U 4V " V 4U ) > n d s # 3 (U 4 V " V 4U ) > n d s !



!



C 



 



(8-9)



C 1



# 3  (U 4 V " V 4 U ) > n d s #  3 (U 4V  " VV 4 U ) > n d s ! 0 !



C 2



!



C 3



 Now since since C 1 and C 2 represent the same line but the integrations are in opposite directions, they cancel. Omitting these terms and substituting the definitions of U  and  and V  into  into Equation (8-9) gives (8-9)  gives



 3



!



(;4 ln r " llnn r4;) > n d s #



C 



3 



!



( ;4 ln r " llnn r4;) > n d s  ! 0



(8-10)



C 3



We now take the radius of the small circle as r 0 and look at the second integral of Equation (8-10) as (8-10)  as  is constant on the circle, it can be moved outside the integral. As the circle shrinks r 0 G 0 . Because r  is domain and thus ininB G B0 , the value at the center of circle. Remember that n is directed out of the domain ward in the small circle. The length d s = r 0d0 . The integral around the small circle becomes
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 y C  r  C 3  x0,y0



C 2



C 1



 x Figure 8-1. The domain of integration excluding the point r =0.



 3 (;4 lnln r " ln r4;) > n d s ! ;



1



!



C 3



Because



lim r0 ln r 0 0 =0



r 



0



r 0



r0 ( "1) 2#  " ln r0 ( " r0)



4 ; d s  3  C 



(8-11)



3



! 0 , the last term disappears leaving



 3 (;4 ln r " ln r4;) > n d s  ! "2# ; !



0



(8-12)



C 3



Then from Equation (8-10) the (8-10)  the integral around the boundary is



 3 (;4 ln r " ln r4;) > n d s  ! 2# ; !



0



(8-13)



C 



which is Green’s third identity. identity. Since the singular point can be anywhere in the domain, Equation (8-13) tells us that that the the potential potential for for any point can be found by boundary boundary integration if we know both B and boundary. The boundary conditions for a well-posed potential problem will give either  1 B F n  on the boundary. B (so-called “Dirichlet conditions”) or 1B F n (“Neumann conditions”) or some relationship between B and 1B F n (“mixed conditions”) on the boundary, boundary, but only one such condition. Thus, we do not yet have enough information to find the solution everywhere in the domain.



Boundary integration Although we know only one boundary condition at each point on the boundary, there is a trick to finding the “missing” condition. It is simply that we use Equation (8-13) and take the base point, the point where B 0  is evaluated, on the boundary. Actually, we discretize the boundary as shown in Figure (8-2) into (8-2) into n nodes and evaluate Equation (8-13) at (8-13)  at each of the nodes. The nodes are chosen so that a straight line  between them is is a reasonable representation of the boundary boundary and so that linear interpolations of the potential and its normal derivative are accurate.
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Before applying Equation (8-13), (8-13) , one change change must be made. made. The The 2 # comes from integ integratin rating g around around a complete circle in the domain, but if the base point is taken on the boundary, boundary, the circle is not complete. Thus, we write



! ; 0



(8-14)



! 3 (;4 ln r " ln r4;) > n d s  !



C 



8



8



 y 4 C 



3



2 1



1



n n-1 n-2 !



i-1



i



i+1  x



Figure 8-2. Boundary discretization. in which !  is  is the included angle of the boundary at the node, Figure (8-2). (8-2). If the node is on a smooth  part of the boundary, boundary, ! =#; if it is at a point where the boundary turns at a right angle, ! =#/2; if it is outside the domain, ! =0; =0; and in general it is determined by the boundary angle as indicated in Figure (8-2). (8-2). To integrate Equation (8-14), (8-14) , both B and 1 B F n must be defined (although perhaps unknown) at all  points on the boundary boundary,, not just at the nodes. Using Using linear interpolation interpolation
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1B F n . In Equation (8-14) the expression 1 ln r F n is the distance from the base point !



to a boundary node measured at right angles to the boundary; that is, 4 ln r #n ! r cos where f is the angle a line from the base point to the boundary node makes with the boundary. Since the boundary segments are straight lines, this quantity is constant along any segment. The interpolations are substituted into Equation (8-14) with (8-14)  with j  j as  as the base point—on the boundary, inside the domain, or outside the domain—so that the result is
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which can be expressed in closed form. The result is lengthy and is not given here; it can be found in a number of books (e.g., Liggett and Liu, 1983, 1983 , p. 24). Written in shorthand notation
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where K  where K  j,i and L  and L j,i are the expressions that result from integrating Equation (8-16). (8-16) . The K  The K  j,i and L  and L j,i are functions of the geometry only and not function of the variables. Equation (8-17) is actually a set of n linear, algebraic equations
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in whic which h I j7 i is the the Kron Kronec ecke kerr delt deltaa ( I j7 i =1 if i= j and I j7 i =0 otherwise) and either B or 2B / 2 n is unknown at each nodal point. Thus, there are n equations in n unknowns. After solution, both the potential and its normal derivative are known on the entire boundary. Then Equation (8-13) can (8-13)  can be solved—with the same sort of interpolation—for the potential at any point in the interior of the domain. If the velocities are desired in the interior, Equation (8-13) can (8-13)  can be differentiated with respect to  x or  x or y  y and the result integrated.



The use of BIEMer   consists of one screen, shown in Figure (8-3), (8-3), plus a plot screen. After the data are input and BIEMer  consists the problem solved, a figure appears in the space near the upper right in which various items can be plotted. 8



Data input The data are entered into BIEMer  by  by one of two methods: reading a file that has been prepared previously or has been stored from a previous calculation, or entering the nodal coordinates and boundary conditions by hand.



R ea eading ding a file. The “Read File” button brings up a dialog box for selecting a file with extension .bmr. When the file is read, a plot of the flow domain and its boundary is shown with the nodes. The Dirichlet boundaries—where the potential is known—are shown in blue and the Neumann boundaries—where the normal derivative of the potential, the velocity normal to the boundary, is known—are shown in red. An example of retrieving the file “Expansn.bmr” is shown in Figure (8-4). (8-4). It is a simple, but nontrivial, flow through a two-dimensional expansion. Along the red part of the  boundaries 2B 2 n = 0 , on on the left blue boundary B = 1 , and and on the right blue boundary B = 0 .
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Figure 8-3. The initial screen of BIEMer.



E ntering coordinates and boundary conditions. If a file is not prepared, data can be entered node by node in the “Input Nodal Coordinates” box. Enter the coordinates of the nodes into the edit  boxes and click on the “Add Node” button. A small white circle appears on the plot at the coordinates of the node. The plot is zoomable at any time; zoom in by clicking on a point on the plot or by dragging the cursor to create a zoom box. Double-clicking on the plot restores it to the unzoomed state. The nodes should be added sequentially in a clockwise direction around the region. After the coordinates of each node are typed into the boxes, click on the “Add Node” button. When the first node is entered, the axes are displayed with the node at the proper coordinates. For each successive node the  plot is rescaled, if necessary, and the node is added. If the nodal coordinates are mistyped and the node is added, enter the node number in the “Node No.” edit box and, after clicking on the screen, the “Add  Node” button becomes “Delete,” meaning that clicking on the “Delete” button removes the erroneous node. After the nodes are in place, more nodes can be added either before or after the boundary conditions are set. Enter a fractional number in the “Node No.” edit box and, after clicking on the screen, BIEMer  suggests a node to be added on a straight line between the nodes represented by the two integers on either side of the fractional number. The suggested point depends on the fraction. For example, if 3.25



Fluid Mechanics Solutions



111



 BIEMer: Potential flow using the boundary integral equation method The use of BIEMer 



is placed in the “Node No.” box, BIEMer  places a small cross on the plot one-quarter of the distance  between node 3 and node 4. After entering a fractional node number, the nodal coordinates can be changed; the node does not have to be on a straight line between the nodes on either side. In general, nodes can be added, deleted or modified until the figure represents the desired geometry. For accuracy of calculation, the geometry should approximate that of the problem being solved. In addition, the potential and its normal derivative are approximated between nodes in a linear manner. If  the geometry is exact, and if the variation of the potential and its normal derivative are linear, BIEMer  gives an exact solution. For better accuracy if the potential and its normal derivative vary in a nonlinear manner, nodes should be closely spaced to represent accurately that variation. 8



8



Figure 8-4. Result of retrieving the file “Expansn.bmr.”



E ntering boundary conditions. The boundary conditions are entered in the box in the lower left  part of the screen. Two definitions to keep in mind in entering boundary conditions are • An “edge” is the part of the boundary between two adjacent boundary nodes. The edge number is that of the node that begins the edge; that is, edge 3 begins at node 3 and runs to node 4. • A “segment” is a continuous part of the boundary that has the same type—Dirichlet or  Neumann—boundary conditions. A segment is made up of one or more edges.
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To specify boundary conditions, begin by entering an edge number in its edit box. Most often you will  begin with edge 1, but you can start anywhere. Entering the edge number and clicking on the screen displays a blue or red dashed line on the plot. If the line is blue, BIEMer  is about to put in a Dirichlet  boundary; if it is red, the boundary condition is about to be Neumann. If the boundary condition type is not what you have in mind, it can be changed from the pull-down menu under “Type.” When the type of boundary condition is correct, its numerical value is set in the edit boxes under “Phi” or  “d Phi/dn.” The nodes on either end of the edge can have different numerical boundary conditions, in which case the boundary condition is interpolated linearly along the edge. When the boundary type and numerical value are entered for an edge, press either the “This Segm’t”  button or “Next Segm’t” button. Press “This Segm’t” if the segment is to continue; that is, if the next edge is to be the same boundary type. You can change the numerical value of the boundary condition at the node along the edge, but commonly a Neumann boundary has zero for the normal derivative along several edges. In that case continue pressing “This Segm’t” until arriving at the end of the segment. At the end of the segment press “Next Segm’t.” The boundary condition type then changes from  Neumann to Dirichlet or vice-versa. Specify the proper numerical values and continue by pressing “This Segm’t” or “Next Segm’t.” When a boundary condition has been specified on all the edges, pressing either “This Segm’t” or  “Next Segm’t” brings up a box that states that the boundary conditions are complete. BIEMer  then displays a “Review BC:” button that is used to look at each edge successively to ensure that the boundary conditions are what is intended. A change can be made in the type, a numerical value, or both, and that change is recorded by pressing the “Set BC” button. For a particular problem, the geometry and boundary conditions can be written to a file by clicking on the “Write File” button on the right side of the screen. A dialog box appears for specifying a file name, which must have extension .bmr. The “Clear All” button on the right side of the screen erases  both the geometry and boundary conditions (and any solution) so that BIEMer can begin with a clean slate.



Solving After the geometry and boundary conditions are set, the problem is solved by pressing the “Solve” button. The solution should appear almost instantaneously, even for large problems.



Contour plots . Pressing the “Contour” button generates and displays lines of equal potential. These lines are at right angles to streamlines and to Neumann boundaries that have a zero normal derivative. The calculation of contours is the most numerically intensive calculation done by BIEMer , so a status  box is provided to show the progress of the solution. Do not be surprised, however, if the calculation is so rapid that the status box is barely visible. When the contours are completed, you can label each of them. The cursor becomes a cross hair. Place that cross hair over or near a contour and click to write the numerical value of the potential of the contour. When you have labeled as many contours as desired, press Enter on the keyboard to return the cursor to an arrow. After the contours have been generated, the “Contour” button changes to “Write File.” The use of that  button displays a dialog box whereby the contour information can be written to a file—with extension .con—for processing outside of BIEMer, using a separate plotting program for example. Fluid Mechanics Solutions
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To plot streamlines instead of equipotential lines, reverse the types of boundary conditions; that is, B is given where 2B / 2 n would normally be given and vice-versa. The example of a cutoff wall illustrates such a case.



E dge s olutions . The pull-down menu labeled “Show Values:” has three items: “Nodes,” “Internal,” and “Thread.” The first and last give solutions on the boundary. If “Nodes” is selected, place a node number in either the “First Node No.” edit box or “Last Node No.” edit box and click on the screen. The values for both B and 2B / 2 n appear below for both nodes and, hence, for the edge.



Internal s olutions. If “Internal” is chosen from the “Show Values” menu, the edit boxes below are labeled “x coord” and “y coord.” Use these edit boxes to specify a point at which the solution is desired. Clicking on the screen brings up a button labeled “Compute.” Clicking on that button places a small cross in the plot at the specified point and lists , 2B / 2 x , and 2B / 2 y for that point. Alternately, the internal point can be chosen graphically. Pressing “Select Point” changes the cursor  to a cross hair. Placing the cross hair in the plot at the desired point puts a small cross at that point and lists , 2B / 2 x , and 2B / 2 y .



B oundary threads . For many problems of potential flow, the user cares little about internal solutions



 but needs the solution on the boundary for either B or 2B / 2 n , whichever is not specified as a boundary condition. The most common case is when the fluid flux is needed across a Dirichlet boundary, in which case the objective of the solution is to find 2B / 2 n . To display plots and compute the flux of either the potential or its normal derivative for a group of boundary points, select “Thread” from the “Show Values” menu. Next, select a beginning node and an ending node for the plot. Then there are six choices: (1) plot vs x, plot vs y, (3) plot vs arc (which plots as a function of distance along the boundary even if the boundary turns a corner and even if the boundary conditions change along the arc), (4) plot 2B / 2 n vs x, (5) plot 2B / 2 n vs y, or (6) plot 2B / 2 n vs arc. When 2B / 2 n is plotted, the flux across the line is computed and placed in a text box at the lower  right corner of the rectangle.



 S ing ular points in the solution. Many potential solutions contain singular points, not in the sense of singularities used in PotFlow but points where a derivative of the potential—the velocity—goes to infinity (see Flow past a cutoff wall section on page 115 ). BIEMer  (or finite differences or finite elements) cannot exactly reproduce the solution in the neighborhood of such points. The distribution of 2B / 2 n is highly nonlinear near singular points. Perfectly acceptable solutions can be obtained by  placing nodes close together, but an infinite derivative can never be exactly obtained in the numerical method4 (see Figure (8-6)).



Examples The expansion To illustrate the entry of nodes and boundary conditions, the expansion of Figure (8-4) is generated. We  begin with a clean screen for BIEMer   and place a node at x=0, y=0. Subsequent nodes are generated 4. In more sophisticated applications of the BIEM, special boundary elements are used that better  approximate—or exactly reproduce—the behavior of the potential and its normal derivative at singularities.
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clockwise around the area for a total of 11. After all the nodes have been generated, we enter the boundary conditions. Although the boundary conditions usually start with edge 1, it is handy in this case to begin with edge 2, which starts at node 2. Enter “2” in the “Edge No.” box and click on the screen. The text in the boundary condition box shows a Neumann boundary with zero normal derivatives, which is what we want. If we had wanted a Dirichlet boundary, the type would be changed in the “Type”  pull-down menu. Since this type of boundary condition is to continue for the next two edges, click on “This Segm’t” button twice. At edge 5 the boundary condition changes to Dirichlet. The easiest way to effect that change is to click  on the “New Segm’t” button. The default is now a Dirichlet boundary with zero potential. To accept that value, use the “This Segm’t” button. Now use “New Segm’t” to change the boundary conditions back  to Neumann and “This Segm’t” to continue for the next two edges. Choose “New Segm’t” again for the final boundary segment. This time change the boundary value to unity in both of the “Phi” edit boxes. Clicking on “This Segm’t” once completes the specification of the boundary conditions, but click on either “This Segm’t” of “Next Segm’t” once again. BIEMer  then shows an information box with the statement that the boundary conditions are complete. The next step is to use the “Solve” button. From that point a variety of choices is available. The “Contour” button generates the contours, which can be labeled with a number. The solution at an internal  point can be shown by either specifying the coordinates of the point or choosing them graphically. The solution can be shown at a boundary node either by specifying the nodes or by plotting or 2B / 2 n along the boundary. As an example of the nodal plot, first plot 2B / 2 n along the left boundary. Choose 10 as the beginning node and as the last node choose 2. Open the “d Phi/dn” pull-down menu and click on “Plot vs arc” (or  in this case “Plot vs y”). The plot is shown on a large scale with only three points. On the main screen the flux is given as 0.7246. Repeat the plot for nodes 5–7, the right boundary. The flux in this case is  –0.72455, almost equal but of opposite sign, indicating an outward flow instead of an inward flow. Of  course, the flux into the left boundary must equal the flux out of the right boundary.



Flow past a cutoff wall In flow through porous media a sheetpile—an impervious sheet of metal—is often driven into the ground to stop or decrease the flow. This example is an approximation of such a situation. The BIEMer  screen, after placing the nodes, calculating, and generating contours, is shown in Figure (8-5). The figure shows the flow through a box, but a slender wedge penetrates the box to about the midpoint. The streamlines shown in the figure cannot penetrate the impervious wedge. Although a sheetpile is very thin, the representation in BIEMer  is a wedge of considerable thickness because placing nodes in the same physical position results in a singular coefficient matrix for the solution of unknowns. 8



In this example we want to plot streamlines instead of equipotential lines. The left and right boundaries are, in reality, lines of equipotential and, to be accurate, should be taken far from the cutoff wall. The upper and lower boundaries and the cutoff wall are lines where 2B / 2 n is zero, or solid walls; they represent impervious surfaces in the media. In order to plot streamlines, we reverse the boundary types, making the top and bottom surfaces Dirichlet boundaries with constant potential and the side boundaries  Neumann boundaries with 2B / 2 n =0. The problem that we actually solve is one where the flow is from the top boundary to the bottom boundary and the equipotential lines are plotted, but those equipotential lines are coincident with the streamlines of the flow past the cutoff wall. Node numbering begins in the upper left corner and proceeds clockwise around the area. The nodes are numbered down one side of the cutoff wall and up the other with a single node at the tip.
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Figure 8-5. Flow past a cutoff wall.  Next, generate the plot of 2B / 2 n along the upper boundary, including the cutoff wall. In the “Show values” pull-down menu choose “Thread,” then in the “d Phi/dn” pull-down menu choose “Plot vs arc.” The result is shown in Figure (8-6). In that figure the normal velocity for the problem with reversed  boundary conditions—the problem that we actually solved—is shown where these velocities correspond to the tangential velocities of the original problem. Note the spike at the end of the cutoff wall. In the exact potential solution the velocity goes to infinity at that point, but with the boundary discretization in this case BIEMer  has calculated it at about 8. The flux is shown as 2.9097 whereas a similar plot for  the lower boundary produces a flux of –2.8213. The discrepancy is a result of inaccuracy caused by the discretization, especially in the neighborhood of the tip of the cutoff wall. More nodes can be placed on the boundaries to obtain a better solution. 8



Reference Liggett, James. A., and Philip. L-F. Liu (1983). The Boundary Integral Equation for Porous Media  Flow, George Allen & Unwin, London.



116



Fluid Mechanics Solutions



 BIEMer: Potential flow using the boundary integral equation method  Reference 8



Figure 8-6. Plot of velocity along the upper boundary in the example.
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CHAPTER  9



AreaFlow: Compressible flow in conduits  AreaFlow consists of a spreadsheet for the calculation of isentropic flow and normal shock relations for  the compressible flow of a perfect gas through ducts and pipes. Properties such as a cross-sectional area, Mach number, pressure, temperature and density can be entered into the spreadsheet with the other properties computed automatically. Click here to run AreaFlow.



Basis for AreaFlow The equation of state for a perfect gas is



(9-1)



 p !  " RT 



in which p is (absolute) pressure, "   is density, R is the gas constant for a particular gas ( R=287.05 m 2 s-2 K -1 for air in SI units) and T  is (absolute) temperature. In an isentropic process
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where k is the ratio of specific heats; k = c p 3 c v where c p is the specific heat at constant pressure and cv is the specific heat at constant volume ( k =1.4 for air). The speed of sound in the fluid is
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The Mach number is the ratio of velocity to the speed of sound M



!



 v



(9-4)
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In the steady flow of a fluid through a duct, the rate of mass flow past all sections is the same,



"  Av ! constant
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in which A is the cross-sectional area of the conduit, which, in general, varies along the conduit. The energy equation for steady, ideal flow is
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(9-6)
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where T 0 is the stagnation, or total, temperature. Using the properties of a calorically perfect gas and introducing the Mach number, Equation (9-6) can be written
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The isentropic relations are used to give
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(9-8)



where p0 and " 0 are the (isentropic) stagnation values of pressure a nd density, respectively. Sonic conditions are conveniently used as reference quantities. Denoting these with an asterisk, conservation of mass becomes



(9-9)



" Av ! " * A*v * which can be recast using Equation (9-7) and Equation (9-8) as
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Equation (9-10) gives the basic relation between Mach number and cross-sectional area and, once the Mach number is known, Equation (9-7) and Equation (9-8) give the remaining flow variables. Since the maximum mass flux density occurs at sonic conditions, only values of  A/A* 9 1 are allowed. For each such area ratio, Equation (9-10) gives two values of the Mach number, one subsonic and one supersonic. For a calorically perfect gas, the conservation laws can be solved directly for the ratio of flow properties downstream of a normal shock to those upstream as a function of the upstream Mach number. With subscript 1 representing conditions in supersonic flow upstream of a shock and subscript 2 representing conditions in subsonic flow downstream of a shock, the temperature, pressure and density ratios in terms of the upstream Mach number are
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and the Mach number equation is
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The second law of thermodynamics requires that the stagnation pressure decrease across a shock wave. For a calorically perfect gas the ratio of stagnation pressures is
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The AreaFlow screen The initial  AreaFlow screen is shown in Figure (9-1). In the “Units” pull-down menu one can choose to work in SI, BG or EE units, or in nondimensional quantities. The initial row, the definition row, of  edit boxes sets the basic problem. The first two are where the gas properties, the ratio of specific heats and the gas constant, are specified (the default being air). The next two set the stagnation temperature and pressure, often ambient values. The last edit box specifies the sonic area, which is the minimum area of the duct given the upstream conditions. Click here to run a tutorial for  AreaFlow. 9



The primary work area is a spreadsheet of 6 rows and 7 columns plus two columns of radio buttons. The data for the first station of the duct are entered into the first row, the data for the second station in the second row, etc. Changing any item of data modifies the other items, if necessary, in that row and subsequent rows. The above equations are used with the data in the Mach number column to modify the other items. If a radio button in the “Shock” column is activated, AreaFlow puts data in the row of the radio  button assuming that the flow crossed a normal shock. The calculation is based on the Mach number of  the preceding row if that Mach number is greater than one. If it is not greater than one, a warning message appears and the calculation is continued as though the shock radio button had not been activated. As the calculation proceeds from one station to the next, a small schematic diagram of the duct appears in the lower left part of the screen. The diagram changes each time a variable is changed. Subsonic flow is represented by a pink color and supersonic flow by a blue color. Shocks and sonic lines are depicted  by vertical lines, red for shocks and blue for sonic conditions. The areas represented on the diagram are only symbolic and not to scale. In many cases two solutions exist, for example when computing the Mach number from an area ratio.  AreaFlow assumes that the subsonic solution is desired unless a button in the “Super” column of radio  buttons is activated to specify the supersonic solution. Once data have been entered for a row and the flow properties have been computed for that station, the  pressure and temperature data boxes respond differently to a new input. Instead of assuming the stagnation conditions, AreaFlow assumes that the user wants to change the local thermodynamic properties for the Mach number and the area ratio that already have been computed. Thus, entering a new value of   pressure causes all stagnation pressures to be changed to those required to produce the specified static  pressure at the given station. Similarly, when a new value of temperature is entered, the stagnation tem-
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9



Figure 9-1. The AreaFlow screen.  perature is altered to that required to produce the temperature. In either of these cases the density is changed also so that the equation of state, the gas law, remains satisfied.



Sample calculations The following simple calculations illustrate the operation of  AreaFlow. This section is divided into two  parts. We begin with some illustrations of simple calculations, then we give the example of flow through a rocket nozzle.



Example 1: Simple operations We start by calculating a flow of air with an initial stagnation pressure of 10 atm. The first two edit boxes in the definition row contain properties of air as the default. Leave the stagnation temperature at 288.15 K. Change the initial stagnation pressure [“p 0 (init)”] to 1013.5 kPa. Now compute the Mach number at an area ratio of A/ A*=2. Place 2 in the A/ A* column of the first row of the spreadsheet. The remainder  of that row fills with data; for example, the Mach number becomes 0.3059. For the specified area ratio there are two solutions. The one that we just found was the subsonic solution. If we select the radio button of the first row under “Super,” the Mach number changes to 2.1972. The
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color in the schematic of the duct changes to blue to indicate supersonic flow and indicates that the flow has passes through a “throat” to change from subsonic to supersonic at the blue sonic line. Assume that the flow now passes through a shock. Select the radio button in the second row under  “Shock.” The second row now fills with data, including a Mach number of 0.547 and an after-shock stagnation pressure of 637.9 kPa. Assume that we need to know the pressure just downstream of the shock for an upstream pressure of one atmosphere. Enter 101.35 in the pressure column of the first row. The result (in the second row) is 553.9 kPa. Many users prefer to work in dimensionless form with the variables normalized by the upstream stagnation values. To do so, select “Dimensionless” from the “Units” pull-down menu. The original dimensionless quantities—Mach numbers and area ratios—plus the areas remain the same, but the other  dimensional variables change. For example, we now find that the stagnation pressure downstream of the shock is 0.629 times its original value upstream of the shock. What is the strength of a shock that produces a stagnation pressure of one-half its original value? Change the dimensionless stagnation pressure in the second row to 0.5. The Mach number in the first row becomes 2.4975 and the Mach number in the second row has changed to 0.5132. The other quantities also have changed to values consistent with the new Mach number. Since the sonic area, A*, changes across a shock, we need to find the new sonic area. Enter 1 in the third row of the spreadsheet under either Mach number or under A/ A*. The third row fills with data and gives an actual area of 2, indicating that the value of  A* has doubled across the shock. Note that the product  p0 A* has remained constant, a general result. The AreaFlow screen at this point is shown in Figure (9-2). 9



Pressing the “Clear” button erases the numbers in the data space but leaves the units as dimensionless and leaves the initial stagnation conditions unchanged. Pressing the “Reset” button returns to the default values except that the units remain dimensionless.



Example 2: Rocket nozzle Let’s use AreaFlow to determine the geometry of a rocket nozzle that is designed for perfect expansion at an altitude of 10,000 m in the Standard Atmosphere. We will assume that the stagnation conditions in the combustion chamber are T 0=1800 K and p0=2000 kPa, that the nozzle throat is 0.20 m 2, and that the combustion products can be approximated as calorically perfect air ( k =1.4). We first need to determine the pressure in the Standard Atmosphere at 10,000 m. Launch StdAtmos and enter 10000 in Altitude data box. Note that the pressure is 26.436 kPa, the value that we will use in the exit plane of the nozzle.  Now launch  AreaFlow and, using the default SI units, enter stagnation conditions of T 0=1800 K and  p0=2000 kPa and a throat area of A*=0.20. Enter 0.05 as the Mach number in the first row. This low value is representative of the low velocities in the stagnation (combustion) chamber. Note that the (static) pressure and temperature are nearly e qual to their stagnation values. Note also that the cross-sectional area corresponding to this Mach number 2.318m 2, almost 12 times the throat area. Next, enter a Mach num ber of 1.0 in the second row. The area is 0.20 m2, as expected, and the pressure is 1056.56 kPa, still more than 10 atmospheres. In the third row enter our design pressure of 26.436 kPa. The exit Mach number  for our nozzle is 3.494 and the cross-sectional area is 1.35 m 2, almost seven time the throat area.
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Figure 9-2. AreaFlow after the examples. The nozzle that we have designed will expand the exhaust gases to the local ambient pressure at the design altitude, but what will happen at lower altitudes, say at sea level? We know from compressible nozzle flow theory that the flow will be supersonic at the exit plane if the ambient pressure is lower than that just downstream of a normal shock wave at the nozzle exit plane. So, we select the “Shock” radio  button in the fourth row of our work sheet and note that the pressure is 272.2 kPa, more than three and one-half times the pressure at sea level. Thus, our nozzle will perform as expected at all altitudes. Finally, let’s determine the net thrust produced by the nozzle at sea level and at the design altitude. The net thrust, F , is given by #



F



! mVe # ( pe " pa ) Ae



(9-14)



#



where m !  " VA is the rate of mass flow through the nozzle, V e is the velocity in the nozzle exit plane,  Ae is the cross-sectional area at the exit plane, and  pe and pa are the exit plane and ambient pressures, respectively. Since the nozzle is choked at both sea level and design altitude, the mass flow rate will be the same. The mass flow rate can be evaluated either at the throat or the exit plane. At the throat



V*



124



! c* !



? RT *  ! (1.4)(287.05)(1500 ) m/s ! 776 .4 m/s
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so #



m ! (0.17611 kg/m )(1601.8 m/s)(1.3507 m ) 3



2



! 381 .0 kg/s



(9-16)



confirming conservation of mass for this steady flow. The nozzle thrust at sea level is then



F  ! (381.0 kg/s)(1601.8 m/s) # (26.436 kPa "101 .325 kPa)(1 .3507 m 2 )



(9-17)



! 610286  N "101 .15 kN ! 509 .1 kN while at design altitude (where the second term in the thrust equation—the so-called pressure thrust—is identically zero)



F  ! (381.0 kg/s)(1601.8 m/s)



! 610.3 kN



(9-18)



 Note that the net thrust at the design altitude is almost 20% greater than that at sea level. Also note that at altitudes above the design altitude, the pressure thrust will contribute positive thrust. In the vacuum of space the nozzle will produce a thrust of 



F  ! 610.3 kN # (26.436 kPa)(1 .3507 m 2 ) ! 646 .0 kN
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CHAPTER  10



Fanno: Compressible duct flow with friction In the previous chapter we considered compressible flow in a duct of varying area without friction. This chapter is concerned with compressible flow in a constant-area duct, but friction is included. Fanno is a spreadsheet much like  AreaFlow in which the user can enter Mach number, pressure, density, tem perature or duct length with the remaining quantities calculated automatically. Click here to run Fanno.



Basis for Fanno For an adiabatic steady flow in a duct of constant area, the energy equation reduces to



V 2



2



(10-1)



# h ! h0



in which V  is the velocity, h is the enthalpy and h0 is the stagnation enthalpy. Since the area of the duct is assumed constant, the equation of continuity is simply " V  = constant. Combining energy and continuity with a differential equation of state,



T d s ! V 



2



d "  d  p "



"



(10-2)



" 



gives a temperature-entropy relationship that, for a calorically perfect gas, can be written as



d T  1 k " 12 T  $ M 2 ' ! & M2 "1 )  R d s



(10-3)



where T  is temperature, s is entropy, k  is the ratio of specific heats ( k =c p/cv), R is the gas constant, and M is the Mach number. The effect of friction is to increase entropy at all states. If the flow is subsonic, Equation (10-3) indicates that the temperature decreases in the flow direction, but if the flow is supersonic the temperature increases. Writing the energy equation in the form



V2



! 2c p (T0 " T )  
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indicates that the velocity increases along the duct for subsonic flow but decreases along the duct for su personic flow. From continuity, density behaves the opposite of velocity, decreasing in subsonic flow and increasing in supersonic flow. Pressure behaves in the same way as density. Frictional flow in a duct follows the so-called Fanno line, Figure (10-1), which can be presented in a number of ways but is usually a plot of enthalpy vs entropy where the maximum entropy occurs at sonic conditions, M=1. The equations of the basic quantities along the Fanno line drive the program Fanno. After normalization with sonic conditions—indicated by an asterisk—they are
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Figure 10-1. The Fanno line.



The first three of these equations can be solved explicitly for the Mach number in terms of the ratios of  temperature, density, or pressure. If the ratio of stagnation pressures is given, the Mach number is determined by a Newton-Raphson iteration with a starting point of M=0.5 for subsonic flow or M=2 for  supersonic flow.
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These changes must be related to the wall friction. In a circular conduit the wall friction is given by



Jw



!



 1 f " V 2 8



(10-9)



in which f  is the Darcy-Weisbach friction factor  defined in Chapter 6. From conservation of momentum



d  d V  d  p ! " $& " V  " ') 4 d  x d  x



Jw



(10-10)



where d is the diameter of the pipe. After using the continuity equation, the equation of state and the relationship V 2=M2kRT ,



 f  d 



1 " M2



d x ! k M
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(10-11)



where d x is a short length of duct where the Mach number changes an amount d M. The friction factor  is a function of Reynolds number, which depends on viscosity—a function of temperature—and velocity and, hence, changes along the conduit. However, assuming that the friction factor is a constant and using an average value is not a bad approximation in most situations. Since friction always drives the flow toward the sonic condition, a sonic length,  L*, can be defined as the distance from any point to where the flow becomes sonic. It is obtained by integrating Equation (10-11) to give



 L* !



d  *1 " M 2  f 
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k  # 1



(10-12)



where M is the Mach number at the upstream point and  f  is the average friction factor in the length  L*. The length L* is the maximum possible duct length for the given condition at the upstream point. If  the actual duct length is longer, the upstream conditions must be adjusted so that a new  L* is computed that is greater than or equal to the actual duct length. The effect is called  frictional choking  and is similar  to the choking of isentropic flow in a converging pipe or nozzle (see sonic area in Chapter 9) and thermal choking in flow with heat addition. Just as in a duct of varying cross-section, shock waves can occur in constant-area ducts. The equations of normal shocks must be added to those above to complete the specification for Fanno. See Equation (9-11), Equation (9-12) and Equation (9-13) of AreaFlow.



The Fanno screen The initial Fanno screen is shown in Figure (10-2). In the “Units” pull-down menu, one can choose to work in SI, BG or EE units, or in non-dimensional quantities. The initial row, the definition row, of edit  boxes sets the basic problem. The first two are where the gas properties—ratio of specific heats, k , and the gas constant, R —are specified (the default being air). The next three items set the values for sonic
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temperature and pressure and the speed of sound. The default values for these quantities correspond to air under standard conditions at sea level. They can, of course, be changed at any time. 10



10



Figure 10-2. The Fanno worksheet. The primary worksheet consists of 5 rows and 7 columns plus radio buttons for supersonic flow and shock waves. Data entered into any row are assumed to be downstream of the previous rows and upstream of the following rows. If any item of data is changed, all other items that depend on that item are automatically changed. The values in any row correspond to the number in the Mach number column unless the “Shock” radio button has been selected, in which case the properties are computed downstream of the normal shock based on the Mach number in the previous row. If the Mach number in the  previous row is less than one, a warning message appears and the calculation continues as if the “Shock” radio button had not been activated. The “Super” radio button toggles between the subsonic and supersonic branches of the solution. The two edit boxes to the lower left of the screen are where the duct diameter and the friction factor are specified. They are used to compute the effective length of the duct between stations and the length to the choke point; thus, they affect the values in only the last two columns of the worksheet. Since the friction factor is a function of the Reynolds number, an average value that c orresponds to the duct geometry and an average value of the Reynolds number should be used. The pressure, stagnation pressure, temperature and density in any row are calculated by two different modes. If the pressure, stagnation pressure, temperature or density is the first value to be entered in any 130
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row, the calculation uses the sonic reference value with Equation (10-5), Equation (10-6), Equation (10-7), Equation (10-8), and Equation (10-12) to calculate the remaining values. If, on the other hand, the Mach number has already been entered in the row, these same equations are used to determine the sonic state variables; that is, the reference values are changed to agree with the Mach number. The latter  method is used to set the sonic reference variables that correspond to a particular flow state. When the solution is changed to supersonic by means of the “Super” radio button or from supersonic to subsonic, the value of  fL/D is kept fixed. Fanno gives a warning if a value of fL/D is selected that exceeds the maximum possible. The sonic reference quantities are not entirely independent. If the sonic temperature is changed, the speed of sound must change and vice-versa. The pressure is assumed not to change when the temperature (or sound speed) is changed, and the temperature does not change when the pressure is changed. In either  case the density is then computed according to the perfect gas law. To achieve a particular value of sonic density, set the pressure and temperature (or speed of sound) to achieve that value through the perfect gas law and c = kp/ " .  Normal shock waves in Fanno are computed just as they are in AreaFlow — Equation (9-11), Equation (9-12) and Equation (9-13). If any row has a Mach number greater than one, selecting the “Shock” column of the next row will fill that row with data that include a subsonic Mach number and other values downstream of a shock. If in that row any items of data—pressure, stagnation pressure, density or tem perature—are changed, data in the previous, supersonic, row changes so that the shock produces the given value on its downstream side. The “Clear” button removes all the data from the spreadsheet, but the reference conditions do not change. The “Reset” button restores the default data, including the reference sonic conditions. Neither   button changes the units.



Sample calculations First, let’s determine the maximum length of a smooth circular pipe of diameter 0.25 m with entrance conditions of M=0.4, p=200 kPa, and T =300 K. Enter the diameter in its edit box and leave the friction factor at the default of 0.02. Place 0.4 in the Mach number column of the first row. Clicking on the screen fills the row with data, but the pressure is not 200 kPa as desired. Change the pressure to the given value and note that the sonic pressure and local density have changed. Now change the local temperature to 300 K and note that the sonic temperature and local density have changed to correspond to that value. The maximum pipe length occurs when frictional choking occurs, which happens at M=1. Enter 1.0 in the first column of the second row. The pressure and temperature should be the same as their sonic values in the reference row. The value of L in the final column of the worksheet is approximately the number  that we seek, but we may need to adjust the friction factor. The inlet velocity is a function of the Mach number and temperature according to V



!



kRT  



M



!



0.4 (1.4)(287)(300)



!



138.8 m/s



(10-13)



The viscosity is estimated using the power-law formula, n
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giving a Reynolds number of  Re



!



" Vd  $ 



!



2.323(138.9 )(0 .25) 1.826 010"5



! 4.14010 6



(10-15)



From the Moody diagram the corresponding friction factor is  f =0.0090. At the other end of the pipe the temperature 258 K (note that V   " =constant so that the Reynolds number  depends only on the viscosity) leading to a Reynolds number of Re=4.91x106. The corresponding friction factor is f =0.00901. Using an average of 0.00912 in the friction-factor box produces a choking length of 63.3 m.
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CHAPTER  11



Rayleigh: Compressible duct flow with heat addition Rayleigh provides a spreadsheet for the calculation of flow and normal shock relations for compressible flow of a perfect gas through a constant-area duct with heat addition or subtraction along the duct. Properties such as cross-sectional area, Mach number, pressure, temperature, density, stagnation pressure, stagnation temperature and heat exchange can be entered into the spreadsheet. Those properties not ex plicitly entered are automatically computed. Click here to open Rayleigh.



Basis for Rayleigh The cross-sectional area of the duct is assumed constant so the equation of continuity for steady flow is



" V  !  constant



(11-1)



where "  is the density and V  is the velocity. The differential equation of momentum for ideal flow is



d  p " 



# V d V  ! 0



(11-2)



Substituting Equation (11-1) in Equation (11-2) gives



d  p " ( " V ) 2



d "  " 2



!0



(11-3)



which can be integrated to yield



 p #



( " V ) 2 " 
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(11-4)



where C  is the constant of integration. Taking both  p and "  as a function of enthalpy and entropy,  p= p(h, s) and " = " (h, s), Equation (11-4) —with a particular value of the constant—forms the so-called Rayleigh curve, shown in Figure (11-1). Points a and b represent maximum entropy and maximum enthalpy, respectively. At point a
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Figure 11-1. The Rayleigh curve. Since from Equation (11-3) the derivative along the Rayleigh curve is d p/d " =V 2, Equation (11-5) means that the velocity at point a is the velocity of sound. At point b
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Thus, the Mach number at point b is M
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V  c
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 RT  kRT 
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k 



Combining the continuity and momentum equation for constant-area flow with the perfect gas law,



d T  (k " 1)T  $ k M 2 " 1 ' ! & M2 "1 ) kR d s



(11-8)



which is another representation of the Rayleigh line. The temperature increases with increasing entropy when M>1 or M


Rayleigh makes use of the following equations:
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(11-9)



(11-10)



1. The decreasing temperature does not violate the first law of thermodynamics. It simply means that all of the heat added (as well as some of the internal energy of the gas) is converted to kinetic energy.
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An addition of heat always drives the Mach number toward unity, regardless of whether the flow is subsonic or supersonic. Since the Mach number cannot exceed one, there is a limit to the amount of heat that can be added. The situation is analogous to frictional choking where the length of the pipe is limited. In this case the amount of added heat is limited by thermal choking . However, added heat can be negative, i.e., cooling. In that case the Mach number moves away from one. An unlimited amount of heat can  be subtracted, assuming that the perfect gas law is valid. The equations of normal shocks must be added to those above to complete the specification for Rayleigh. See Equation (9-11), Equation (9-12) and Equation (9-13) of AreaFlow.



The Rayleigh screen The initial Rayleigh screen is shown in Figure (11-2). In the “Units” pull-down menu, one can choose to work in SI, BG, EE units, or in non-dimensional quantities. The initial row, the definition row, of edit  boxes sets the basic problem. The first two edit boxes are where the gas properties—ratio of specific heats, k  and the gas constant, R —are specified. The next three set the sonic temperature, T *, pressure,  p* and speed of sound, c*. The default values for these quantities correspond to air under standard conditions at sea level. They can, of course, be changed at any time. As in Fanno, the sonic temperature can be set directly or by setting the speed of sound. Neither action changes the sonic pressure, nor does changing the sonic pressure change the sonic temperature. However, if either the sonic temperature or   pressure is changed, the sonic density (not displayed) is changed according to the perfect gas law. The primary worksheet consists of 5 rows and 7 columns plus radio buttons for supersonic flow and shock waves. Data entered into any row are assumed to be downstream of the previous rows and upstream of the following rows. If any item of data is changed, all other items that depend on that item are automatically changed. The changes in any row depend on the number in the Mach number column unless the “Shock” radio button has been selected, in which case the properties are computed downstream of a normal shock based on the Mach number in the previous row. If the Mach number in the previous row is less than one, a warning message appears and the calculation continues as if the “Shock” radio  button had not been activated. The “Super” radio button toggles between the subsonic and supersonic  branches of the solution. The edit box in the lower left of the spreadsheet sets the specific heat at constant pressure. It is used only to compute the required amount of heat added to produce the Mach number in the first column and only affects the values in the last column. Changing k  or the gas constant R also changes c p, but c p can be set independently. When the value of c p is changed, the value of R changes so that these quantities obey the gas law. 11



Entering a value in any row causes the other values in the row, which may be blank, to be updated. That  process follows one of two different modes. If the pressure, density or temperature is the first value to  be entered in a row, the ratio of the entered value to the sonic reference value for that variable is used



Fluid Mechanics Solutions



135



 Rayleigh: Compressible duct flow with heat addition Sample calculations



Figure 11-2. The Rayleigh screen. to determine the local Mach number from Equation (11-9) or Equation (11-10) or from the ratio of these equations. Equation (11-11) and Equation (11-12) are then used to compute the other values in the row. If the Mach number has already been entered, Equation (11-9) or Equation (11-10) is used to change the corresponding sonic reference condition to correspond to the given Mach number.  Normal shock waves in Rayleigh are computed just as they are in  AreaFlow with Equation (9-11), Equation (9-12) and Equation (9-13) and in Fanno. If any row has a Mach number greater than one, selecting the “Shock” radio button of the next row fills that row with data that include a subsonic Mach number and other values downstream of a shock. If in that row any items of data—pressure, stagnation  pressure, density or temperature—are changed, data in the previous, supersonic, row will change so that the shock produces the given value on its downstream side. The “Clear” button removes all the data from the spreadsheet, but the reference conditions do not change. The “Reset” button restores the default data, including the reference sonic conditions. Neither   button changes the units.



Sample calculations Assume inlet conditions of M=2.0, p=200 kPa, and T =300 K and find the amount of heat that can be added before choking occurs. On the Rayleigh screen enter 2 under Mach number in the first row and col136
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umn. Clicking on the screen fills the first row with data, but the pressure and temperature are not what we want. Change the pressure (first row, second column) to 200 kPa. The sonic reference pressure and the local density are automatically recalculated to conform to the new pressure. Now change the tem perature (first row, fourth column) to 300 K, which changes the sonic temperature, the local density and the local stagnation temperature. At this point the values in the first row correspond to the prescribed entrance condition. Choking occurs when the Mach number is unity, so enter one for the Mach number in the second row. The resulting pressure and temperature in the second row are equal to those of the sonic reference conditions. The result appears in the seventh column; q=141.3 kJ/kg (or q=141,300 m2/s2) is the amount of  heat added per unit of mass. If more heat were added, the entrance conditions would have to change. To continue this problem, we investigate the effect of a shock wave. Assume that heat is added until the Mach number reaches 1.5, then a shock occurs, then more heat is added until the flow chokes. Change the Mach number in the second row to 1.5. The heat added to get to this Mach number is q=79.24 kJ/kg. Select the radio button for a shock in the third row, producing a Mach number of 0.701. Now enter 1.0 for the Mach number in the fourth row. The amount of heat added is q=62.0 kJ/kg. The total heat added is q=79.24+62.03=141.27, the same as the result without the shock. When the shock occurs, the flow has  jumped to another point on the Rayleigh curve, but the other point has the same stagnation temperature since the shock is adiabatic.  Note that when moving away from a Mach number of one, Rayleigh produces negative heating. In the example enter M=3 in the second row. Now 95.33 kJ/kg must be subtracted from the flow to reach these conditions.
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CHAPTER  12



Channel Flow: Calculations in open channels ChannelFlow performs various computations for flow in open channels of a variety of cross-sectional shapes including rectangular, plane (flow over a flat surface without sides), trapezoidal, triangular, circular, parabolic and irregular (user-defined shape). The sorts of calculations include finding normal and critical depths; profile generation and plotting, including those that contain a hydraulic jump and those that fill a circular channel; finding the flow rate using either a uniform flow assumption or measured depths on a profile; finding the friction factor using either a uniform flow assumption or measured depths on a profile; finding both the flow rate and the friction factor; solution of hydraulic jumps given any two parameters either downstream or upstream of the jump; plotting a capacity curve; and plotting a variety of stability curves. The next section briefly discusses the basic calculations that are available in ChannelFlow. In the Channel shapes section on page 144 these calculations are described in more detail with reference to specific shapes. Many readers will want to skip these first two sections—treating them as a reference—and proceed directly to the Using ChannelFlow section on page 151 . The Examples section on page 163 includes a variety of problems that illustrate most of the calculations that are available in ChannelFlow. Finally, the Error, information, and warning statements section on page 176  lists messages to the user. Click here to run ChannelFlow.



ChannelFlow basics This section briefly describes the basic theory of one-dimensional, open-channel flow and the equations used in ChannelFlow. A full account of the principles of open-channel flow is left to the books on that subject. Open-channel flow is a branch of shallow water theory in which the primary assumption (or approximation) is that the pressure is hydrostatic in the vertical,



 p ! p0 " " g (h0 " 6 )



(12-1)



in which p is pressure, p0 is the pressure at the surface (usually assumed as atmospheric and set to zero since we usually work in gauge pressure),  "  is density, g  is the acceleration of gravity, h0 is the elevation of the surface, and 6  is the distance under the surface at which the pressure is measured. The hydrostatic
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equation excludes short waves such as those on ponds, lakes and oceans. In that way it both limits and simplifies the calculations. The following sections describe some of the properties computed by ChannelFlow.



Normal Depth A channel of constant properties (slope, cross-section, friction, etc.) tends to flow at normal depth. The Manning equation for the quantity of flow in a channel under conditions of normal depth is
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 Rh2 / 3 S 0



SI units



(12-2)



in which Qn is the volume flow rate at normal depth (5 n), A is the cross-sectional area of the channel, n is the Manning friction coefficient, Rh is the hydraulic radius ( Rh= A/P  where P  is the wetted perimeter) and S 0 is the channel slope. For a given flow rate, slope and n, Equation (12-2) can be solved for A, which—for a particular channel shape—can be converted into depth. For some shapes that conversion involves an implicit equation; the geometries of the different shapes are described in the Channel shapes section on page 144.



Critical depth The Froude number is defined as
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where Q is the flow rate and T  is the top width (width at the surface) of the channel. Critical depth, 5 c, occurs at a Froude number of unity. Thus, if F=1 in Equation (12-3), the equation can be solved for  depth, which appears in the expressions for both the area and top width. As in the case of normal flow, that solution sometimes involves an implicit equation, which is described in the Channel shapes section on page 144.



Profile calculation If the flow in a channel is not uniform (normal depth does not occur everywhere), the variation of depth with distance along the channel defines the profile of the water surface. The basis for calculating open channel profiles is the assumption that the equation of uniform flow, Equation (12-2), is valid for nonuniform flow if the slope is replaced by a “friction slope,” which is defined as 2
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where Q (a general flow rate) has replaced Qn. The profile equation is
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in which 5  is depth and x is distance along the channel. Using Equation (12-4), Equation (12-5) can be expressed in terms of an explicit integral,
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Profile calculations ( 5  vs x) are based on this integral.



Find flow rate and friction coefficient In dealing with an existing flow, the flow rate is sometimes known, but the friction factor is largely a guess based on tables (see Manning’s n in channels section on page 4 ), pictures (see Manning’s n in rivers section on page 4) and experience with similar channels 2. ChannelFlow provides a method of using experimental measurements to find flow rate and friction. If one of these two quantities is known, the other can be found with reasonable accuracy.



WARNING



If both flow rate and friction are unknown, ChannelFlow can make a guess at both only if the user has measurements along a genuine profile; a uniform or near uniform flow can never be used to determine  both factors. However, even in the optimal case of good data where the depth varies considerably, simultaneous calculation of flow rate and friction is often inaccurate and the results may be widely off the mark!
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Flow r ate. In Equation (12-6) the integrand is a function of depth with parameters Q (in the Froude number equation), Manning’s n (in the friction slope, Equation (12-4)), and S 0. Assuming that n and S 0 are known, a measurement or series of measurements can determine Q by curve fitting. ChannelFlow uses two possibilities: (a) uniform depth is assumed, or (b) there is a profile curve. In case (a) the depth measurements are simply averaged and Equation (12-2) is applied to find the flow rate. Only one depth measurement is required although the experimental accuracy is better with more measurements. In case (b) ChannelFlow assumes a flow rate and generates a profile curve. The errors in depth measurements (the vertical distances from the measurement points to the profile curve) are calculated and a least-squares method is used to find the flow rate that minimizes the sum of the squares of the e rrors. At least two measurements are required, although more will lead to increased accuracy. The error-minimization method assumes a “base” flow rate that corresponds to the average depth in the normal flow equation with a boundary condition of downstream depth for subcritical flows or an upstream depth for supercritical flows. Ten “trial flows” are then assumed that range from 0.625 of  the base flow to 32 times the base flow. The flow rate that gives the minimum of the sum of the squares of errors is then chosen for further refinement. A slightly revised version of M ATLAB’S fminsearch.m (which uses a simplex method) is used to compute both the flow rate and the boundary condition. After computing the flow rate, ChannelFlow displays the profile plot with data points.



Friction. Assuming that flow rate and S 0 are known, friction can be found by the same method as described in the above paragraph. As with flow rate, ChannelFlow provides the option of assuming uniform flow or a profile. 2. In the Fluid Mechanic Solutions controller go to “Select a data item/Friction coefficients/Manning’s n in channels” or “.../Manning’s n in rivers.”
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If the profile method is assumed, the initial search to limit the range of the friction factor uses the following values for Manning’s n: 0.01, 0.015, 0.02, 0.03, 0.05, 0.07, 0.1, 0.13, 0.16, 0.2. These range from the smoothest to the roughest channels. If ChannelFlow obtains a value outside this range, the data must be viewed suspiciously.



Flow and friction. In Equation (12-2) Qn and n appear as a product only; there is no separate occur-



WARNI NG



rence of flow rate and friction. Thus, individual values of these quantities can never be found if uniform flow is assumed. In Equation (12-5) and Equation (12-6) Q and n appear as a product in the friction slope, S  f , but Q appears separately in the Froude number. They cannot be simultaneously determined from a uniform flow situation, but in principle both can be found from a profile where the depth undergoes significant variation. In practice, however, these quantities are intimately linked so that the calculations for them are frequently unstable and inaccurate, even occasionally presenting multiple solutions (multiple minima in the least-squares process). This operation will often lead to erroneous results, even with good data and a good initial estimate of the friction factor   (see Example 3c). Nevertheless, ChannelFlow provides the opportunity to attempt their calculation, but you should  be aware that the result of such a calculation is not necessarily a good approximation to physical reality. In the calculation, ChannelFlow first asks for your best guess of the friction factor. The provisional flow rate is then calculated using the method described above. When that approximate flow rate is found, a simplex minimization program finds the best-fit profile with flow rate, friction and boundary condition as parameters. As in the cases for finding flow rate or friction, the resulting profile is plotted with the data points.
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Hydraulic jump Two equations are applied to hydraulic jump problems. Conservation of mass is simply



Q1



=



Q2



(12-7)



in which subscript 1 applies upstream of the jump and subscript 2 applies downstream of the jump. Conservation of momentum is
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where, F  is force, V =Q/A is velocity and "  is density. Force is computed by assuming that the pressure is distributed hydrostatically, 5
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where g  is the acceleration due to gravity and w( y) is the width of the channel as a function of elevation above the bottom. The hydrostatic assumption is basic to open channel calculations. It filters out short waves, which reduces the dimension of the problem by one and makes depth a dependent variable in  place of using the vertical coordinate as an independent variable.
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A third jump equation (actually an inequality) expresses the fact that mechanical energy must be lost in the jump. Applying conservation of mass and momentum only would mean that a hydraulic drop could increase the mechanical energy of the flow, an impossibility. In the solution of the equations of conservation of mass and momentum, three possibilities can occur: (1) the desired solution of the jump, (2) if  the upstream Froude number is less than unity, an impossible hydraulic drop, and (3) the solution where nothing happens, Q1=Q2, F 1= F 2, and V 1=V 2. The second possibility can be eliminated simply by ensuring that the upstream Froude number is greater than one. Numerical solutions may, however, converge to the third possibility. The circular channel, or any channel closed at the top, forms a special case in that the height of a jump is limited by the diameter of the pipe. ChannelFlow accommodates incomplete jumps in which the upstream flow is open channel and the pipe runs full downstream of the jump. In that case ChannelFlow solves for the pressure at the center line of the pipe downstream of the jump or, if that pressure is given, solves for the upstream flow conditions. The combination of Equation (12-7) with Equation (12-8) plus Equation (12-9) forms two equations in two unknowns. Those unknowns may consist of combinations of flow rate, upstream depth, upstream velocity, upstream Froude number , downstream depth, downstream velocity, and downstream Froude number. ChannelFlow accommodates any such combination except upstream and downstream Froude numbers (because upstream Froude number determines downstream Froude number and vice-versa, see Equation (12-18) for a rectangular channel). In some shapes of c hannels (rectangular, plane), the resulting equations can be solved algebraically. In other shapes a numerical method must be used. The numerical method consists of a search to bracket the solution followed by a Newton-Raphson iteration to find an accurate result.



Capacity curve. A capacity curve consists simply of a plot of flow vs depth in the friction equation, Equation (12-2).



Stability curve Flow in an open channel may be unstable, which manifests itself by the formation of waves (actually traveling hydraulic jumps, or “bores”) in an otherwise smooth flow. Such instability forms the possibility of overtopping the channel sides with a flow rate that would otherwise fit into the channel. In general, steep channels (S 0 large) and/or small friction lead to the possibility of instability. A mathematical development based on the theory of characteristics is explained in Liggett and Caughey (1998). The Vedernikov number, Ve
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is a dimensionless parameter that determines if a uniform flow is stable or unstable. Unstable flow occurs for Ve1. In channels with diverging sides—all cases considered by ChannelFlow except circular channels— Ve>0. Circular channels always have the possibility of unstable flow with Ve


WARNING



For that reason a designer cannot count on the circular channel capacity being larger than uniform  flow —constant pressure gradient—when full, even though the formal capacity curve shows that it can have a greater flow when the depth is slightly less than the diameter. Fluid Mechanics Solutions
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ChannelFlow provides options for several types of stability plot: (a) Froude number vs depth, (b) slope vs depth, (c) friction coefficient ( n) vs depth, (d) S 0 3 n vs depth, (e) Ve vs depth and S 0 3 n , and (f) Ve vs flow rate and depth. The first three are two-dimensional plots whereas the last two are three dimensional. For (b), (c) and (d) ChannelFlow adds flow rate contours as a parameter.



Channel shapes This section describes the above processes in more detail and with reference to the different channel shapes that ChannelFlow can analyze.



Rectangular  The rectangular channel is distinguished by having a constant width, w. The area is



w 5 
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The hydraulic radius is



 R h
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Thus, Manning’s equation, Equation (12-2), becomes
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Setting T=w in the Froude number Equation (12-3) gives



F



=



Q V  --------------- = ---------- A g 5   g 5 



(12-14)



 Normal depth results from a solution of Equation (12-13) with flow, friction, width and channel slope known. The solution is done numerically, first bracketing the result  and then polishing using Newton-Raphson iteration. Critical depth is a straightforward solution of Equation (12-14) for 5 =5 c with F=1. Profile calculations use Equation (12-6),
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with the condition that 5 =5 0 at x= x0. ChannelFlow automatically selects an increment in 5  for the numerical integration of Equation (12-15).
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For the purpose of hydraulic jump calculations, the hydrostatic force on a vertical section from Equation (12-9) is
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Substituting Equation (12-16) into Equation (12-8) gives
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If flow rate and either upstream or downstream depth are given, Equation (12-17) is basically a cubic equation in the unknown depth. Assuming supercritical flow upstream of the jump, the applicable solution of Equation (12-17) leads to subcritical flow downstream of the jump. (Note, however, that 5 1= 5 2 is also a solution, the trivial case of a continuous water surface.) A more direct solution in the case of the rectangular channel O not necessarily applicable to other  shapes O is to use the Froude number  relationship
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If flow rate and upstream depth or velocity are known, the upstream Froude number can be calculated and Equation (12-18) leads to the downstream Froude number. Knowing the downstream Froude num ber and flow rate leads to the other downstream quantities. Capacity curves are solutions of Equation (12-2), which for the rectangular channel is simply
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For a rectangular channel the Vedernikov number, Equation (12-10), is Ve
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Since all quantities on the right of the equals sign are positive, Ve>0, eliminating the possibility of an instability with Ve


Plane The relationships for the plane can be derived from the rectangular channel by letting width go to infinity (wGP) and taking the flow rate as the flow rate per unit width (i.e., q=Q/w is the flow per unit width). The hydraulic radius becomes the depth,  Rh= 5 . Normal depth is
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and critical depth is
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Other equations follow in a similar manner. The plane calculations are the easiest in ChannelFlow.



Trapezoidal channel The area of a trapezoidal channel is
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in which s is the side slope (vertical/horizontal) of the channel. The wetted perimeter is
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The top width is
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The normal flow equation is
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and the Froude number is
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Given Qn, Equation (12-26) cannot be solved explicitly for 5 , and setting F equal to unity Equation (12-27) cannot be solved explicitly for 5 . Thus, both the normal depth and critical depth must be calculated using a numerical root solver. ChannelFlow first brackets the solution using a search method then  polishes it using Newton-Raphson iteration. For hydraulic jump calculations the force integral Equation (12-9) becomes
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and the hydraulic jump equation is



146



Fluid Mechanics Solutions



(12-28)



 Channel Flow: Calculations in open channels Channel shapes



$  ' & 1 ) 1 $w 5 ' $w 5 ' g512 & # 1 ) " g5 22 & # 2 ) ! Q 2 & " ) % 2 3s ( % 2 3s ( 522 512 & ) % w52 # s w51 # s  (



(12-29)



Equation (12-29) or some variant of it is always solved numerically. The form of the equation depends on the unknown variables. If flow rate is given with any other quantity, or if velocity and depth are given on one side of the jump, the solution is not numerically difficult. If one quantity is given upstream of  the jump and another downstream (e.g., upstream depth and downstream velocity), the solution is a bit more challenging. In all hydraulic jump solutions ChannelFlow must verify that a solution is possible before a numerical method is invoked. Such verification primarily consists of computing the upstream Froude number (it must be greater than unity) or the downstream Froude number (it must be less than unity). In the case where a primary variable (velocity or depth) is given on each side of the jump, the Froude number verification is not possible. If upstream and downstream depths are given, 5 1 < 5 2 is the criterion; if the upstream and downstream velocities are given, V 1>V 2 is the criterion. If the upstream depth and downstream velocity are given, or vice-versa, ChannelFlow uses a form of the momentum equation to show that a jump is or is not possible. For example, given the upstream velocity and downstream depth, ChannelFlow computes an upper limit on the downstream depth. Stability curves are calculated from Equation (12-10) using the equations for the geometry of the trapezoidal channel. The only possibility for instability is that Ve>1.



Triangular channel The triangular channel is a special case of the trapezoidal channel with w=0. Normal depth is



5n



! *, 24 / 3 Q 2n 2s 2 1 s 2 # 12 +



2/3



S0 - 



3 / 16



(12-30)



/.



and critical depth is 1/ 5
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Other equations follow in a similar manner.



Circular channel 12



In the case of the circular channel the depth, 5 7 is conveniently replaced by the angle 07 Figure (12-3) < The depth, top width, area and wetted perimeter are
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Flow rate as a function of 0 at critical depth is
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12
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Figure 12-3. The circular channel. and at normal depth 1/ 3



(12-34)



Critical depth always occurs within the pipe as the wave speed,
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and T G 0 . If the calculation gives a critical depth very near the top of the pipe where it is likely to be inaccurate, ChannelFlow simply gives the solution as “Near top.” Normal depth may not exist, in which case ChannelFlow gives the result as “Imaginary.” Or normal depth may occur near the top of the pipe where the normal flow rate is less than the theoretical maximum. In the latter situation ChannelFlow  prints a warning statement. For hydraulic jump calculations the force integral, Equation (12-9), becomes
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and the hydraulic jump equation is
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If the depth downstream of a jump is greater than the diameter of the pipe, the pipe will run full. The 2 downstream force is then F 2 = # R  p where p is the pressure at the center of the pipe. The downstream velocity is V 2=Q/# R2. If the upstream conditions are known,
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Given the downstream pressure, p, Equation (12-37) can be solved for any of the other variables. ChannelFlow requires that the pipe run as an open channel upstream of a jump, but it can solve for either up-
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stream or downstream conditions when the channel runs full downstream of the jump. The Vedernikov number, Equation (12-10), is Ve
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which can be either positive or negative (note that VeG – P as 0 G# for finite F) and an instability can occur for Ve


Parabolic channel The parabolic channel is defined by the equation
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in which w is the width at height y above the bottom, and a (dimension of length) and b (dimensionless) are user-defined parameters. If b=0, the result is a rectangular channel of width a; if b=1, the channel is triangular; and if b=1/2 a second-degree parabola results. Because of the difficulty in integrating for the wetted perimeter, ChannelFlow will not allow b
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The wetted perimeter is given by the integral 5
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Equation (12-41) is a problem for numerical evaluation in that the second term under the square root sign is singular for y=0 if b
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The integral on the right can now be evaluated numerically for small values of b. ChannelFlow breaks the integral into a number of parts (17 parts for bQ0.1 and 6 for b>0.1) and evaluates each part using 10-point Gauss-Legendre integration. Critical depth is a straightforward equation,
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Calculation of normal depth must be done by solving the normal flow equation numerically. A function is defined as
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where f  is zero at normal depth. The derivative is
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which is used in Newton-Raphson iteration to solve for the normal depth. For computing the hydraulic jump, the force integral Equation (12-9) becomes
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which, when used in Equation (12-8), can be solved for one of the unknowns, usually numerically.



Irregular channel 12



WARNING



The irregular channel as defined in ChannelFlow is meant to provide the flexibility to define various shapes. It is not intended to be used as a compound channel that might have extensive overbank flows . Calculations in compound channels are not implemented in ChannelFlow. Further, ChannelFlow ex pects that the width of an irregular channel does not decrease upward, that the channel width increases or remains the same as the height increases. The irregular channel is basically a series of trapezoids stacked one on top  of the other. In each of the trapezoids, the area is the sum of the areas below plus a formula similar to Equation (12-23) with 5  re placed by the depth in the trapezoid,
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in which T m-1 is the top width of the m –1 section (where T 0=w is the width at the base of the channel), 5 m-1 (where 5 0=0) is the elevation of the top of the m-1 section, and sm is the side slope (vertical/horizontal) of the m section. When calculating normal and critical depths, ChannelFlow first finds the flow rates for those depths at the top of each section. It then interpolates to find critical and normal depths within the section followed  by a Newton-Raphson procedure to refine those values. For the calculation of profiles ChannelFlow  places a point on the curve where the depth crosses from one section to the next, thus avoiding interpolation between sections. The irregular channel is defined by the user in a table of heights vs widths. If a depth, either calculated or specified, exceeds the maximum depth of the table, ChannelFlow assumes that the channel extends upward with the same side slopes as the last specified section. For further information on how to specify the geometry of an irregular channel see Example 4.
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Using ChannelFlow This section describes the various screens that are contained within the program and how to perform calculations. It is supplemented by the sections in Examples, which illustrate with numbers the various calculations. Click here to run ChannelFlow. On all screens a white box is an edit box; you can change the number in the box (double-click in the box to select all the contents and type a new number). A gray box is a text box; the number in the box cannot  be changed. Results of calculations are written into green boxes.



Primary screen When first invoking ChannelFlow, the user sees the screen shown in Figure (12-4). Beginning in the upper left corner, the various items on the screen are:



Units. Either BG (British Gravitational, length unit is the foot) or SI (Systemè International, length unit is the meter) is available. The units shown for each item change with the selection of the units radio  button. Numerical values are automatically converted when changing units; thus, numerical values for one item may be entered in SI and for the next item entered in BG. Manning’s n is not changed,  but Manning’s equation, Equation (12-2), is changed to reflect the units. 12



12



Figure 12-4. The primary screen of ChannelFlow.
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Fr iction coeffici ent. ChannelFlow uses Manning’s n for the friction representation. The number in the white edit box can be changed to conform to the problem. If the friction coefficient is to be calculated, this box becomes a gray text box.



Tas k s election menu. The pull-down menu on the upper left is used to select the problem as shown in Figure (12-5). The items in this menu are Find normal and critical depths, Generate a profile, Find the flow rate, Find the friction coefficient, Find flow and friction, Find hydraulic jump parameters, Plot a capacity curve and Plot a stability curve. Open the menu by clicking on the down arrow and select the problem by clicking on the proper line. 12



12



Figure 12-5. The primary screen with the task selection menu open (top half).



Channel s hape menu. The pull-down menu on the right is used to select the channel shape as shown in Figure (12-6). The items in this menu are Rectangular , Plane, Trapezoidal, Triangular , Circular , Parabolic and Irregular .



Friction-data buttons. Estimating a proper value of Manning’s n is a difficult aspect of analyzing open-channel flow. The buttons in the box near the lower right corner of the screen lead to two guides for choosing the value of the friction. The first brings up a table of n-values with a description of the type of channel to which they apply (from Chow, 1959). The second button displays an extensive pictorial view and descriptions of channel cross-sections and roughnesses for a number of channels with known n-values (adapted from Barnes, 1967).



 Mes s age band. A yellow or red band near the bottom of Figure (12-4) (not shown) is where ChannelFlow presents messages to the user. Clicking anywhere on the screen removes the message. These messages consist of Errors, information, and alternate solutions. Errors appear in a red band whereas information and alternate solutions are in a yellow band 12



Close this progr am. This button is used to exit ChannelFlow. If ChannelFlow is run directly, it will also close M ATLAB (use the x in the upper right corner to exit ChannelFlow without closing MATLAB). If ChannelFlow is run from the FMS controller it returns to the controller.



Calculate. After all the data are entered, start the calculation started by pushing (clicking) this button.
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Figure 12-6. The primary screen with the channel shape menu open (top half).



 S tore data. Since ChannelFlow can have a large amount of data, this button will write the data to a file (with extension .chn). In that way you can return to a problem without manually entering the data again.



R etrieve data. The data that are stored by the previous item are retrieved by this button. Pressing the  button brings up a dialog box that shows files with extension .chn. After data are either saved or retrieved, the file name appears at the top center of the primary screen. If the data are changed, the file name appears with “(changed)” appended.



Info. The information button is context sensitive in that the selection of a particular information screen depends on which item is selected on the task selection menu. If no item is selected, it shows a brief  intermediate screen that has buttons for each of the items.



Normal and critical depths Selecting normal and critical depths from the task selection menu with a rectangular channel brings up three edit boxes as shown in Figure (12-7). The user can select the friction coefficient, the flow rate, the channel slope and the width of the channel. Also a box appears near the lower left corner that shows a generic shape of the selected channel. Selecting 2 m 3/s for the flow rate and pressing the “Calculate” button displays the screen shown in Figure (12-8). Five green boxes have appeared that contain the critical depth, the normal depth, the Froude number at normal depth, the total head at critical depth and the total head at normal depth. The latter two items are V c2 / 2 g+5 c and V n2/2 g +5 n, which are useful for some  problems [Examples 2(e), 2(f)]. Also, the drawing of the channel changes so that the width of the c hannel, normal depth (blue line) and critical depth (green line) are shown in the same scale. 12 12



Profiles Invoking ChannelFlow and selecting “Generate a profile” in a “Rectangular” channel displays a screen similar to Figure (12-7) except for the item in the task selection menu. Choosing 2 m 3/s for the flow rate, choosing the slope as 0.004 and a width of 1 m, and pressing the “Calculate” button produces Figure (12-9). The normal and critical depths have been calculated and the figure illustrating the channel shape is scaled. The message bar near the bottom of the screen directs you to choose one or two boundary conditions for the profile(s). These conditions are to be entered in the “Boundary depth” and “Location” Fluid Mechanics Solutions
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Figure 12-7. Selection of normal and critical depths with a rectangular channel.  boxes. If you enter only a single boundary depth, leaving the other three boxes blank, that boundary depth is assumed to be located at  x=0. If one boundary condition (depth only or location and depth) is entered, ChannelFlow plots a single profile. If you enter two boundary conditions, one with supercritical flow ( F>1) and one with subcritical flow ( F


After the boundary conditions are entered (in this case 5 =0.3 m at x=0 and 5 =2 m at x=250 m), clicking on the “Calculate” button again produces a plot of the profile(s). Figure (12-10) shows a profile plot in elevation form. Pressing any key on the keyboard toggles the plot from the elevation presentation to the depth presentation as shown in Figure (12-11). The plot screen is closed by clicking on the gray bar at the bottom and then pressing a key.



R ecorded file. Measurements of distance along the c hannel and the corresponding depths are entered into the distance-depth table. These measurements can be placed in any order and not all boxes have to be filled, but if a distance box contains a number, the corresponding depth box must contain a num154
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Figure 12-8. The primary screen after calculation of critical and normal depths.  ber and vice-versa. The “Back to ChannelFlow  screen” button returns to the primary screen. The “Reset” button eliminates all entries in the table. When a file is saved from the main screen, these data are saved in that file. When a profile is calculated, the results are saved in a file in the current directory with the name Profile.txt. Included are the date and time of calculation, the units, Manning’s n value, slope, flow rate, channel type, the channel parameters, critical depth, normal depth and a three-column description of  the profile curve, which consists of point number, x value and depth. Only one such file is generated, even if two profiles are calculated. If two profiles are needed, each must be calculated separately. However, ChannelFlow  will overwrite the existing text file so if you wish to save the first of two files, it should be renamed before another calculation.



Flow rate Invoking ChannelFlow and selecting flow rate in the task selection menu produce the screen shown in Figure (12-12). Note that the box for selecting a flow rate has become a text box; no entry can be made in this box since the flow rate is to be calculated. A check box appears for specifying that all measure-
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Figure 12-9. The primary screen with boundary condition boxes open for profile calculations. ments are assumed to be at normal depth. If a check is placed in that box, the depth measurements are simply averaged (see Flow rate section on page 141) and Equation (12-2) is used to compute the flow rate. The data to be used to calculate the flow are entered into the position-depth table, which is accessed  by pressing the button labeled “Go the position-depth data screen.” That screen is shown in Figure (12-13) with a few items of data entered. Measurements of distance along the channel and the corresponding depths are entered into the distance-depth table. These measurements can be placed in any order and not all boxes have to be filled,  but if a distance box contains a number, the corresponding depth box must also contain a number and vice-versa. The “Back to ChannelFlow screen” button returns to the primary screen. The “Reset” button eliminates all entries in the table. The other items on the primary screen include the maximum number of iterations (chosen by the user  with a default of 400) and a stop button. You can monitor the progress of the calculation (shown in the information band near the bottom of the screen) and, if it does not seem to be converging, use the stop  button to terminate the calculation without having to wait for the maximum number of iterations. The solution appears as a  profile plot as shown in Figure (12-14). The data points appear as circles on the  plot. As in the case of all profile plots, you can cycle between the elevation presentation and the depth  presentation. 12 12 12
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Figure 12-10. A plot of two profiles connected by a hydraulic jump (elevation form). 12



Figure 12-11. The profile of Figure (12-10) plotted in depth form.



Friction coefficient Invoking ChannelFlow and choosing to calculate the friction coefficient brings up a screen very much like Figure (12-12) except that the flow rate can be chosen in an edit box, but the friction coefficient can-
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Figure 12-12. Screen for calculation of flow rate given profile data. not be chosen. A distance-depth table must contain measurements, just as in the case of the calculation of flow rate. The calculation is basically the same and a plot of the profile appears that is similar to Figure (12-14).



Flow and friction Before attempting a calculation for both the flow rate and the friction coefficient, read the Flow and friction section on page 142 and especially the warning . Invoking ChannelFlow and choosing to calculate  both flow and friction brings up a screen similar to Figure (12-12) except that neither the flow rate nor  the friction coefficient can be chosen. However, pressing the “Calculate” button displays a message in the message bar that directs the user to estimate the friction coefficient and changes the corresponding  box to an edit box. ChannelFlow then iterates on both the flow rate and the friction coefficient to find values that best fit the data. The length of the calculation—and in a few cases the solution itself—de pends on the guess of the friction coefficient.



Find hydraulic jump parameters Invoking ChannelFlow and choosing “Find hydraulic jump parameters” (see Hydraulic jump section on page 142) brings up the screen shown in Figure (12-15). The column of boxes consists of seven edit  boxes and a text box (for the head loss in the jump.) Exactly two of the edit boxes must be filled with data, but those two cannot be both the upstream and downstream Froude numbers. After the calculation is complete, the solution appears in green edit boxes and an additional button appears below the boxes
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Figure 12-13. The position-depth screen. that is labeled “Reset colored boxes.” The latter button is used to set the screen back to the original for  additional calculations. 12



Capacity curve The primary screen for a plot of the capacity curve (with a rectangular channel) appears in Figure (12-16). The number in the “Max depth” edit box limits the plot. Choosing the maximum depth as 2 m and calculating produces Figure (12-17). The white line labeled “Normal depth” is the capacity curve. A plot of critical depth vs flow rate is added to the plot. The plot can be enlarged by clicking on the screen at the point of enlargement or holding the mouse button down while drawing a small rectangle. Dou ble-clicking brings it back to the original scale. 12 12



Stability curve Selection of “Plot a stability curve” (see Stability curve section on page 143 ) from the task selection menu brings up an additional pull-down menu labeled “Select the plot type.” Figure (12-18) shows the  primary screen with that menu open. The options are presented below. 12



Fr oude number vs depth. This option is the simplest and most common type of stability curve. A sample is shown in Figure (12-19). The white line separates the region of stable flow (lower Froude Fluid Mechanics Solutions
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Figure 12-14. A profile plot from the flow rate calculation showing data points. 12



Figure 12-15. The initial hydraulic jump screen (top three-quarters). numbers) from the region of unstable flow. The normal depth and Froude number can be calculated for  any combination of slope, friction coefficient and flow rate. Then a point is located on the figure and the
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Figure 12-16. The initial screen for plotting a capacity curve (top one-quarter). 12



Figure 12-17. Plot of the capacity curves. stability of the normal flow determined by which region the point falls into. The Vedernikov number is equal to one on the white line, indicating neutral stability. 12



 S lope vs depth. Plotting slope vs depth produces a stability diagram similar to that of Froude number  vs depth; such a curve is shown in Figure (12-20). The contoured green curves represent lines of constant flow rate assuming uniform flow. 12
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Figure 12-18. The stability curve screen with the plot-selection menu open.



Fr iction coefficient vs depth. This plot is shown in Figure (12-21). It is similar to the previous plot except that the stable region is below the curve; that is, lower friction coefficients lead to less stable flow. Again, the contours are lines of constant flow rate. 12



 S quare root of slope/n vs depth. Because slope and friction always appear in the combination of  square root of slope divided by the friction coefficient, this plot represents a combination of the previous two plots. It is shown in Figure (12-22). The region above the curve (high slope, low friction) represents unstable flow. The contour lines are those for constant flow rate. 12



Vedernik ov number vs depth and  s quare root of slope/n. This three-dimensional plot is shown in Figure (12-23). The red part of the surface represents instability and the green part is in the stable region. 12
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Figure 12-19. A plot of Froude number vs depth showing stable and unstable regions.



Vedernik ov number vs flow and depth. This rather complex plot, Figure (12-24), shows flow



12



rate vs depth with Vedernikov number as a parameter. The red lines are contours of the Vedernikov number in the unstable region ( Ve>1; or for a circular channel, Ve1) and the green lines are contours of the Vedernikov number in the stable region. The blue contours are lines of constant S 0 3 n .



Examples This section presents some examples to supplement those in the previous section. The range of examples illustrates what can be done with ChannelFlow.



Example 1. Jump and profiles in a trapezoidal channel Consider a trapezoidal channel of 2 m base width and side slopes (vertical/horizontal) of one-half, slope S 0=0.0005 and roughness coefficient n=0.0138. The channel is designed to transmit a flow of 8.3 m 3/s. At the entrance to the channel, the flow runs under a gate, the lower edge of which is 0.2 m above the channel bottom. For the design flow ( a) determine normal and critical depths, ( b) find if uniform flow is stable, and (c) plot the profiles downstream of the gate.
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Figure 12-20. Stable and unstable regions on the slope vs depth stability curve. The stable region is below the curve. The parameter is flow rate.



(a) normal and critic al depths . On the primary screen make n=0.0138, choose trapezoid from the channel shape menu, make the bottom width 2 m and make the side slopes 0.5. From the task-selection menu select “Find normal & critical depths,” make the flow rate 8.3 m 3/s and make the slope 0.0005. Press the “Calculate” button to find that 5 c=0.896 m and 5 n=1.3145 m.



(b) s tability. From the task-selection menu choose “Plot a stability curve.” Make the “Max depth” 2 m. Several of the plots give the requested information. For the example choose “Sqrt(slope)/friction vs depth.” The plot is shown as Figure (12-25). For this flow S 0 3 n =1.62, which is off the plot but well into the stable region. Actually, the Vedernikov number is less that 0.2, indicating a very stable flow. 12



(c) profiles . For the profile curves choose “Generate a profile” from the task selection menu and verify that the parameters are correct. Press “Calculate” to display the boundary condition boxes. For the upstream boundary condition put in 5 =0.2 m at x=0 (ignoring a possible contraction of the water surface under the weir—the vena contracta). No subcritical profile exists that approaches normal depth, so any hydraulic jump must have a downstream depth equivalent to normal depth. For the downstream  boundary condition put in 5 =1.3145 m at x=500 m (an arbitrarily large distance). The resulting plot is shown in Figure (12-26) (which is depth form; press any key to cycle to elevation form). The profile
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Figure 12-21. Stable and unstable regions in the friction coefficient vs depth stability curve. The stable region is above the curve. The parameter is flow rate. type from the gate is M3 (noted at the top center of the screen) and the jump is at  x=115 m (upper left corner of the screen). Although the plot indicates that the downstream profile is an M1, there is really no downstream profile as the channel runs at normal depth downstream of the jump. 12



To be able to return easily to this example, store the data. Press the “Store data” button, write Example1 for the name, and press “Save.” The data can now be retrieved to rerun the example.



Example 2. Stability and profiles in a circular channel Consider a pipe of diameter 1.5 m on a slope of 0.00088 with a friction coefficient n=0.022. (a) Find the maximum possible and maximum practical normal flows. ( b) Plot the stability diagram. ( c) A flow Q=4 m3/s enters the pipe at depth 5 =0.15 m. The pipe is 70 m long and ends in an overfall. Assuming critical depth at the downstream end, plot the water surface profile along the length of the pipe. ( d) Set as the flow rate at 1 m 3/s. Flow enters the pipe ( x=0) at a depth of 0.15 m. The pipe ends in a reservoir at x=2500 m with a water surface 1 m above the top of the pipe (2.5 m above the bottom of the pipe). Plot the profile. (e) Assume that the same pipe (n=0.022, D=1.5 m) has a slope of 0.03 and runs between two reservoirs. The length of the pipe is 70 m. The water surface in the upper reservoir is 2 m above the bottom of the pipe and the water surface in the lower reservoir is also 2 m above the bottom of the pipe. Plot
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Figure 12-22. The square root of slope divided by friction vs depth stability curve. The region above the line represents unstable flow. The contoured parameter is flow rate. the profile. (f ) Change the slope of the previous case to 0.002, change the level of the upstream reservoir  to just below the top of the pipe at 1.3 m and make the length of the pipe infinite. Find the flow rate.



(a) maxi mum pos s ible and maxi mum practicable normal flows. For the answer to the first  part, plot the capacity curve. From a fresh start with ChannelFlow, choose the channel shape to be circular and the capacity curve plot from the task selection menu. Enter the proper parameters and calculate. The plot screen is shown on Figure (12-27). 12



From Figure (12-27), the maximum flow rate is about 1.3 m 3/s, but uniform flow in a full pipe is about 1.2 m3/s. These values can be read more closely by zooming on the capacity plot, revealing a maximum flow rate of 1.333 m 3/s at a depth of 1.407 m and the pipe-full value of 1.239 m 3/s. These are the answers to part (a), but we should note the depth where the pipe will run as an open channel at a flow of 1.239 m 3/s. Zooming reveals a depth of 1.229 m. (Note: In this and other examples, accuracy to three decimal place is not justified.)



(b) s tability diagr am. For the stability diagram we choose to plot flow rate vs depth with the Vedernikov number as a parameter. That diagram appears as Figure (12-28). For this particular channel ( S 0 3 n =1.35), the channel is stable for depths up to approximately 1.486 m. 12
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Figure 12-23. A surface depicting stable (green) and unstable (red) flow. flow.



(c) wa wate terr s urface profile. profile. Enter the flow rate, slope and friction on the primary screen and calculate. Critical depth is computed as 1.0426 m, but normal depth is “Imaginary” and the normal depth Froude number is “NA,” signifying that the channel cannot run at uniform flow for Q=4 m3/s. For boundary depths enter 0.15 m at location x location x=0 =0 and 1.043 m at location x location x=70 =70 m. (ChannelFlow will not accept a boundary value at critical depth; therefore, it is necessary to enter a value slightly above critical depth for the M2 curve.) Figure (12-29) appears (12-29)  appears after calculation. The supercritical M3 curve  begins at x at x=0. =0. At x At x=16 =16 m a hydraulic jump forms and the pipe is filled. The pipe runs full to approximately x imately  x=40 =40 m, where open-channel flow begins again. The M2 curve then brings the depth to the  boundary condition, essentially critical depth. This This example example illustrates illustrates the ability ability of of ChannelFlow to compute free surface flow in a pipe where the pipe flows full downstream of a hydraulic jump or upstream of a profile that touches the roof of the pipe. 12



(d) water water s urface profile to to a reservoir. reserv oir. Using the given flow rate of 1 m 3/s, slope of 0.00088, and n=0.022 produces 5 c=0.50658 m and 5 n=1.0214 m. Enter a boundary depth of 2 m at x at  x=2500 =2500 m and 0.15 m at x at x=0. =0. Calculation produces Figure (12-30) (the (12-30)  (the profile is shown in depth form). The hydraulic jump occurs almost at the upstream end of the pipe. It jumps to an M1 curve, the result



of the high water in the downstream reservoir at x at  x=2500 =2500 m. However, the plot ends at ap proximately x  proximately x=900 =900 m since the pipe runs full from that point to the reservoir. 12
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Figure 12-24. Flow rate vs depth with the unstable unstable Vedernikov Vedernikov numbers (red lines) and stable Vedernikov numbers (green lines) as a parameter. An additional parameter is the square root of slope divided by the friction coefficient (blue lines).



(e) an S1 S 1 profile. The flow rate is not given in this problem and must be computed outside of ChannelFlow. Assume that the flow is supercritical, in which case the flow must enter the pipe at critical depth. In the upstream end of the pipe V 2/2 g +5 =2. =2. The velocity, velocity, area, and depth in the pipe are
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(12-48)



The result is a rather nasty equation in 0  that can be solved numerically3,
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ChannelFlow can be used in an iterative manner to find to solution. Select “Find normal & critical depths,” set the slope to the specified value of 0.03, guess at the flow rate, say 1 m 3/s, and calculate. The head at critical depth is 0.69 m, not close to 2. Guess at Q=7 m3/s, which gives 2.24 m. Continued trial and error gives a critical depth head of 2 m at Q=6.0375 m3/s.



3. SlveTran is the preferred method of solution.
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Figure 12-25. The stability stability plot for example 1(b). 12



Figure 12-26. The profile curve for Example 1. Fluid Mechanics Solutions
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Figure 12-27. The capacity capacity plot for Example 2.  Now select “Generate a profile” from f rom the task selection menu. Since the upstream curve enters the  pipe at critical depth and tends toward normal depth, depth, click “Calculate” to activate the boundary boundary conditions boxes and enter the value of the upstream boundary condition slightly slightly below the value given for critical depth, say 1.26. For the downstream boundary condition, condition, enter 2 m at 70 m. The result is shown in Figure (12-31). (12-31) . The jump has joined an S1 curve, but then the S1 curve intersects the top of the pipe and the pipe runs full from approximately  x=12  x=12 m to the lower reservoir. reservoir. 12



(f) flow rate. rate. ChannelFlow was able to find the flow rate in part (e) because the channel runs supercritically and thus the flow entered at critical depth, which is a function of the flow rate and is not changed by downstream conditions (unless it is drowned). In this part the channel runs subcritically. subcritically. The flow can enter the channel at normal depth, on an M1 curve or on an M2 curve, depending on the downstream conditions. conditions. Thus, if there were two reservoirs as in part (e), an iteration would consist of  guessing a flow rate, projecting a profile curve backward from the downstream boundary condition to the upstream reservoir, determining the depth at the upstream reservoir, and matching the total head at that point with the level in the reservoir. Although that process can be done in ChannelFlow, it is awkward. A better solution is to use the profile equations, the boundary condition, condition, and the upstream head condition in a nonlinear equation solver such as SlveTran. In the current example, the process has been shortened by assuming a very long pipe. If the pipe is sufficiently long, the flow must enter at normal depth. Use “Find normal & critical depth,” set the slope to 0.002, and guess a flow rate of 1 m 3/s. The total head at normal depth is 0.84 m whereas we
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Figure 12-28. Stability diagram for Example 2. are seeking a total head of 1.3 m. Guess Q=3 m 3/s, which gives an imaginary normal depth. Guess Q=2 m3/s, giving a total entrance head of 1.44 m. Continued guesses converge to show that Q=1.864 m3/s gives a total entrance head of 1.3 m.



Fluid Mechanics Solutions



171



 Channel Flow: Calculations in open channels  Examples



12



Figure 12-29. The profile fills the pipe at the jump and then returns to a free surface before the pipe ends.
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Figure 12-30. Profile that undergoes a jump and ends in a reservoir that covers the pipe. 12



Figure 12-31. Profiles for Example 2(e).



Fluid Mechanics Solutions



173



 Channel Flow: Calculations in open channels  Examples



Example 3. Find flow rate, find friction, or find flow rate and friction 12



Table 12-1. Depth vs distance for Example 3.  x (m)



Depth (m)



0



3.5



 –500



3



 –1000



2.8



 –2000



2.5



 –3000



2.2



 –4000



2.2



Consider a rectangular channel of 4 m width and slope=0.001. Measurements along a profile have produced the distance-depth Table (12-1). (a) Assume that the friction factor is known and is n=0.015 and find the flow rate. ( b) Using the flow rate found in part (a), find the friction factor. ( c) Find both the flow rate and the friction factor simultaneously.



(a) flow r ate. Choose “Find flow rate” from the task-selection menu. The screen should appear similar  to that shown in Figure (12-12). Enter the width, slope and friction factor into the proper edit boxes. Press the button labeled “Go to position-depth data screen” and enter the tabular data on that screen. The results should be similar to Figure (12-13). Return to the main screen and calculate. The result is shown in Figure (12-32). The profile is M1 with the data points shown as small circles on the profile. The flow rate is Q=19.0982 m3/s. 12



As an interesting side calculation, return to the main screen, check the box to assume normal depth and calculate. The result is plotted in a manner similar to Figure (12-32) but without a profile. The flow rate is calculated as Q=24.9764 m 3/s.



(b) fri ction factor. On the main screen be sure that the flow rate is entered as Q=19.0982 m3/s and choose “Find the friction coefficient” from the task selection menu and calculate. The result is a plot like Figure (12-32) with the friction coefficient n=0.015003.



(c) flow rate and friction factor. On the main screen choose “Find flow and friction.” The boxes for both the flow rate and friction coefficient have become text boxes and the check box for assuming normal flow has disappeared. Clicking on the “Calculate” button brings up a request for guessing at Manning’s n and the friction coefficient box is again an edit box. Guess n=0.022 and calculate. The expected result is Q=19.0982 m 3/s and n=0.015. The actual result, shown in Figure (12-33), is Q=14.358 m3/s and n=0.0198. However, the profile and data fit in Figure (12-33) appear nearly the same as in Figure (12-32), showing that finding both flow rate and friction is not an accurate process (see warning). 12



Example 4. Irregular channel Use the irregular channel option of ChannelFlow to investigate two flows with slope=0.001 and n=0.015. (a) Find normal and critical depths for a rectangular ch annel with bottom width 1 m and flow rate of 2 m3/s, but do the calculation using an irregular channel. ( b) Find the hydraulic jump parameters
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Figure 12-32. Result of the computation of flow in Example 3(a). for an irregular channel that simulates a parabolic channel with a=2 m and b=0.5. Use Q=5 m3/s and upstream Froude number of 2. Compare the results to the parabolic channel.



(a) normal and critic al depths . Select the “Irregular channel” option and choose “Calculate normal & critical depth.” Set the channel slope to 0.001 and the Manning coefficient to n=0.015. Set the  bottom width to 1.0 m and and enter a height of 1.0 m and a width of 1.0 m in any row of the height-width table. After calculating normal and critical depths, the primary screen appears as in Figure (12-34). The geometry is defined by the bottom width and eight pairs of entries in the height-width table on the right of the screen. The height-width table must contain at least one entry. The height must increase downward in the table (upward in the channel), but blank pairs can be left in the table. The channel width cannot decrease with height. See the Irregular channel section on page 150 and especially the warning at the beginning of that section. The results are the same as those for the rectangular  channel of Figure (12-8). Notice the scaled sketch of the channel on the screen, Figure (12-34). The top of the channel is at 1 m, but normal depth is 1.78 m. ChannelFlow has assumed that the channel extends upward at the same side slopes (infinite in this c ase) as the uppermost section. 12



(b) hydraulic jump. For the irregular calculation retrieve the file Example4b.chn. Although the calculation has already been done, recalculate the problem. (Note that before Clicking on “Calculate,” the button “Reset colored boxes” must be pressed.) The result is shown in Figure (12-35). Now choose
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Figure 12-33. Results of the flow and friction calculation. Compare toFigure (12-32). the parabolic channel, make a=2 m, b=0.5, and Q=5 m3/s, and an upstream Froude number of 2. The results are the same as the previous calculation to about three significant figures. The differences are due to the approximation in the geometry of the channel when using the irregular calculation. 12



Error, information, and warning statements Error statements appear in a red band near the bottom of the screen and just above the push buttons. Warning or information statements are written in the same place in a yellow band. When these items ap pear, execution of the program is stopped (except when information is given on the progress of the solution) until the user clicks on the screen. The click removes the error or warning statement and either  halts the program in case of a fatal error or continues execution.



ChannelFlow has two types of error statements. The first results from a user error where, for example, there is a typographical error in an item of data, perhaps two decimal points or a character that is not a number. (Example: “An error occurred reading the Bottom width.”) These are usually fatal errors that require correction before restarting the calculation. The second type of error statement is a numbered error. [Example: “Failure to find normal depth (error  001)”]. These statements mean that ChannelFlow has become confused, often because an iteration process failed to converge. ChannelFlow has been designed to trap the numbered errors so that they should not occur. The most likely cause is that the user has put in extreme data, such as an unusually steep slope. However, these errors can be reported to the authors for help in determining what when wrong. Please 176
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Figure 12-34. Normal and critical depths in an “irregular” channel set up to mimic a rectangular channel of width 1 m. Normal depth is higher than the specified depth of the channel. save the .chn file (see the Store data section on page 153 ) of the data that led to the error and provide that file and a description of how it occurred to [email protected]. Error and warning messages are listed according to the problem type in the same order as the task-selection menu. However, many of the messages may occur for different problems. For example, most calculations call the normal and critical depth function and thus may produce an error listed as under normal and critical depth even though the basic calculation is intended to find hydraulic jump parameters.



Read errors and input errors • “An error occurred reading the xxx.” where xxx is a variable or parameter to be read from the main screen or from the distance-depth screen. Likely a typo has been entered into the edit box as, for example, two decimal points. Note that if the space originally had “------” all of the dashes must be removed. If there is to be no data in the edit box (e.g., omitting lines in the description of an irregular channel or in the position-depth table), the edit box may have either dashes or be blank.
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Figure 12-35. The irregular channel used to simulate a parabolic channel for the computation of a hydraulic jump. • “You must select a channel type before calculating.” The “Calculate” button has been  pressed before a channel shape was selected. • “Choose a problem type before pushing the “Calculate” button.” The problem has not been chosen from the task selection menu. • “Flow rate, channel slope, and the friction coefficient must all be given.” This error comes from the normal and critical depth calculation. One of these parameters has been omitted on the main screen. • “Please specify the channel slope.” ChannelFlow needs the slope for the calculation. • “The entry for height in box xxx appears to be not a valid number.” “The entry for width in  box yyy appears to be not a valid number.” “For width-height boxes number zzz either both or neither of the boxes must contain a number.” “At least one of the width-height pairs must  be given.” “The heights must be listed in ascending order. Either entry xxx or entry yyy is out of order.” “Two height entries cannot be the same. That is, the “sides” cannot be horizontal.” “Converging sides in any section are not allowed in ChannelFlow.” “The
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uppermost sides of the channel cannot be horizontal.” “An error occurred reading xxx.” These read errors may occur when specifying the geometry of an irregular channel, items in the distance-depth table, and other data. • “Failure to open the file. The error message is: xxx.” ChannelFlow has attempted to read a data file (with extension .chn) but could not open the file. The message at the end is the error statement from M ATLAB. • “The bottom width is zero. A rectangular shape cannot have zero bottom width.” A rectangular channel was specified but the bottom width was given as zero. • “The side slope is zero. Use a plane shape.” The side slope was read as zero. If that was intended, a plane should be used. • “The side slope is infinity. Use a rectangular shape.” The side slope was calculated as infinity. If that was intended, use a rectangular shape. • “The side slope is infinity. A triangular shape cannot have infinite side slopes.” The user has tried to specify a triangular channel with vertical walls. • “The diameter is zero.” “The diameter is infinity.” A circular shape was specified with impossible values for the diameter.



Critical depth and normal depth calculations • “Failure to find critical (or normal) depth (error 00x)” A numbered error from the critical and normal depth calculation. The nonlinear equation solver failed to converge. This error should not occur for reasonable parameters. • “WARNING: Maximum flow = xxx, but maximum practical flow (full pipe) = yyy. Calculated or given flow rate = zzz.” The given or calculated flow rate is more than the circular channel can handle if the flow is assumed to be uniform. The calculation may still  be valid for this flow. Clicking on the screen to remove the message resumes calculation.



Profile calculations • “At least one boundary condition box (Boundary depth) must contain a number.” The  boundary condition boxes have been left blank (or contain an error) in the profile calculation. • “The boundary depths must be greater than zero.” A negative or zero boundary condition has  been given. • “If a second boundary depth is specified, both locations must be specified also.” Two depths for boundary conditions (intending to compute two profiles, one supercritical and the other subcritical) were given, but the location of one or both of these conditions was not entered into the corresponding edit box. • “The boundary depth cannot equal critical depth.” In the profile calculation a boundary depth was given that is equal to critical depth. ChannelFlow will not compute the profile for such a case, but it will accept a boundary depth that is slightly different than critical depth.
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• “The two curves do not overlap; thus, there is no hydraulic jump. Click on this screen to continue.” Two boundary conditions were given to generate two profiles. However, the  profile curves do not overlap so no hydraulic jump can occur between them. ChannelFlow should compute and plot the profiles. • “A hydraulic jump is not possible between the two profile curves. Click on this screen to continue.” Although a supercritical and a subcritical profile exist for the given conditions, no point exists where the hydraulic jump equations are satisfied. • “The upstream boundary depth must be less than the pipe diameter.” In a circular channel an upstream boundary condition was given that specifies a depth greater than the diameter of the pipe. • “Failure to converge in the jump iteration. (error 03x)” The nonlinear equation solver failed to converge for the hydraulic jump equation. This error should not occur. • “If the first boundary depth is subcritical, the second must be supercritical and vice-versa.” If two boundary conditions are specified for profile generation, ChannelFlow assumes that there is a possibility to connect them with a hydraulic jump. Obviously, two subcritical or two supercritical profiles cannot be connected with a hydraulic jump. • “The specified flow rate is too high for profile generation. The calculation is terminated.” In the circular pipe the flow rate was too high to calculate a meaningful subcritical profile.



Find flow rate, find friction coefficient, find flow and friction • “All depths in the circular channel must be less than the diameter.” The position-depth table used for finding flow or friction contains one of more depths that is greater than or equal to the diameter of a circular pipe. • “ChannelFlow is unable to find the type of profile curve from the data. The calculation is terminated.” More and/or better data may help. • “Results are shown in red after xxx iterations. The calculation was stopped by user.” Perhaps the user was too impatient. • “The optimization did not converge within the allowed xxx iterations. The incomplete results are shown in red.” If the number of iterations is set at the default, increasing this value may not help. The progress of the solution usually gives a clue as to whether the optimization routine is on the right track. • “In position-depth box number xxx, position is given but not depth.” “In position-depth box number yyy depth is given but not position.” The items in the position-depth table must occur in pairs. • “At least one position-depth pair must be given on the position-depth data screen.” Even though the “Assume normal depth” check box has been marked, the position-depth table must contain at least one pair. (Even though the position is irrelevant if normal depth is assumed, it must be given.) • “At least two points must be given in the distance-depth table. ChannelFlow has counted only xxx point.” Normal depth was not assumed so a profile must be put through the points in the position-depth table. Because the flow rate (or the friction) is unknown and the
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 boundary condition is unknown, two points are required to solve for these parameters. Note that an error or inaccuracy is likely to occur if the minimum number (two in this case) is given. Also, these points should not both be near normal depth or on the nearly horizontal  part of an M1 or S1 profile. • “At least three points (more is better) must be given in the distance-depth table. ChannelFlow has counted only xxx point.” ChannelFlow is attempting to solve for flow rate, friction, and a boundary condition, which requires at least three pairs of items in the  position-depth table.



Hydraulic jump • “The calculated upstream depth is greater than the diameter.” In the hydraulic jump calculation, the upstream depth is an unknown. From the given conditions in a pipe, ChannelFlow calculated the upstream depth to be more than the diameter of the pipe. (Note that the calculated downstream depth can be greater than the diameter, in which case ChannelFlow assumes that the pipe runs full downstream of the jump.) • “The downstream depth must be greater than the upstream depth.” Both upstream and downstream depths have been given in the jump calculation, but the jump cannot occur unless the downstream depth is greater than the upstream depth. • “The downstream Froude number must be less than one.” Flow must be subcritical downstream of a hydraulic jump. • “The given parameters do not lead to a solution.” ChannelFlow cannot find a hydraulic  jump solution for the given parameters. This message occurs when upstream velocity and downstream depth are given. • “The solution is not unique. Click anywhere for the alternate solution.” In certain combinations of parameters, the solution for a hydraulic jump is not unique. ChannelFlow will find both solutions. • “For the given downstream depth the upstream velocity must be greater than xxx to produce a hydraulic jump.” The given parameters cannot produce a hydraulic jump. • “The upstream and downstream Froude numbers cannot both be given. Doing so over specifies the problem.” In general, two parameters must be given to define a hydraulic jump. However, if either the upstream or downstream Froude number is given, the other is uniquely determined. Thus, both Froude numbers cannot be given. • The downstream depth must be less than the diameter; otherwise, a downstream Froude number cannot be specified.” In general, a downstream depth can be specified that is greater than the diameter of the pipe; the pipe runs full downstream of the jump. However, if the downstream Froude number is also specified, the downstream depth must be less than the diameter of the pipe. • “The upstream Froude number must be greater than 1. It is given or calculated as xxx.” • “The downstream Froude number must be less than 1. The calculated or given Froude number is xxx.”
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• “For a jump to form the upstream depth is too large given the downstream velocity.” “For a  jump to form the downstream depth is too large given the upstream velocity.” The momentum equation cannot be satisfied across a jump. • “The upstream velocity must be greater than downstream velocity.” Otherwise, the upstream Froude number would be less than the downstream Froude number. • “The upstream depth must be greater than xxx to achieve super-to-subcritical flow for the given downstream velocity.” • “The downstream depth must be less than xxx to achieve super-to-subcritical flow for the given upstream velocity.” • “Full pipe. Flow rate and downstream velocity cannot be the specified quantities if pipe runs full downstream of jump.” In a circular pipe the specification of flow rate and downstream velocity is insufficient to determine the head downstream of the jump or conditions upstream of the jump. Note that the downstream velocity is the flow rate divided by pipe area if the  pipe is full and thus is a redundant specification.



Capacity calculation • “Please specify the maximum depth (the upper limit of the capacity curve).” ChannelFlow needs to know how far to plot the capacity curve.



Stability calculation • “Please choose a curve type from the menu.” The user must choose what to plot from the  pull-down menu. • “Please specify the maximum depth (the upper limit of the stability curve).” ChannelFlow needs to know how far to plot the stability curve.



References Barnes, Harry H., Jr. (1967), Roughness Characteristics of Natural Channels , U. S. Geological Survey, Government Printing Office. Chow, V. T. (1959), Open-channel Hydraulics, McGraw-Hill, 1959. Liggett, J. A., and David A. Caughey (1998), Fluid Mechanics: An Interactive Text , ASCE Press.
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CHAPTER  13



AxialVel: Turbomachinery  AxialVel is a utility for studying velocity diagrams of axial-flow turbomachinery. The user can change rotor speed and the inlet and outlet flow angles in either absolute or rotating frames.  AxialVel then dis plays the resultant velocity vectors. The velocity diagrams can be viewed either (1) in a general arrangement, (2) those having zero reaction (pure impulse) or (3) a 50% reaction. The utilization factor and degree of reaction are displayed for each diagram. Click here to run AxialVel.



Basis for AxialVel The geometry for an axial-flow rotor is shown in Figure (13-1). The basic flow is along the z -axis in the  positive z -direction. The flow enters the rotor at section 1 and exits at section 2. The rotor turns with angular velocity R  and each point on the rotor has a linear speed of U =R r where r  is the distance of the  point from the central axis. The notation is as follows: •  Numerical subscripts indicate entrance (1) and exit (2). • Subscript a is used for axial velocity. • Subscript m on a velocity indicates the radial velocity 1, i.e. vm • Subscript 0  is used for angular velocity. • Subscript r  is used for relative velocity. 13



The entrance and exit conditions for an axial flow rotor are
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The flow angles at inlet and exit are defined as
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1. The letter m is used for radial velocity because r  is reserved for relative velocity.
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Figure 13-1. An axial flow rotor with inlet and outlet velocity vectors. When an absolute flow angle is specified in the impulse mode, both absolute flow angles are assumed to be specified and the condition that the relative flow angles must be equal is used to determine rotor  speed. Using
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with the condition S 1= S 2 requires that
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Since the exit velocity is
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Equation (13-5) can be solved for the rotor speed to give
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 AxialVel calculates the “Utilization factor,” which is defined as
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in which w is the specific energy transfer rate—rate of energy transfer per unit of mass flow rate—given  by the Euler turbine equation or the Euler pump equation for axial-flow machines as
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The percent reaction is the fraction of the total energy transfer that is due to, or results from, a change of static pressure within the rotor. It can take any value, including negative values and values greater  than unity. An important class of machines are those with zero reaction, which are called impulse machines. The percent reaction is given by
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for axial-flow machines.



The AxialVel screen The initial screen for AxialVel is shown in Figure (13-2). The left part of the screen is the vector diagram of the velocities. The right side of the screen is for entry of rotor parameters, display of rotor characteristics, and selection of rotor type. Absolute velocity vectors are shown in red, while relative velocity vectors are shown in blue; the wheel speed vector is shown in magenta. Vectors corresponding to inlet velocities are shown as solid vectors, while exit velocity vectors are shown as dashed lines.  AxialVel operates in two modes: a general mode and a mode in which the degree of reaction is held fixed (for either  an impulse rotor or a 50 percent reaction rotor). The mode is selected from the pull-down menu in the upper right corner of the screen The user can enter values of wheel speed, U , and the absolute or relative inlet and exit flow angles. These values can be entered either by typing them in the corresponding edit boxes or by moving the slider below the edit box to increase or decrease the value. Using the slider is a good way to get a qualitative feel for the effect of changing a parameter. The numbers in the edit boxes can be changed either by selecting the number and typing in a new num ber, or by moving the slider below the number to increase or decrease it. The use of the slider is informative in that it shows the progress of the velocity vectors as the number changes. 13



Fluid Mechanics Solutions



185



 AxialVel: Turbomachinery The AxialVel screen



13



Figure 13-2. The AxialVel screen.



Diagrams for general rotors In the “General” mode the specification of inlet and exit angles is completely independent. When changing flow angles, AxialVel assumes that the wheel speed, U , is fixed, so specification of the absolute inlet angle, ! 1, determines the relative inlet angle, S 1, and vice versa. Similarly, specification of the absolute exit angle, ! 2, determines the relative exit angle, S 2, and vice versa. When the rotor speed, U , is changed, the absolute inlet and exit angles remain fixed and the relative inlet and exit angles,  S 1 and S 2, are changed to be consistent with the new rotor speed.



Diagrams for impulse rotors In the “Impulse” mode the inlet and exit angles are related. The condition of zero reaction requires that the relative inlet and exit flow angles be the same,  S 1= S 2. When the “Impulse” mode is first selected from the pull-down menu, the exit flow angles, ! 2 and S 2, are modified to correspond to impulse action for the specified rotor speed and the given inlet angles, ! 1 and S 1. To maintain zero reaction, a change in any of the flow angles or the rotor speed results in changes to additional variables according to:
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• If either of the absolute flow angles, ! 1 or ! 2, is specified, the other is assumed to be fixed



and the rotor speed is adjusted so that the condition of zero reaction,  S 1= S 2, is maintained for the given values of the absolute inlet and exit angles. • If either of the relative flow angles,  S 1 or S 2, is specified, the other is set to the same value



and the rotor speed is kept fixed. Both absolute flow angles, ! 1 and ! 2, are changed to be consistent with specified values of the rotor speed and the relative flow angles. When a pure impulse is computed, the resulting relative inlet and exit velocity magnitudes are equal.



Diagrams for 50% reaction rotors In the “50% Reaction” mode the inlet and exit angles are related such that  S 1=# – !2   and S 2=! 1. When the “50% Reaction” mode is first selected, the rotor speed, U , and the inlet angles, ! 1 and S 1, are assumed fixed. The outlet angles, both absolute and relative, are determined from the condition on the reaction, i.e., ! 2=# –   S 1 and S 2=! 1. Once AxialVel is in the “50% Reaction” mode, a change in the rotor  speed or any of the flow angles results in changes to additional variables according to: • If any of the flow angles is specified, the rotor speed is held fixed and all other flow angles are determined by the geometry of the velocity triangles and the condition of 50% reaction. Thus, for example, if the absolute exit angle, ! 2, is specified, the relative exit angle, S 2, is



determined from the fact that the exit velocity is the vector sum of the relative exit velocity and the rotor velocity at the exit point and that ! 1= S 2 and S 1=# – !2  . • If the rotor speed is changed, one flow angle must be specified for the solution to be unique. The specified angle is arbitrarily taken to be the absolute inlet flow angle  ! 1. The calculation



then proceeds as above for fixed ! 1 and U . For 50% reaction the magnitude of the exit relative velocity vector is always unity, i.e., the relative exit velocity equals the entrance absolute velocity.



Sample calculations The initial screen of  AxialVel, Figure (13-2), has an absolute entrance angle, ! 1, of 30o. Change2 ! 1 to 20o and note that the rotor speed and absolute exit angle, ! 2, remain unchanged. The exit flow angles change to S 1=37.88o and S 2=31.40o. The degree of reaction is reduced to R=0.1206 and the utilization factor increases to C =0.8924. The velocity diagram can be forced into a pure impulse option by selecting “Impulse” from the  pull-down menu in the upper right corner of the screen. The exit flow angle changes to ! 2=80o and  S 2=37.88o so that S 2= S 1 and the degree of reaction becomes zero. The utilization factor decreases slightly to C =0.8794. The magnitudes of the inlet and outlet relative velocities are equal for a pure impulse machine.



2. The change can be made either by selecting the number and typing in a new number, or by using the slider  below the number. The slider has the advantage that the user can see the vector diagram and other values change as the number changes, but the disadvantage is that the number changes by increments so that the exac t desired value may not appear.
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Change the relative inlet flow angle to  S 1=45o. The degree of reaction remains at  R=0 since the “Im pulse” option is still selected. The relative exit flow angle changes to  S 2=45o. The absolute flow angles  become ! 1=24.3o and ! 2=77.85o and the utilization factor decreases to C =0.8229. The maximum utilization factor for an impulse rotor is obtained when the rotor speed U =(cos ! 1)/2. Set the rotor speed to U =(cos 24.3 o)/2=0.4557. The relative flow angles change but remain equal at  S 1= S 2=42.08o. The absolute exit flow angle changes to ! 2=90.0o, which corresponds to the purely axial flow required for maximum utilization factor. The utilization factor increases to C =0.8307, which corresponds to C max=cos2! 1. To explore the 50% reaction option, select “50% Reaction” from the pull-down menu in the upper right of the screen. The rotor speed and inlet flow angles remain unchanged, but the exit angles change to ! 2=# –   S 1=137.9 o and S 2=! 1=24.3o. The degree of reaction becomes R=0.5 (as chosen in the menu) and the utilization factor is C DT


C max



2 cos2 ! 1 ! 1 # cos2 ! 1



(13-11)



which gives C max=0.9379. Note that a small increment in the rotor speed (move the slider) in either direction decreases the utilization factor.
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CHAPTER  14



SlveTran: Solution of  simultaneous, nonlinear equations SlveTran is a utility for solving up to six simultaneous, nonlinear, algebraic equations containing up to 18 parameters and unknowns. A great many problems can be expressed in simultaneous equations. This chapter contains several examples. Click here to run SlveTran.



Basis for SlveTran SlveTran uses a modified Newton-Raphson method to arrive at a solution. For example, if we are to find the roots of two equations,
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those functions are expanded in a truncated Taylor series about the estimated solution  x0, y0 as
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in which the derivatives are evaluated at ( x0, y0). Setting f 1 and f 2 equal to zero produces two linear equations
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that can be solved for x and y. Since the series has been truncated, the “solution” usually arrives at a better approximation. This “solution” is iterated by taking ( x0, y0) as the new values and applying Equation (14-3) again. The iteration process terminates when the original equations are satisfied to a given pre-
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WARNING



cision. SlveTran uses a method of adjusting the steps in the unknowns to speed convergence on one hand and making convergence more likely on the other hand. However, convergence is not guaranteed. In fact, the process may converge to a local minimum instead of obtaining the desired result. Also, some equations may have multiple roots, but SlveTran finds only one root and the solution depends on the initial estimate (see A double root section on page 192.) The user should be wary of the result. Also, SlveTran will not find correct complex solutions.



14



The derivatives in Equation (14-3) are evaluated numerically by the divided difference method,
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in which > x and > y are arbitrarily small increments in  x and y.



The SlveTran screen The initial screen is shown in Figure (14-1). At the top are four edit boxes used for adjusting the way SlveTran computes. These are: • “Max Iterations” is the number of iterations before SlveTran gives up on the solution. Often if the solution has not converged in, say, 15 iterations, it will not converge at all. • “Step size” is the size of the step taken to compute the derivatives. If it is too large, the derivatives will not be accurate; if it is too small, roundoff errors will spoil the accuracy. • “epsilon” is a convergence criterion. A small value will get a more accurate solution at the expense of longer computational time. If epsilon is set to a number smaller than the basic accuracy (say, smaller than machine roundoff error), the solution will not converge. • “Acceleration” is factor that determines how fast the solution converges. A value of  acceleration greater than one leads to big steps, but has less chance of finding a solution. If  the solution goes wrong, the user may want to set the acceleration at a small number (say, 0.2) to take smaller steps, which may prevent SlveTran from going astray. 14



The box for the number of iterations is simply a counter to show how the solution is progressing. In most cases the user can leave the default values in the top-row edit boxes. The next boxes are used to store up to 18 variables and parameters. For each variable or parameter the user types a name and a value. In naming a variable, case does matter; “A” is not the same as “a.” If the variable is an unknown, the specified value is an estimate used by SlveTran to begin the solution. The  pull-down menu on the right of each variable is used to specify whether the quantity is fixed (a parameter) or unknown (a variable). The number of unknowns must equal the number of equations. When the solution has converged, the final values of the unknowns appear with a green background. If the solution does not converge, the latest values of the unknowns appear with a red background.
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14



Figure 14-1. The initial SlveTran screen. The functions of the bottom row of push buttons are reasonably obvious: • “Close” exits the program. If SlveTran was started from the FMS controller, M ATLAB returns to the controller; otherwise, M ATLAB  is also closed. If SlveTran was started from its directory and the user does not wish to close M ATLAB, the x in the upper right corner closes SlveTran without closing M ATLAB. • “Save Data” brings up a dialog box for choosing a file to save all of the data on the screen. The file extension is “.slv.” • “Retrieve Data” brings up a dialog box for reloading previously saved data. • “Clear All” returns the screen to the default state. • “Solve” begins the solution to the problem. Clicking on “Solve” changes the button to “Stop” whereby the use can terminate the solution before convergence. • “Info” brings up an information screen. Two other screens are available from the information screen, one that describes how to input integrals and one that lists the built-in functions.



Up to six equations are specified near the bottom of the screen. These equations contain the parameters and unknowns that are placed in the boxes above. They may also contain all of the built-in functions—such as trigonometry functions—that are contained in M ATLAB . Pressing the “Info” button  brings up a help screen that has a button labeled “Built-in functions.” The functions available to SlveTran are listed on that screen. The functions may also contain integrals as described below and on another  screen that is available from the “Info” screen.
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The equations are typed into there edit boxes as they would be in a computer language such as M ATLAB or Fortran. SlveTran does some checking of the user-supplied equations such as checking for unbalanced parentheses. Each equation, individually, can be more easily read by clicking on the “ X” at the extreme left of the equations. The top part of the input screen is then covered by another screen that shows the equation in algebraic form. Thus, both the computer-readable form of the equation and the algebraic form can be seen at the same time. To remove that screen, click on the “Return to input screen” button at the bottom. If an “ X” is pushed where there is no equation, SlveTran simply says that “There is no equation to display.” To remove that message, click on the screen. In the displayed equation the parameters are shown in blue and the unknowns are shown in red.



Writing equations The equations are written just as they would be in most computer languages using +, –, * (multiplication), / (division), and ^ (exponentiation) to separate the variables. Arguments of functions are contained in parentheses, for example sqrt(b^2-4*a*c). All equations should have equal signs, but if an expression is entered without an equal sign, SlveTran warns the user and sets the expression equal to zero.



Writing integrals Integrals must have a special form in SlveTran. They are in the form integ('integrand','variable of integration',lower limit,upper limit). The word “integ” signifies that an integral is to follow. The first argument must be the integrand, an algebraic expression contained in single quote marks. The second argument is the variable of integration, also contained in single quote marks. The third argument is the lower limit of the integral. It can be a single number or an algebraic expression, including an expression that contains unknowns. The fourth argument is the upper limit with the same format as the lower limit. The limits of the integral are not contained in quotes. The integrand and both limits can contain built-in functions. However, an integral cannot contain another integral. Evaluation of integrals in SlveTran is usually very accurate. It uses 10-point Gaussian quadrature ap plied over 10 equally spaced intervals. Polynomial expressions up to the 19th power are evaluated exactly. However, no provision is made for singular integrals.



Examples Each of the following examples is contained in one of the stored “.slv” files. The user can retrieve the file or type the data into the edit boxes on the screen.



A double root Find the solution to  x



 x



! 0.8



(14-5)



In Var1 (or any of the variables) type “ x” for the name of the variable; guess at the value as “1.0” and choose “unknown” from the pull-down menu. Under Eqn1 (or any of the equation spaces) type “x^x=0.8.” After clicking on the “Solve” button, the solution appears in green;  x=0.7395.
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Unfortunately, SlveTran finds only one solution to problems that have multiple solutions. The solution that SlveTran finds often depends on the initial guess. In this case make the initial guess 0.0 instead of  1.0. The solution is now x=0.09465. Both solutions are valid.



Evaluate an integral Evaluate the integral b



 I



! 3 e  x cos x 2 d  x



(14-6)



a



for a=0 and b=2#. Under Var1 enter “a” for the name, “0” for the value, and declare it as fixed (the default). Under Var2 enter “b”, “2*pi” as the value 1, and declare it as fixed. Under Var3 enter “I”, guess the value as “1” and declare it as unknown. In one of the equation boxes enter “ I=integ('exp(x)*cos(x^2)','x',a,b) .” Press the “Solve” button to find I =41.31.



The Colebrook equation The relationship connecting the Darcy friction factor,  f , the relative roughness of a pipe, e/ D, and the Reynolds number, Re, is the Colebrook (or Colebrook-White) equation,



1  f 



$ e / D 2.51  ' ! "2 log10 && # ) 3.7 Re  f  )



(14-7)



which is very nonlinear in f . The Swamee-Jain equation approximates the Colebrook equation but is sim pler in that f  appears on only one side,
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(14-8)



SlveTran is a good device for solving the Colebrook equation and for investigating the approximation of the Swamee-Jain equation. Using 1/sqrt(f)=–2*log10(e_over_D/3.7+2.51/(Re*sqrt(f)))  as the expression for Colebrook and fsw=0.25/log10(e_over_D/3.7+5.74/Re^0.9)^2  for Swamee-Jain, the solutions at e/ D=0.00002 and Re=5000 are f Colebrook =0.03742 and f SJ=0.03787.



Jump in a trapezoidal channel A trapezoidal channel has a base width of 2 m and side slopes of 0.5:1 (vertical/horizontal). For an initial depth of 0.5 m and a flow rate of 20 m 3/s, find the downstream depth of a hydraulic jump. The area of a trapezoidal channel is



 A ! 5 b #



52



(14-9)



s



1. Note that SlveTran will do arithmetic in the “value” boxes and that “pi” = 3.14159265...
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in which 5  is the depth, s is the side slope (0.5 in this case), and b is the base width. The hydrostatic force on any cross-section is 5
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2



where "  is the density of the fluid. Conservation of momentum gives



F1 " F2



! " Q(V2 " V1 ) 



(14-11)



in which Q is the volume rate of flow, V  is the velocity, the subscript “1” indicates conditions upstream of the jump and subscript “2” indicates conditions downstream of the jump. Finally, conservation of  mass is



Q ! AV 1 1



! A2V2  



(14-12)



These equations can be combined into a single equation for the unknown downstream depth,
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(14-13)



If we don’t want to go to the trouble of combining all these equations, they can be listed separately. To do so, we need to shorten the number by one as there are seven equations and SlveTran has space for  only six. Since the upstream depth is known,  A1 can easily be calculated as 1.5 m 2. In SlveTran enter b as 2 and fixed, "  as 998.3 (for water) and fixed,  g  as 9.807 and fixed, s as 0.5 and fixed, F 1 as 3000 and unknown,  F 2 as 10000 and unknown, Q as 20 and fixed, 5 1 as 0.5 and fixed, 5 2 as 1 and unknown, A1 as 1.5 and fixed, A2 as 4 and unknown, V 1 as 10 and unknown, and V 2 as 1 and unknown. Also enter the downstream version of Equation (14-9), both upstream and downstream versions of Equation (14-10) and Equation (14-12), and Equation (14-11); see Figure (14-2) for help, if necessary. Press the “Solve” button. The resulting screen is shown in Figure (14-2). The downstream depth is 5 2=2.948. 14



The solution for the hydraulic jump is correct, but the solution of the equations is not unique; it depends on the initial guess. As an illustration use Equation (14-13) to solve the jump. With 5 2=2 as the initial guess, the solution is 5 2=2.948. With 5 2=0.7 as the initial guess, the solution is 5 2=0.5; that is, there is no jump, a correct solution but not what we had in mind. With 5 2=1 as the initial guess, the solution is 5 2=–1.496, an impossible value. In this case the advantage to using one equation is that we have to guess at only one number. With the six equations we had to guess at six numbers, although with a bit of arithmetic they could be made compatible.



Location of a hydraulic jump Consider a long, rectangular channel 1.5 m wide with Manning’s n=0.027 on a slope of 0.0413 carrying 8 m3/s of water. The channel ends in a lake, the water surface of which is 2.5 m above the channel bot-
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14



Figure 14-2. Solution of the hydraulic jump example. tom. Assuming that the upstream flow in the channel is supercritical, find the location of the hydraulic  jump. The relevant equations are Manning’s equation,
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where Q is flow rate, n is Manning’s coefficient,  Rh is hydraulic radius (area/wetted perimeter), S 0 is slope, b is channel width, and 5 n is normal depth; conservation of momentum across a jump,
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the equation for open channel profiles,
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where S  f  comes from a form of Manning’s equation, 4/ 3



S  f 



!Q



2



n



2



1 b # 25 2 10 / 3 1 b5 2



(14-17)



and the Froude number is
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(14-18)
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The right side of the profile equation is a function of the depth, 5 , only, so it can be written as an integral 5
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(14-19)



where xe is the end coordinate of the channel,  x2 is the coordinate of the jump and 2.5 is the end depth. All of the equations can be entered into SlveTran and solved at one time, but since some are independent of others, solving as few equations as possible is often better. In Equation (14-14) the normal depth is the only unknown. Entering Q=(1/n)*((b*etaNorm)^(5/3)/(b+2*etaNorm)^(2/3))*sqrt(S0)  as the equation in SlveTran and solving (see NormDepth.slv) give 5 n=1.189 m. Since 5 2=5 n is the depth just upstream of the hydraulic jump, assuming that the channel is running at normal depth as was implied by stating it is a long channel, Equation (14-15) can be solved for the downstream depth in the jump (see RectJump.slv) to give 5 2=1.693 m. The Froude numbers upstream and downstream of the jump should be checked to be sure the jump is possible. We can now solve for the position of the jump from Equation (14-19). Place the following line2 in SlveTran (see JumpLoc.slv): xj=integ('(1-(Q/((b*eta)*sqrt(g*eta)))^2)/(S0-Q^2*n^2*(b+2*eta)^(4/3)/(b*eta)^(10/3))','eta',2.5,eta2)



The result is x j=–17.43 m, or the jump occurs 17.43 m upstream of the end of the channel.



Four reservoirs Consider four reservoirs connected together by pipes as shown in Figure (14-3). Find the flow in each of the pipes. 14



For each of the pipes we write the Darcy-Weisbach equation as
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(14-20)



in which hr  is the head at the reservoir, h j is the head at the junction,  f  is the Darcy friction factor, L is the pipe length, D is the pipe diameter, Q is the flow rate, A=# D2/4 is the area of the pipe and g  is the acceleration due to gravity. The equation is written assuming that the flow is from each reservoir toward the junction, but Q is negative for some of the pipes. Conservation of mass at the junction is



Q1 # Q2 # Q3



# Q4 ! 0



(14-21)



2. Complex expressions, especially integrals, are easily written if parts are written on separate lines and then substituted into the expression. For example, the original expression was written in terms of F and S f , then equations were written for these two variables, parentheses were put around the right side of the equations, and these were substituted into the main expression for F and S f .
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14
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L1=1000 D1=0.6 f 1=0.024
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Elev. 344 L3= 493 D3= 0.45 f =0.03 3



L4=818 D4=0.94 f4=0.023



Elev. 302



Figure 14-3. Four reservoirs connected by pipes and the pipe properties. Equation (14-20) and Equation (14-21) constitute five equations in the unknown flow rates and head at the junction. 14



The SlveTran screen after solution is shown in Figure (14-4). Note that the flow is out of the upper two reservoirs and into the lower two, although there is little flow into reservoir 3.



List of .slv files The following sample data files are included on the disk. The list includes those mentioned above in the examples. • 2_integrals.slv solves for the limit on an integral. • Colbrook.slv solves both the Colebrook-White Equation (14-7) and the Swamee-Jain Equation (14-8). • FourReser.slv solves the four reservoir problem. • Integral.slv evaluates a simple integral. • JumpLoc.slv integrates the varied flow equation in a rectangular channel. • Manningn.slv solves for Manning n, area, f , and Chezy C  in a trapezoidal channel. •  NormalDepth.slv solves for normal depth, area, f , and C , in a trapezoidal channel.
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14



Figure 14-4. The four reservoir problem after solution. •  NormDepth.slv solves for hydraulic radius, normal depth, area and wetted perimeter in a rectangular channel. • ParaPipes.slv solves for flow in four parallel pipes. • Profile.slv integrates the varied flow equation in a rectangular channel. • RectJump.slv solves the hydraulic jump equation in a rectangular channel. • ThreeRes.slv solves the three reservoir problem. • ThreeReser.slv solves the three reservoir problem. • TrapJump1.slv solves the hydraulic jump problem in a trapezoidal channel using one equation • TrapJump6.slv solves the hydraulic jump problem in a trapezoidal channel using six equations. • x^x.slv is an example of an equation having two solutions.



198



Fluid Mechanics Solutions



 I NDEX A air flow in pipes 86 airfoil characteristics 1 area integration 34 moments 26, 28, 35 atmosphere standard 11– 12



B Barnes, H. H. 180 Bernoulli’s equation 96 BG units 15 BIEM 35, 105, 106  boundary conditions Dirichlet 108  Neumann 108 integration 27, 108  boundary integral equation method, see BIEM Brunone 93 Buckingham pi theorem 61– 62  bulk modulus 70



C capacity curve 141 circular channel 141, 164 menu item 157 rectangular channel 143 capacity of a pipe as open channel 164 Caughey, D. A. 180 Celsius 19 center of pressure 25, 35 channel circular 145– 147 irregular 148



 parabolic 147– 148  plane 143– 144 rectangular 142– 143 trapezoidal 144– 145 triangular 145 Chapman, S. 13 Chezy 85 coefficient 69 equation 69 choking frictional 127 thermal 133 Chow, V. T. 13 circular channel 145– 147 critical depth 145 hydraulic jump 146 hydrostatic force 146 normal depth 146 Vedernikov number 147 coefficient of viscosity, see viscosity Colebrook-White equation 5, 69, 191 compressible flow friction 125 in conduits of variable area 119 with heat addition 131 conductivity equation 6 gas 5 thermal 6 cone 49 conservation mass 67, 95 momentum 127, 131, 140 Cowling, T. G. 13 critical depth 138, 151 circular channel 145 irregular channel 148  parabolic channel 147
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 plane 143 rectangular channel 142 trapezoidal channel 144 triangular channel 145 cubic cylinder 47 cutoff wall 115 cylinder  drag coefficient 3  potential flow around 102– 103



D Darcy’s law 105 Darcy-Weisbach equation 5, 69 density conversions 19 depth critical 138 normal 138 dew point 21 dimension  prefixes 23 dimensional analysis 61 dimensionless groups 63 dimensions fundamental 15 dimensions and units 15 Dirichlet conditions 108 divergence theorem 106 divided differences 188 doublet 99 drag coefficient 2 cylinder 3 miscellaneous objects 3 sphere 3



E EE units 15 ellipsoid 48
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 elliptic cylinder 43 elliptic paraboloid 48 energy conversions 21 correction coefficient 68 equation 68, 125 transfer rate 183 entropy temperature equation 125 vs enthalpy (Fanno line) 126 equation of state for a gas 119, 125 error messages ChannelFlow 174 Hydric3D 56 PipeFlow 90 Euler pump equation 183



F Fahrenheit 19 Fanning coefficient 69 Fanno line 126 Fifty percent reaction 185 flow rate 153 at normal depth 138 computing in open channels 139, 140 flow rate conversion 16 fluid-properties screen 73 force airfoil 1 hydrostatic 25, 33 linked to mass 15  see hydrostatic force four reservoir problem 194 friction choking 127 compressible flow 125 computing in open channels 139– 140 slope 193 unsteady 76, 89 wall 127



200



friction coefficient 3 Chezy 69, 85 computing in open channels 156 Darcy-Weisbach 5, 69 Fanning 69 Hazen-Williams 3, 85 Manning 4, 85 Moody diagram 5 friction screen 73 Froude number 64, 138 rectangular channel 142 trapezoidal channel 144, 193



G gas



conductivity 5 density 9 equation of state 119, 125 molecular properties 9 viscosity 7  power law 7 Sutherland law 8 gas and liquid properties 5 Green’s second identity 106– 107 Green’s third identity 107– 108



H Hazen-Williams coefficient 3, 85 Horner, S. F. 13 humidity 21 Hydraulic conductivity 105 hydraulic jump 140– 141 circular channel 146 computing parameters 157 connecting profiles 155 location of 192– 194 rectangular channel 143
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trapezoidal channel 144, 191 hydraulic radius  plane 143 rectangular channel 142 hydrostatic force 25, 33, 140 circular channel 146  parabolic channel 148 rectangular channel 143 trapezoidal channel 192 triangular channel 144  pressure 25, 33, 137 hyperbolic cylinder 45 hyperbolic paraboloid 51 hyperboloid 50



I impulse machine 184 integrals evaluating 190, 191 irregular channel 148 irrotational 96



K  Kelvin 19 King 93



L laminar flow 5 friction coefficient 5, 68 shear stress 7 Laplace operator 26, 106 Laplace’s equation 95, 96, 105 length conversions 16 lift coefficient 2 Liggett 30 Liggett, J. A. 116, 180 liquid



 density 9 SAE viscosities 9 surface tension 9 thermal properties 9 vapor pressure 8 viscosity 7 liquid and gas properties 5 Liu, P. L-F. 116



M Mach number 64, 119, 132 Manning coefficient 85 coefficient in channels 4 coefficient in rivers 4 equation 22, 138 rectangular channel 142 trapezoidal channel 193 mass conservation 67, 95 mass and weight 15 mechanical energy equation 68 minor loss coefficient 68, 74 screen 73 moments airfoils 1 area 26, 28, 35 force 35 momentum conservation 127, 140 Moody diagram 5, 6



N  Neumann conditions 108  Newton-Raphson 187 nonlinear equations 187 normal depth 138, 151 circular channel 146 irregular channel 148



 parabolic channel 148  plane 143 rectangular channel 142 trapezoidal channel 144 triangular channel 145 normal shocks 120



P  parabolic channel 147– 148 critical depth 147 hydrostatic force 148 normal depth 148  parabolic cylinder 43  pi theorem 61– 62  pipe data screen 75 design 82 diameter data 10– 11 flow rate calculation 82 friction 68– 69 laminar flow 68  plane 39 vertical 42  plane channel 143– 144  plot screen for PipeFlow 79 Poling, B. E. 13  potential theory 95 velocity 95, 96  power   pump or turbine 68  power conversions 21  power law 7 Prausnitz, J. M. 13  pre-defined surface 39– 52  pressure center of 25 coefficient 64 hydrostatic 25, 33, 137  profile 151– 153 calculation 138– 139 equation 138, 142  pump characteristic
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formula 80 characteristics 83 design 83– 84 Euler equation 183



R  Rankine 19 Rayleigh curve 132 rectangular channel 142– 143 capacity 143 critical depth 142 Froude number 142 hydraulic jump 143 hydrostatic force 143 normal depth 142  profile equation 142 Vedernikov number 143 Reid, R. C. 13 relative humidity 21 Reynolds number 63– 64



S SAE viscosities 9 shocks 120 SI units 15 singularities 96, 114 doublet 99 source flow 97 vortex flow 97 sinusoidal cylinder 46 sonic conditions in ducts 126, 132 length 127 velocity 70, 119, 129, 131 source flow 97 specific weight conversions 19 speed of sound 70, 119, 129, 131 sphere drag coefficient 3  potential flow around
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