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Flow



Total head tube



 A



 p



Flow



Static pressure holes  B C 



p0



 p  p0



(a) Total head tube used with wall static tap



Fig. 6.4



(b) Pitot-static tube



Simultaneous measurement measurement of stagnation and static pressures. pressures.



as shown. (The stem of the total head tube is placed downstream from the measurement location to minimize disturbance of the local ﬂow.) Two probes often are combined, as in the pitot-static tube shown in Fig. 6.4 b. The inner tube is used to measure the stagnation pressure at point B, while the static pressure at  C  is  is sensed using the small holes in the outer tube. In ﬂow ﬁelds where the static pressure variation in the streamwise direction is small, the pitot-static tube may be used to infer the speed at point B  in the ﬂow by assuming pB 5 pC   and using ¼  p C , this procedure will give erroneous results.) Eq. 6.12. (Note that when pB  6 Remember that the Bernoulli equation applies only for incompressible ﬂow (Mach number M  #   0.3). 0.3). The deﬁnition deﬁnition and calculation calculation of the stag stagnati nation on pres pressure sure for compressible ﬂow will be discussed in Section 12.3.



E 



 xample 6.2



PITOT TUBE



A pitot tube is inserted in an air ﬂow (at STP) to measure the ﬂow speed. The tube is inserted so that it points upstream into the ﬂow and the pressure sensed by the tube is the stagnation pressure. The static pressure is measured at the same location in the ﬂow, using a wall pressure tap. If the pressure difference is 30 mm of mercury, determine the ﬂow speed. Given: Find:



A pitot tube inserted inserted in a ﬂow as shown. shown. The ﬂowing ﬂuid is air and the manometer manometer liquid is mercury. mercury. The ﬂow ﬂow speed. speed.



Solution: Governing equation:  Assumptions::  Assumptions



p ρ 



1



V 2



2



1 gz 5



  constant



Air flow



(1) Steady Steady ﬂow. ﬂow. (2) Incompressible ﬂow. (3) Flow along a streamline. (4) Frictionless deceleration along stagnation streamline.



Writing Bernoulli’s equation along the stagnation streamline (with  p0 ρ 



5



 p ρ 



∆z 5 0)



30 mm



yields



Mercury



2



1



V 



2



 p0  is the stagnation pressure at the tube opening where the speed has been reduced, without friction, to zero. Solving for  V  gives V  5



s  ﬃﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ



2ð p0 2 pÞ ρ air
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From the diagram,  p0 2 p



T hi s  p ro  b    le  t ub e  t o  d  m  i llust ra  t es   u se  et   e    i ne   o f  a  p i to   t     ﬂ ow p it   ot  -  st at  rm     s p ee  d   i c )   t ub es  .   P i to     t  ( or     a r  t he  e  x te  r    io   r    o f  a i rc    e  o ft  e   n  p lac ed     o n ra  f t  t o  i n sp ee  d     r el  at i v  d  i   c   a t  e   e   a i r  t o  t he  he nc e  ai r  cr  a  f t  s p ee     a i rc   ra  f t ,  a nd  d  r el  at iv  e    t o  t he  a i r  .



SGHg



5 ρ Hg gh 5 ρ H O gh 2



and V  5



s  ﬃﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ v  uut ﬃﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ 2ρ H2 O ghSGHg ρ air



5



2



3



 kg 1000 3 m



V  5  80:8 m=s



3



m 9:81 2 s



3



30 mm



3



13:6



3



m3 1:23 kg



3



1m 1000 mm V 



ß



At T 5 20 C, the speed of sound in air is 343 m/s. Hence, M 5 0.236 and the assumption of incompressible ﬂow is valid.



 Applications The Bernoulli equation can be applied between any two points on a streamline provided that the other three restrictions are satisﬁed. The result is  p1



1



ρ 



V 12



2



1 gz1 5



 p2



1



ρ 



V 22



ð6:13Þ



1 gz2



2



where subscripts 1 and 2 represent any two points on a streamline. Applications of  Eqs. 6.8 and 6.13 to typical ﬂow problems are illustrated in Examples 6.3 through 6.5. In some situations, the ﬂow appears unsteady from one reference frame, but steady from another, which translates with the ﬂow. Since the Bernoulli equation was derived by integrating Newton’s second law for a ﬂuid particle, it can be applied in any inertial reference frame (see the discussion of translating frames in Section 4.4). The procedure is illustrated in Example 6.6.



E 



 xample 6.3 



NOZZLE FLOW



Air ﬂows steadily at low speed through a horizontal   nozzle  (by deﬁnition a device for accelerating a ﬂow), discharging to atmosphere. The area at the nozzle inlet is 0.1 m 2. At the nozzle exit, the area is 0.02 m 2. Determine the gage pressure required at the nozzle inlet to produce an outlet speed of 50 m/s. Given: Find:



Flow through a nozzle, as shown. p1 2 patm.



CV



Solution: 1



Governing equations:



Streamline



 p1 ρ 



1



V 12



2



1 gz1 5



 p2 ρ 



1



V 22



2



 A1 = 0.1 m2



ð6:13Þ



1 gz2



2



 p2 =  patm V 2 = 50 m/s  A2 = 0.02 m2



Continuity for incompressible and uniform ﬂow:



X



CS



~   A ~ V 



5



 0



ð4:13bÞ
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(1) Steady ﬂow. (2) Incompressible ﬂow. (3) Frictionless ﬂow. (4) Flow along a streamline. (5)  z 1 5 z2. (6) Uniform ﬂow at sections



and



1



2  .



The maximum speed of 50 m/s is well below 100 m/s, which corresponds to Mach number  M    0.3 in standard air. Hence, the ﬂow may be treated as incompressible. Apply the Bernoulli equation along a streamline between points 1 and 2   to evaluate p1. Then  p1 2 patm



5



p1 2 p2



5



ρ 



2



ðV 22 2 V 12 Þ



Apply the continuity equation to determine  V 1,



ð2ρ V1  A1 Þ 1 ðρ V 2 A2 Þ



5



 0



or



V 1 A1



5  V 2 A2



N ot  e    s    :  ü 



so that V 1



5  V 2



 A2  A1



For air at standard conditions,  p1 2 patm



5



E 



 xample 6.4 



2 1 2



5



 p1 2 patm



ρ 



5



5



m s



 50



ρ  5 1.23



3



0:02 m2 0:1 m2



5



 10 m=s



kg/m3. Then



ðV 22 2 V 12 Þ 2  kg 2 m 3 1:23 ð Þ 50 m3 s2







 1:48 kPa



2 2 m 2 ð10Þ s2







 T hi s  p r ob   l  e  ap pl  i c at i o  m  i llust ra  t es   a  t y  pi  c   al n  o f  t he   B er  n e quat io   o ulli   n  . ü  T h e  s t re  a  m at  t he  i nle  li ne s  m ust  b e  s t r a i g  t  hav e  u ni  a nd  e  x i t  i n  o r de  r    ht  fo    rm t o     p r es  s ur e s  a t  t  lo c at io    ns. ho se 



N  s2 kg  m  p1 2 patm



ß



FLOW THROUGH A SIPHON



A U-tube acts as a water siphon. The bend in the tube is 1 m above the water surface; the tube outlet is 7 m below the water surface. The water issues from the bottom of the siphon as a free jet at atmospheric pressure. Determine (after listing the necessary assumptions) the speed of the free jet and the minimum absolute pressure of the water in the bend. Given: Find:



Water ﬂowing through a siphon as shown.



 A



(a) Speed of water leaving as a free jet. (b) Pressure at point A  (the minimum pressure point) in the ﬂow.



1m 1



Solution: Governing equation:  Assumptions:



 z



p ρ 



1



V 2



2



1 gz 5



 z = 0



  constant



8m



(1) Neglect friction. (2) Steady ﬂow. (3) Incompressible ﬂow. (4) Flow along a streamline. (5) Reservoir is large compared with pipe.



Apply the Bernoulli equation between points



1



and



2  .



2



 6.3   Bernoulli Equation: Integration of Euler’s Equation Along a Streamline for Steady Flow  p1



1



ρ 



Since areareservoir



c



5



 p2



1 gz1 5



2



1



V 22



2



ρ 



1 gz2



areapipe, then  V 1    0. Also  p 1 5 p2 5 patm, so



 gz1



V 2



V 12



V 22



5



2



V 22



and



1 gz2



5



 2 gðz1 2 z2 Þ



p  ﬃﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ s  ﬃﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ 2 gðz1 2 z2 Þ



2 3 9:81



5



5



 11:7 m=s



m s2



 p1



1



ρ 



V 12



2



7m



3



N ot  e    s    :  ü 



 T hi s  p r ob   l  e m t io  n    o f  t he   i llust ra  t es   a n  a p  pl  i c a  o ulli  e q i nc lud es   B er  n u a t  i   o    e le va    n    c hang  n  t hat  ü  I t  i  s  i nt er  e  s  t  t io in   g  t o  n o  es  . t he  B e rn t e  t hat  w    o ulli  e  he n q u a t  io    b et   we  e   n  a  r es  e r vo    n  a p pl  i es  ir    a nd  a  f  t hat  i t  f e  re  e    j et    ed   s   a t  a  lo  t he  r es  e r  c     n h   b el  o w  vo   i  r    s ur fa  at io w il  l b e  V  p  ﬃ  ﬃ  ﬃ  ﬃ  ﬃ  ﬃ  ﬃ  ﬃ c e,   t he  j et    s p ee    2  g h;  t h v el  o c i ty    a i s i s  t he  s d   d ro am w it   ho ut  f     pl  e t  ( or    s t on   e  )  f alli  e  ri  c   ti  o     ng  n  f ro  m   le ve  l   w o u ld  at ta  i n  t he  r es  e r vo   i   r   i f  i t  f el  l a h .  C an  y  ou    e  x pl  a  d is  t anc e  i n  w hy ?  ü  A lw  ay s  t ak e  c  a r  e   w he n  n e g  f ri   c ti   on    i n  a ny  le c ti  n   g    i  n t  e r  n   al  ﬂ ow p ro    bl  e m,  n     .  I  n e   t hi s so nab le  i  gl  e c t i ng  f ri   ct   io    n  i s  r ea  f  t he  p ip    sur f ac ed     a nd  i s e  i s  s mo ot  h    r el  at iv    C hap t er    8   w e  w il  l  s el  y  s ho rt   .  I n e ff  e  c   ts   i n t ud y  f ri  c   t  i on   al  i nt er  n   al  ﬂ ow   s  .



V 2



ß



To determine the pressure at location equation between 1 and A .



A,



1 gz1 5



we write the Bernoulli



 p A



1



2 V  A



2



ρ 



1 gz A



Again V 1    0 and from conservation of mass V  A 5 V 2. Hence  p A



5



 p1



ρ 



 p A



ρ 



1 gz1 2



5  p1 1 ρ   g



5



1 2



3



 p A 5 22.8 kPa (abs) or



E 



 xample 6.5 



V 22



2



999



2



N m2



 kg m3



 p1



2 gz A 5



ðz1 2 z A Þ 2 ρ 



 1:01 3 105



2
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1



3



ρ 



1 g



ðz1 2 z A Þ 2



5



V 22



2



V 22



2



999



 kg m3



3



 m2 ð11:7Þ2 2 s



78.5 kPa (gage)



9:81



3



m s2



3



ð21 mÞ



 N   s2 kg  m



N  s2 kg  m



 p A



ß



FLOW UNDER A SLUICE GATE



Water ﬂows under a sluice gate on a horizontal bed at the inlet to a ﬂume. Upstream from the gate, the water depth is 1.5 ft and the speed is negligible. At the vena contracta downstream from the gate, the ﬂow streamlines are straight and the depth is 2 in. Determine the ﬂow speed downstream from the gate and the discharge in cubic feet per second per foot of width. Given: Find:



Flow of water under a sluice gate. (a)  V 2. (b)  Q  in ft3/s/ft of width.



Solution: Under the assumptions listed below, the ﬂow satisﬁes all conditions necessary to apply the Bernoulli equation. The question is, what streamline do we use?



Sluice gate  z



g



Vena contracta



V 1 ~ –0



D1 = 1.5 ft V 2



1



2



 D2 = 2 in.



 6 



250   Chapter    Incompressible Inviscid Flow



Governing equation:



p1



1



ρ 



V 12



2



1 gz1 5



 p2



1



ρ 



V 22



1 gz2



2



(1) Steady ﬂow. (2) Incompressible ﬂow. (3) Frictionless ﬂow. (4) Flow along a streamline. (5) Uniform ﬂow at each section. (6) Hydrostatic pressure distribution (at each location, pressure increases linearly with depth).



 Assumptions:



If we consider the streamline that runs along the bottom of the channel ( z 5 0), because of assumption 6 the pressures at 1 and 2 are  p1



5



and



patm 1 ρ  gD1



p2



5



patm 1 ρ  gD2



so that the Bernoulli equation for this streamline is



ð patm 1 ρ  gD1 Þ



1



ρ 



V 12



2



ð patm 1 ρ  gD2 Þ



5



1



ρ 



V 22



2



or V 12



2



1 gD1 5



V 22



2



ð1Þ



1 gD2



On the other hand, consider the streamline that runs along the free surface on both sides and down the inner surface of the gate. For this streamline  patm



1



ρ 



V 12



2



1 gD1 5



 patm



1



V 22



ρ 



2



1 gD2



or V 12



2



1 gD1 5



V 22



2



ð1Þ



1 gD2



We have arrived at the same equation (Eq. 1) for the streamline at the bottom and the streamline at the free surface, implying the Bernoulli constant is the same for both streamlines. We will see in Section 6.6 that this ﬂow is one of a family of ﬂows for which this is the case. Solving for V 2  yields V 2



5



But V 12   0, so



V 2



5



V 2



5



q  ﬃﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ



2 gðD1 2 D2 Þ 1 V 12



v   ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ 0 1 u p  ﬃﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ut @ A 2 gðD1 2 D2 Þ



 9:27 ft=s



5



2 3 32:2



 ft s2



3



1:5 ft 2 2 in: 3



ft 12 in:



ß



V 2



For uniform ﬂow,  Q 5 VA 5 VDw, or Q 5 VD w



5



V 2 D2



5



 9:27



ft s



1



Q 3 5  1:55 ft =s=foot of width w



2 in: 3



ß



ft 12 in:



5



 1:55 ft2=s Q w
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E 



 xample 6.6 
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BERNOULLI EQUATION IN TRANSLATING REFERENCE FRAME



A light plane ﬂies at 150 km/hr in standard air at an altitude of 1000 m. Determine the stagnation pressure at the leading edge of the wing. At a certain point close to the wing, the air speed  relative  to the wing is 60 m/s. Compute the pressure at this point. Given:



Aircraft in ﬂight at 150 km/hr at 1000 m altitude in standard air. V air = 0  pair @ 1000 m  A



V w = 150 km/hr



Find:



B



V  B = 60 m/s (relative to wing)



Observer



Stagnation pressure, p0 , at point  A  and static pressure, pB, at point  B .  A



Solution: Flow is unsteady when observed from a ﬁxed frame, that is, by an observer on the ground. However, an observer  on the wing sees the following steady ﬂow: Observer V  B = 60 m/s



 B  A  pair @ 1000 m V air = V w = 150 km/hr



At z 5 1000 m in standard air, the temperature is 281 K and the speed of sound is 336 m/s. Hence at point B, M B 5 V B/c 5 0.178. This is less than 0.3, so the ﬂow may be treated as incompressible. Thus the Bernoulli equation can be applied along a streamline in the moving observer’s inertial reference frame. Governing equation:



pair



1



ρ 



2 V air



2



1 gzair 5



 p A



1



2 V  A



ρ 



2



1 gz A 5



 pB



1



ρ 



V B2



2



1 gzB



 Assumptions: (1) Steady ﬂow. (2) Incompressible ﬂow ( V , 100 m/s). (3) Frictionless ﬂow. (4) Flow along a streamline. (5) Neglect ∆z.



Values for pressure and density may be found from Table A.3. Thus, at 1000 m,  p / pSL 5 0.8870 and ρ /ρ SL 5 0.9075. Consequently,  p



5



 0:8870 pSL



5



N m2



5



 kg m3



5



 0:8870 3 1:01 3 105



 8:96 3 104 N=m2



and ρ  5  0:9075 ρ SL 5



0:9075 3 1:23



 1:12 kg=m3



Since the speed is  V  A 5 0 at the stagnation point,  p0 A



5



pair 1



1 2 ρ V  2 air



N 5  8:96 3 10 m2 4



 p0 A



5



 90:6 kPaðabsÞ



1



ß



1 2







 kg km 3 1:12 150 3 m hr



m 3 1000 km



3



hr 3600 s







2 3



N  s2 kg  m  p0 A
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252   Chapter    Incompressible Inviscid Flow Solving for the static pressure at  B , we obtain  pB



5



pair 1



1 2 2 ρ ðV air 2 V B Þ 2



T hi s p ro  b   l  e m w in   g g en  e r   g iv  e  s   a hi nt  as t o  a ho w a a v el  o ci  t  y    t es  li f t.  T he i nc om   i ng ai r  V ai r  has 15 0 k m and  a cc   el    = hr  4 1 er  a   t   e s  :   7   m= s  t o 60  sur fa  c e.   T  hi s le ad s  m/ s o n t he  up pe  r    , t hr o  B er  n   o ulli e q uat io   n, t o  ug h t he  1 k Pa  ( fr  o a p re  s  sur   m   8  e     p    o f  o ut  t hat  t  9.6 k Pa  t o 8 8.  6 k P  d ro he  ﬂ ow a  ). I  t     t    ur ns  d ec   e  lo we  r   sur     o n t h fa  c e,   le ad  le  r  a  t  e   s  e  i ng  t o a p  o f ab o ut  1 r   k    e    c e,   t he  es  sur e r i s  e nc es   a n Pa  . H en  w in   g  e  x pe  r    e t up wa  r d  i -  p  o f ab o ut   2 k Pa  , a s re  s  sur e d if  f  e  r  e  n   c e  i gn   i ﬁc  a  nt   e ff  e  c   t.  5



N  pB 5  8:96 3 10 2 m 4



1



1 2



 kg 3 1:12 m3







km 150 hr



m 3 1000 km



2 2 m 2 ð60Þ s2



 pB



5



 88:6 kPaðabsÞ



ß







3



hr 3600 s



2







N  s2 kg  m  pB



5



Cautions on Use of the Bernoulli Equation



CLASSIC VIDEO  Flow Visualization.



In Examples 6.3 through 6.6, we have seen several situations where the Bernoulli equation may be applied because the restrictions on its use led to a reasonable ﬂow model. However, in some situations you might be tempted to apply the Bernoulli equation where the restrictions are not satisﬁed. Some subtle cases that violate the restrictions are discussed brieﬂy in this section. Example 6.3 examined ﬂow in a nozzle. In a  subsonic nozzle (a converging section) the pressure drops, accelerating a ﬂow. Because the pressure drops and the walls of the nozzle converge, there is no ﬂow separation from the walls and the boundary layer remains thin. In addition, a nozzle is usually relatively short so frictional effects are not signiﬁcant. All of this leads to the conclusion that the Bernoulli equation is suitable for use for subsonic nozzles. Sometimes we need to decelerate a ﬂow. This can be accomplished using a  subsonic diffuser   (a diverging section), or by using a sudden expansion (e.g., from a pipe into a reservoir). In these devices the ﬂow decelerates because of an adverse pressure gradient. As we discussed in Section 2.6, an adverse pressure gradient tends to lead to rapid growth of the boundary layer and its separation. Hence, we should be careful in applying the Bernoulli equation in such devices—at best, it will be an approximation. Because of area blockage caused by boundary-layer growth, pressure rise in actual diffusers always is less than that predicted for inviscid one-dimensional ﬂow. The Bernoulli equation was a reasonable model for the siphon of Example 6.4 because the entrance was well rounded, the bends were gentle, and the overall length was short. Flow separation, which can occur at inlets with sharp corners and in abrupt bends, causesthe ﬂow to depart from that predictedby a one-dimensionalmodel andthe Bernoulli equation. Frictional effects would not be negligible if the tube were long. Example 6.5 presented an open-channel ﬂow analogous to that in a nozzle, for which the Bernoulli equation is a good ﬂow model. The hydraulic jump is an example of an open-channel ﬂow with adverse pressure gradient. Flow through a hydraulic  jump is mixed violently, making it impossible to identify streamlines. Thus the Bernoulli equation cannot be used to model ﬂow through a hydraulic jump. We will see a more detailed presentation of open channel ﬂows in Chapter 11. The Bernoulli equation cannot be applied   through  a machine such as a propeller, pump, turbine, or windmill. The equation was derived by integrating along a stream
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It looks like we neededrestriction (7) to ﬁnally transformthe energyequation into the Bernoulli equation. In fact, we didn’t! It turns out that for an incompressible and frictionless ﬂow [restriction (6), and the fact we are looking only at ﬂows with no shear forces], restriction (7) is automatically satisﬁed, as we will demonstrate in Example 6.7.



E  xample 6.7 



INTERNAL ENERGY AND HEAT TRANSFER IN FRICTIONLESS INCOMPRESSIBLE FLOW



Consider frictionless, incompressible ﬂow with heat transfer. Show that u2 2 u1



5



Given:



Frictionless, incompressible ﬂow with heat transfer.



Show:



u2 2 u1



5



δ Q dm



δ Q . dm



Solution:



In general, internal energy can be expressed as  u 5 u(T ,  v ). For incompressible ﬂow,  v 5 constant, and  u 5 u(T ). Thus the thermodynamic state of the ﬂuid is determined by the single thermodynamic property,  T . For any process, the internal energy change, u2 2 u1, depends only on the temperatures at the end states. From the Gibbs equation,  Tds 5 du 1 ρ  d v, valid for a pure substance undergoing any process, we obtain Tds



5  du



for incompressible ﬂow, since dv 5 0. Since the internal energy change, du, between speciﬁed end states, is independent of the process, we take a reversible process, for which Tds 5 d(δ Q/dm) 5 du. Therefore, u2 2 u1



5



δ Q dm



ß



For the steady, frictionless, and incompressible ﬂow considered in this section, it is true that the ﬁrst law of thermodynamics reduces to the Bernoulli equation. Each term in Eq. 6.15 has dimensions of energy per unit mass (we sometimes refer to the three terms in the equation as the “pressure” energy, kinetic energy, and potential energy per unit mass of the ﬂuid). It is not surprising that Eq. 6.15 contains energy terms—after all, we used the ﬁrst law of thermodynamics in deriving it. How did we end up with the same energy-like terms in the Bernoulli equation, which we derived from the momentum equation? The answer is because we integrated the momentum equation (which involves force terms) along a streamline (which involves distance), and by doing so ended up with work or energy terms (work being deﬁned as force times distance): The work of gravity and pressure forces leads to a kinetic energy change (which came from integrating momentum over distance). In this context, we can think of the Bernoulli equation as a   mechanical energy balance—the mechanical energy (“pressure” plus potential plus kinetic) will be constant. We must always bear in mind that for the Bernoulli equation to be valid along a streamline requires an incompressible inviscid ﬂow, in addition to steady ﬂow. It’s interesting that these two properties of the ﬂow—its compressibility and friction—are what “link” thermodynamic and mechanical energies. If a ﬂuid is compressible, any ﬂow-induced pressure changes will compress or expand the ﬂuid, thereby doing work and changing the particle thermal energy; and friction, as we know from everyday experience, always converts mechanical to thermal energy. Their absence, therefore, breaks the link between the mechanical and thermal energies, and they are independent—it’s as if they’re in parallel universes!
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256   Chapter    Incompressible Inviscid Flow In summary, when the conditions are satisﬁed for the Bernoulli equation to be valid, we can consider separately the mechanical energy and the internal thermal energy of a ﬂuid particle (this is illustrated in Example 6.8); when they are not satisﬁed, there will be an interaction between these energies, the Bernoulli equation becomes invalid, and we must use the full ﬁrst law of thermodynamics.



E 



 xample 6.8 



FRICTIONLESS FLOW WITH HEAT TRANSFER



Water ﬂows steadily from a large open reservoir through a short length of pipe and a nozzle with cross-sectional area  A 5 0.864 in.2 A well-insulated 10 kW heater surrounds the pipe. Find the temperature rise of the water. Water ﬂows from a large reservoir through the system shown and discharges to atmospheric pressure. The heater is 10 kW;  A 4 5 0.864 in.2 Given:



3 1



Find:



The temperature rise of the water between points



Solution: p



Governing equations:



1



V 2



2



ρ 



1 gz 5



and



1



2  .



4



ð6:8Þ



  constant



Heater



CV



X



CS



~ ~   A V 



5



2



10 ft



ð4:13bÞ



 0



 0(4)  0(4)  0(1)



Q  W s  W shear 



 Assumptions:



  t 



e  dV 



CV



  (



u   pv 



CS



V 2 2







gz



)



 V 



ð4:56Þ



dA



(1) Steady ﬂow. (2) Frictionless ﬂow. (3) Incompressible ﬂow. (4) No shaft work, no shear work. (5) Flow along a streamline. (6) Uniform ﬂow at each section [a consequence of assumption (2)].



Under the assumptions listed, the ﬁrst law of thermodynamics for the CV shown becomes Q_



5



Z   Z  



u 1 pv 1



CS



5



u 1 pv 1



 A1



For uniform properties at Q_



5



1



and



V 2



2 V 2



2



~   ~



1 gz



~  d A



~1 1 gz ρ V    d A



Z  



u 1 pv 1



 A2



V 2



2



~



~ ρ V    d A



1 gz



2







2ðρ V1   A1 Þ u1 1 p1 v 1



From conservation of mass, ρ V1   A1 Q_



ρ V 



5 ρ V2   A2 5







V 12



2



1 gz1







ð



1 ρ V2    A2







Þ u2 1 p2 v 1



V 22



2



 ; so m







 p2  5 m u2 2 u1 1 ρ 



1



V 22



2



1 gz2



  2



 p1 ρ 



1



V 12



2



1 gz1







1 gz2
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For frictionless, incompressible, steady ﬂow, along a streamline,  p



1



V 2



2



ρ 



1 gz 5



 constant



Therefore, Q_



 ðu 2 u Þ m 2 1



5



Since, for an incompressible ﬂuid,  u 2 2 u1 5 c(T 2 2 T 1), then T 2 2 T 1



5



Q_  c m



From continuity,



 m



5 ρ V 4 A4



To ﬁnd V 4, write the Bernoulli equation between the free surface at  p3



1



V 32



ρ 



2



1 gz3 5



 p4



1



V 42



2



ρ 



3   and



point



4  .



1 gz4



Since p3 5 p4  and V 3    0, then V 4



5



ﬃ ﬃ ﬃ ﬃ  ftﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ p  ﬃ2ﬃ ﬃ ðﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃ ﬃÞ r  ﬃ2ﬃ ﬃ ﬃ ﬃ32:2 10 ft  g z3 2 z4



5



3



s2



3



5



 25:4 ft=s



and



 m



5 ρ V4    A4 5



 1:94



slug ft3



3



25:4



ft s



3



0:864 in:2 3



ft2 144 in:2



5



 0:296 slug=s



Assuming no heat loss to the surroundings, we obtain T 2 2 T 1



5



Q_  c m



5



 10 kW 3 3413 3



T 2 2 T 1



5



 0:995  R



s 0:296 slug



Btu kW  hr



3



3



slug 32:2 lbm



hr 3600 s 3



lbm  R 1 Btu T 2 2 T 1



ß



T hi s  p ro  b   l  e m  i l lust r at es   t hat : ü  I n  g en   e ra   l,  t he  ﬁ  rs  t  d y nami c  s and  t he   law  o f  t he rm   o  B er  n ar e  i nd ep   o ulli  e q  e  n   u a d  t io e    n   ü  F o  r  a n  i nc o  nt  e quat i on   s . mp r es  si b  t he  i nt er    le ,  i nv i sc  nal  t he rm id     ﬂ o w    a c hang ed l  e ne rg    y  i s  o n     b y  a  h ly  e at  t ra and  i s  i n   nsf er    p  d ep r    e o    n c     e   ss, d en   t  o f  t h me c hani  e  ﬂ ui d  cs  .



Energy Grade Line and Hydraulic Grade Line  6.5  We have learned that for a steady, incompressible, frictionless ﬂow, we may use the Bernoulli equation (Eq. 6.8), derived from the momentum equation, and also Eq. 6.15, derived from the energy equation:  p ρ 



1



V 2



2



1 gz 5



  constant



ð6:15Þ



We also interpreted the three terms comprised of “pressure,” kinetic, and potential energies to make up the total mechanical energy, per unit mass, of the ﬂuid. If we divide Eq. 6.15 by g, we obtain another form,
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Table 6.1  Deﬁnitions of  ψ  and  φ , and Conditions Necessary for Satisfying Laplace’s Equation



Deﬁnition



Always satisﬁes



Stream function  ψ



.. .



u



5



@ ψ @  y



v



5



2



@ ψ @  x



u



5



2



@ φ  @  x



v



5



2



.. .



@ φ  @  y



.. .



incompressibility:



@ u @  x



Velocity potential  φ 



Satisﬁes Laplace equation @ 2 ðÞ @ 2 ðÞ 2 1 5  r ðÞ 5  0 @  x2 @  y2



1



@ v @  y



5



. . .  only



@ 2 ψ @  x@  y



2



@ 2 ψ    0 @  y@  x



irrotationality:



@ v @  x



2



@ u @  y



5



2



@ v @  x



2



. . .  only



@ 2 φ  @  x@  y



2



@ 2 φ     0 @  y@  x



@ u @  x



1



...



if irrotational:



@ u @  y



5



2



@ 2 ψ @  x@  x



2



@ 2 ψ @  y@  y



5



 0



@ 2 φ  @  y@  y



5



 0



if incompressible:



@ v @  y



5



2



@ 2 φ  @  x@  x



2



and V r  5 2



@ φ  @ r 



and



V θ  5 2



1 @ φ  r  @ θ 



ð6:33Þ



In Section 5.2 we showed that the stream function ψ   is constant along any streamline. For  ψ 5 constant, dψ 5 0 and dψ



5



@ ψ @ ψ dx 1 dy @  x @  y



5



 0



The slope of a streamline—a line of constant  ψ —is given by dy dx







5



2



ψ



@ ψ=dx @  x=@  y



5



2v



2



v



5



u



u



ð6:34Þ



Along a line of constant φ , dφ 5 0 and dφ  5



@ φ  @ φ  dx 1 dy @  x @  y



5



 0



Consequently, the slope of a potential line — a line of constant  φ  — is given by dy dx







5



φ 



2



@ φ=  @  x @ φ=  @  y



5



u



2



v



ð6:35Þ



(The last equality of Eq. 6.35 follows from use of Eq. 6.29.) Comparing Eqs. 6.34 and 6.35, we see that the slope of a constant ψ  line at any point is the negative reciprocal of the slope of the constant φ   line at that point; this means that   lines of constant  ψ   and constant  φ   are orthogonal . This property of  potential lines and streamlines is useful in graphical analyses of ﬂow ﬁelds.



E 



 xample 6.10 



VELOCITY POTENTIAL



Consider the ﬂow ﬁeld given by ψ 5 ax2 2 ay2, where a 5 3 s21. Show that the ﬂow is irrotational. Determine the velocity potential for this ﬂow. Given: Find:



Incompressible ﬂow ﬁeld with  ψ 5 ax2 2 ay2, where a 5 3 s21. (a) Whether or not the ﬂow is irrotational. (b) The velocity potential for this ﬂow.
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If the ﬂow is irrotational,  r 2 ψ



r2 ψ



5



5



 0. Checking for the given ﬂow,



@ 2 @ 2 2 2 2 ay Þ 1  ð  ðax2 2 ay2 Þ ax @  x2 @  y2



5



 2 a 2 2a



5



 0



so that the ﬂow  is  irrotational. As an alternative proof, we can compute the ﬂuid particle rotation (in the  xy  plane, the only component of rotation is ω ): z



2ωz



5



@ v @  x



2



@ u @  y



and



5



@ ψ @  y



v 5



2



u



v 5



2



@ ψ @  x



then u



@  ðax2 2 ay2 Þ @  y



5



5



and



22ay



@  ðax2 2 ay2 Þ @  x



5



22ax



so 2ωz



@ v @  x



5



2



@ u @  y



5



@  @  ð22axÞ2 ð22ayÞ @  x @  y



5



22a 1 2a



5



 0



2ωz



ß



Once again, we conclude that the ﬂow is irrotational. Because it is irrotational,  φ  must exist, and u



@ φ  @ φ  5 22ay and @  x @  x arbitrary function of  y. Then Consequently, u



5



2



v 5



Therefore,



2



2ax



5



@  f ð yÞ @  y



22ax 2



5



5



5



2



@ φ  @  x



and



v 5



2



@ φ  @  y



 2 ay. Integrating with respect to  x  gives  φ 5 2axy 1 f ( y), where  f ( y) is an



22ax



22ax 2



5



2



@ φ  @  y



df  df  ; so dy dy



5



2



5



@  ½2axy 1 f ð yÞ @  x



 0 and  f  5 constant. Thus φ 



φ  5  2 axy 1 constant



ß



We also can show that lines of constant  ψ  and constant φ   are orthogonal. ψ



5  ax



2



2



2 ay



and



φ  5  2 axy



 



dy  x 5 dx ψ  5  c  y  dy  y 52 For  φ  5 constant, dφ  5  0 5  2 aydx 1 2axdy;  hence dx φ  5  c  x



For  ψ 5 constant, dψ



5



 0



5



 2 axdx 2 2aydy;  hence



T hi s  p ro  b    le m  i l lust r at es  amo ng  t   t he  r el  at  he  s t re  a io  n   m  f un  s p ot   en c    t ia t   i    n,  v el  o  o   l,  a nd  c it  y     v el  o c it  y    ﬁ el  d . T he  s t re  a   m  f un c  t i   o n ψ  a n v el  o c it   y  d  p ot  e  n   t i al  φ  t he  E  x c e    a r  e   l  w or  k s h o   b wn    i n  o    o  e quat io  n   s f or   ψ  k.   B y  e nt er  i  n   g    t  h  and  φ , o  e  b e  p lo tt   e  th   e r ﬁ el  d  d.  s c an



The slopes of lines of constant φ   and constant  ψ  are negative reciprocals. Therefore lines of constant φ   are orthogonal to lines of constant  ψ .



Elementary Plane Flows The ψ  and  φ  functions for ﬁve elementary two-dimensional ﬂows—a uniform ﬂow, a source, a sink, a vortex, and a doublet—are summarized in Table 6.2. The ψ and φ  functions can be obtained from the velocity ﬁeld for each elementary ﬂow. (We saw in Example 6.10 that we can obtain φ   from  u  and v.)
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Much of this analytical work was done centuries ago, when it was called “hydrodynamics” instead of potential theory. A list of famous contributors includes Bernoulli, Lagrange, d’Alembert, Cauchy, Rankine, and Euler [11]. As we discussed in Section 2.6, the theory immediately ran into difﬁculties: In an ideal ﬂuid ﬂow no body experiences drag—the d’Alembert paradox of 1752—a result completely counter to experience. Prandtl, in 1904, resolved this discrepancy by describing how real ﬂows may be essentially inviscid almost everywhere, but there is always a “boundary layer” adjacent to the body. In this layer signiﬁcant viscous effects occur, and the no-slip condition is satisﬁed (in potential ﬂow theory the no-slip condition is not satisﬁed). Development of this concept, and the Wright brothers’ historic ﬁrst human ﬂight, led to rapid developments in aeronautics starting in the 1900s. We will study boundary layers in detail in Chapter 9, where we will see that their existence leads to drag on bodies, and also affects the lift of bodies. An alternative superposition approach is the  inverse  method in which distributions of objects such as sources, sinks, and vortices are used to model a body [12]. It is called inverse because the body shape is deduced based on a desired pressure distribution. Both the direct and inverse methods, including three-dimensional space, are today mostly analyzed using computer applications such as  Fluent   [13] and  STAR-CD  [14].



E 



 xample 6.11 



FLOW OVER A CYLINDER: SUPERPOSITION OF DOUBLET AND UNIFORM FLOW



For two-dimensional, incompressible, irrotational ﬂow, the superposition of a doublet and a uniform ﬂow represents ﬂow around a circular cylinder. Obtain the stream function and velocity potential for this ﬂow pattern. Find the velocity ﬁeld, locate the stagnation points and the cylinder surface, and obtain the surface pressure distribution. Integrate the pressure distribution to obtain the drag and lift forces on the circular cylinder. Two-dimensional, incompressible, irrotational ﬂow formed from superposition of a doublet and a uniform ﬂow. Given: Find:



(a) Stream function and velocity potential. (b) Velocity ﬁeld. (c) Stagnation points. (d) Cylinder surface. (e) Surface pressure distribution. (f) Drag force on the circular cylinder. (g) Lift force on the circular cylinder.



Stream functions may be added because the ﬂow ﬁeld is incompressible and irrotational. Thus from Table 6.2, the stream function for the combination is Solution:



ψ



5  ψd 1 ψuf  5



Λ sin θ 



2



r 



 sin θ 



1 Ur 



ψ ß



The velocity potential is φ  5  φ d 1 φ uf 



5



Λ cos θ 



2



r 



 cos θ 



2 Ur 



φ  ß



The corresponding velocity components are obtained using Eqs. 6.30 as V r  5 2



V θ  5 2



@ φ  @ r 



5



1 @ φ  r  @ θ 



2



5



Λ cos θ  1 U  cos r 2 Λ



2



sin θ  r 2



θ 



 sin θ 



2 U 
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~ 5  V r eˆ r  1 V θ eˆ θ  5 2 Λ cos θ  1 U  cos θ  eˆ r  1 2 Λ sin θ  2 U  sin θ  eˆ θ  V  2 2 r 



r 



~ V 



ß



~ 5 V r eˆ r  1 V θ eˆ θ  5  0 Stagnation points are where V  Λ cos θ  1 U  cos V r  5 2 r 2



Thus V r  5  0 when r  5



r  ﬃ ﬃﬃ ﬃ Λ



U 



5  a



 



θ  5  cos θ  U  2



Λ r 2



: Also, Λ sin θ  2 U  sin V θ  5 2 r 2



 



θ  5 2sin θ  U  1



Λ r 2



Thus V θ  5 0 when θ 5 0, π. Stagnation points Stagnation points are  ð r ; θ Þ 5  ð a; 0Þ; ða; πÞ: Note that V  5 0 along r 5 a, so this represents ﬂow around a circular cylinder, as shown in Table 6.3. Flow is irrotational, so the Bernoulli equation may be applied between any two points. Applying the equation between a point far upstream and a point on the surface of the cylinder (neglecting elevation differences), we obtain ß



r 



 p ρ



N



1



U 2



2



5



 p ρ



1



V 2



2



Thus,  p 2 p



N



5



1 ρðU 2 2 V 2 Þ 2



Along the surface,  r  5 a, and 2



V 



since



5



2



V θ 



5











Λ 2 2 2 U  a



2



sin2 θ  5  4 U 2 sin2 θ 



2



Λ 5 Ua



. Substituting yields  p 2 p



N



1 ρðU 2 2 4U 2 sin2 θ Þ 2



5



5



1 ρU 2 ð1 2 4 sin2 θ Þ 2



or  p 2 p



N



1 ρU 2 2



5



 1 2 4 sin2 θ 



Pressure distribution ß



 p dA



Drag is the force component parallel to the freestream ﬂow direction. The drag force is given by F D



5



Z 



2 p dA cos θ  5



 A



 p



2π



Z 







2 pa dθ b cos θ 



0



since dA 5 a dθ  b, where b  is the length of the cylinder normal to the diagram. 1 Substituting  p 5  p 1 ρU 2 ð1 2 4 sin2 θ Þ, 2 N



θ 



U 



a
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F D



5



2 pNab



cos θ dθ 1



0



5



F D



2π



Z 



5



2 p



0



N



 0



Z 



ab sin θ 







2π 2



0
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1 2 ρU 2 ð1 2 4 sin2 θ Þab cos θ dθ  2



1 ρU 2 ab sin θ  2







2π 1



0



1 4  pU 2 ab sin3 θ  2 3







2π 0



F D



ß



Lift is the force component normal to the freestream ﬂow direction. (By convention, positive lift is an upward force.) The lift force is given by T hi s  p r ob   l  e m  i l lust r at e s 2π : ü  H o  w  e le me  F L 5  p dAð2sin θ Þ 5 2  pa dθ  b sin θ  nt ar y  p la c om ne  ﬂ o ws    b in  A 0   e d  t o  g   c an  b e  en   e r at e  and  u se  i  n t  e   r   e st i ng  fu   l  ﬂ o w  Substituting for  p  gives p at te ü  d ’ A     rn   le mb e r    s. t ’s    ,  t hat  ﬂ ow    s  o v e   p ar ad o x  2π 2π  p ot   e nt ia r   a  b od 1  l     2 2 y   d o  n o t  g  d r ag . ρU  ð1 2 4 sin θ Þab sin θ  d θ  F L 5 2  p ab sin θ  d θ 2 en   e ra   t  e   2 0 0 T he  s t re 2π 2π 2π    am  f un 1 1 4 cos3 θ  c t io    n  a nd  2 2 s u r  e   d is  t ri   bu  p r es  5 p a b cos θ  1 2 4 cos θ  ρU  ab cos θ  1 ρU  ab   t  i   t  o   h n e   a r e  p lo tt    2 2 3 E  x ce   l    w o  0 0 0 e d  i n rk    bo  o  k    . F L F L 5 0



Z 



Z 



Z 



N







N



Z 















ß



E 



 xample 6.12



FLOW OVER A CYLINDER WITH CIRCULATION: SUPERPOSITION OF DOUBLET, UNIFORM FLOW, AND CLOCKWISE FREE VORTEX



For two-dimensional, incompressible, irrotational ﬂow, the superposition of a doublet, a uniform ﬂow, and a free vortex represents the ﬂow around a circular cylinder with circulation. Obtain the stream function and velocity potential for this ﬂow pattern, using a clockwise free vortex. Find the velocity ﬁeld, locate the stagnation points and the cylinder surface, and obtain the surface pressure distribution. Integrate the pressure distribution to obtain the drag and lift forces on the circular cylinder. Relate the lift force on the cylinder to the circulation of the free vortex. Two-dimensional, incompressible, irrotational ﬂow formed from superposition of a doublet, a uniform ﬂow, and a clockwise free vortex. Given: Find:



(a) Stream function and velocity potential. (b) Velocity ﬁeld. (c) Stagnation points. (d) Cylinder surface. (e) Surface pressure distribution. (f) Drag force on the circular cylinder. (g) Lift force on the circular cylinder. (h) Lift force in terms of circulation of the free vortex.



Solution:



Stream functions may be added because the ﬂow ﬁeld is incompressible and irrotational. From Table 6.2, the stream function and velocity potential for a clockwise free vortex are
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ψ f 



v



K  ln r  2π



5



φ  f 



v



5



K  θ  2π



Using the results of Example 6.11, the stream function for the combination is ψ



5



ψd 1 ψuf  1 ψ f 



ψ



5



2



v



Λ sin θ 



r 



 sin θ 1



1 Ur 



K  ln  r  2π



ß



K  θ  2π



ß



ψ



The velocity potential for the combination is φ  5  φ d 1 φ uf  1 φ  f 



v



φ  5 2



Λ cos θ 



r 



 cos θ 1



2 Ur 



φ 



The corresponding velocity components are obtained using Eqs. 6.30 as V r  5 2



@ φ  @ r 



V θ  5 2



1 @ φ  r  @ θ 



5



2



Λ cos θ  1 U  cos r 2



5



2



ð1Þ



θ 



Λ sin θ  2 U  sin r 2



θ 2



K  2πr 



ð2Þ



The velocity ﬁeld is ~ 5 V r  eˆ r  1 V θ  eˆ θ  V 







 







~ V 



~ 5 2 Λ cos θ  1 U  cos θ  eˆ r  1 2 Λ sin θ  2 U  sin θ 2 K  eˆ θ  V  r 2 r  2πr 



 ß



~ 5 V r  eˆ r  1 V θ  eˆ θ  5  0. From Eq. 1, Stagnation points are located where V  Λ cos θ  1 U  cos V r  5 2 r 2



Thus V  5 0 when  r  5 r 



p  ﬃﬃ ﬃ ﬃ ﬃ ﬃ



Λ =U  5



a



 



θ  5 cos θ  U 2



Λ r 2



Cylinder surface



ß



The stagnation points are located on  r  5 a. Substituting into Eq. 2 with r 5 a, V θ  5 2 5



Λ sin θ  2 U  sin a2 Λ sin θ 



2



Λ=U 



θ 2



K  2πa



 sin θ 2



K  2πa



2 U 



V θ  5 22U  sin θ 2



K  2πa



Thus V θ  5 0 along  r  5 a  when K  sin θ  5 2 4πUa



Stagnation points:



θ  5  sin 2 1



r 5 a



  2 K 



4πUa



ß



or



θ  5  sin



21



  2 K 



4πUa



Stagnation points



As in Example 6.11,  V  5 0 along  r 5 a, so this ﬂow ﬁeld once again represents ﬂow around a circular cylinder, as shown in Table 6.3. For K 5 0 the solution is identical to that of Example 6.11. r 
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The presence of the free vortex ( K . 0) moves the stagnation points below the center of the cylinder. Thus the free vortex alters the vertical symmetry of the ﬂow ﬁeld. The ﬂow ﬁeld has two stagnation points for a range of vortex strengths between K 5 0 and  K  5 4πUa. A single stagnation point is located at θ 5 2π/2 when K 5 4πUa. Even with the free vortex present, the ﬂow ﬁeld is irrotational, so the Bernoulli equation may be applied between any two points. Applying the equation between a point far upstream and a point on the surface of the cylinder we obtain V 



2



 p ρ



N



1



U 



1 gz 5



2



 p



2



 p ρ



V 



1



2



1 gz



 p







Thus, neglecting elevation differences,  p 2 p



1 ρ  ð U 2 2 V 2 Þ 2



5



N



θ 



U  a



"  #



U  1 ρU 2 1 2 V  2



5



2



Along the surface  r  5 a  and V  5 0, so r 



2



V 



5



2



V θ 



5







22U  sin θ 2



K  2πa







2



and 2



 V  U 



5



 4 sin2 θ  1



2K 



sin θ 1



πU a



K 2 4π2 U 2 a2



Thus  p



5  p N 1



1 2K  K 2 ρU 2 1 2 4 sin2 θ 2 sinθ 2 2 2 2 πUa 2 4π U  a











 pðθ Þ ß



Drag is the force component parallel to the freestream ﬂow direction. As in Example 6.11, the drag force is given by F D



5



2π



Z 



2 p dA cos θ  5



 A



Z  0



2 pa dθ b cos θ 



since dA 5 a dθ  b , where b  is the length of the cylinder normal to the diagram. Comparing pressure distributions, the free vortex contributes only to the terms containing the factor K . The contribution of these terms to the drag force is 2π



F D f 



v



1 ρU 2 2



5



Z  



2K 



πUa



0



sin θ 1



K 2  ab cos θ dθ  4π2 U 2 a2







ð3Þ



2π



F D f 



v



1 ρU 2 2



5



2K 



2



3 75



sin θ  ab πUa 2



K 2 1 ab sin θ  4π2 U 2 a2







0



2π 5



 0



F D



ß



0



Lift is the force component normal to the freestream ﬂow direction. (Upward force is deﬁned as positive lift.) The lift force is given by F L



5



Z 



2 p dA sin θ  5



 A



2π



Z  0



2 pa dθ b sin θ 
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276   Chapter    Incompressible Inviscid Flow Comparing pressure distributions, the free vortex contributes only to the terms containing the factor K . The contribution of these terms to the lift force is F L f 



v



1 ρU 2 2



2π



5



5



v



1 ρU 2 2 Then  F L f 



5  ρ UKb



v



5



2K  πUa



2



2K 



πUa



0



5



F L f 



Z  0@



sin θ 1



2π



Z  2 3 4 5 23 45



K 



4π2 U 2 a2



2



ab sin θ dθ 1



0



2Kb θ  sin2 θ  2 πU  2 4 2Kb 2π πU  2



5



2π 2



1 A



ab sin θ dθ 



K 2 4π2 U 2 a2



2π



Z 



ab sin θ  d θ 



0



K 2 b cos θ  4π2 U 2 a







0



2π 0



2Kb U 



F L



ß



The  circulation  is deﬁned by Eq. 5.18 as Γ  



I 



~   d ~ V  s



~ 5  V θ  eˆ θ ; so On the cylinder surface,  r  5 a, and V 



Z  0@ Z  2π



Γ 5



22U  sin θ 2



0



K  eˆ θ    a dθ  eˆ θ  2πa



2π



5



2



1 A Z 



2π



2Ua sin θ dθ 2



0



0



K  dθ  2π



Circulation



Γ 5 2 K  ß



2



Substituting into the expression for lift, F L



5



ρUKb



ð2ΓÞb



5  ρ U 



5



2ρU  Γb



or the lift force per unit length of cylinder is F L b



5



2ρU Γ



T hi s  p r o  b le m  i llu st r at e s: ü  O n c e  a g ai n  d ’ A    le mb e r  t hat  p o te t’   s  p ar ad     nt i al  ﬂ  o x   , o ws   d o  n d ra   g  o n  a o t  g e ne r   b  o   d   at e  y.  ü  T h at  t he  li f  t p e r u ni  t le ng t h I t  t ur ns  i s ρ UΓ  o ut  t hat    .    t  h i s  e  x pr  e li ft    i s  t h    ssi o n  f  e  s ame  f  or    or    a ll    b o  i d e al  ﬂ u d ie    s  i n  a n i d  ﬂ ow    ,  r e ga   r d le ss  o f s hap e  T he  s t re !     am  f un c  t   io    n  a nd  sur e  d i s   p  r   e   t r ib s u   t i on t he  E  x ce    a r e  p    l    w o  lo t t e d  i n rk    bo  o    k .



ß



F L b



6.8  Summary and Useful Equations In this chapter we have: ü   Derived



Euler’s equations in vector form and in rectangular, cylindrical, and streamline coordinates. Bernoulli’s equation by integrating Euler’s equation along a steady-ﬂow streamline, and discussed its restrictions. We have also seen how for a steady, incompressible ﬂow through a stream tube the ﬁrst law of thermodynamics reduces to the Bernoulli equation if certain restrictions apply.



ü  Obtained



 							    

			

		    

		

            

	            

    




    
	
	    
		
		    ×
		    Report "Fluid Mechanics"

		

		
		    
			Your name
			
		    

		    
			Email
			
		    

		    
			Reason
			-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint


		    

		    
			Description
			
		    

		    
			
			    

			

		    

		    
		

		
		    Close
		    Send
		

	    

	

    




	
	    
		Copyright © 2024 IDOC.TIPS. All rights reserved.
		
		    About Us | 
		    Privacy Policy |  
		    Terms of Service |  
		    Copyright | 
		    Contact Us | 
		    Cookie Policy
		

	    

	    

	
	
	    
		
		    
			×
			Sign In

		    

		    
			
			    
				Email
				
			    

			    
				Password
				
			    

			    
				
				    
					
					 Remember me
				    
				    Forgot password?
				


			    

			    Sign In
			
	
		    

		

	    

	


	
	
	

	
	

	
	
	
	    Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & close
	

	
	
    